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Two kinds of orderings are widely used in term rewriting and theorem proving, namely recursive
path ordering (RPO) and Knuth-Bendix ordering (KBO). They provide powerful tools to prove the
termination of rewriting systems. They are also applied in ordered resolution to prune the search
space without compromising refutational completeness. Solving ordering constraints is therefore
essential to the successful application of ordered rewriting and ordered resolution. Besides the
needs for decision procedures for quantifier-free theories, situations arise in constrained deduction
where the truth value of quantified formulas must be decided. Unfortunately, the full first-order
theory of lexicographic path ordering (LPO), the most popular form of RPO, is undecidable. This

leaves an open question whether the first-order theory of KBO is decidable. In this paper, we give
a positive answer to this question using quantifier elimination.
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1. INTRODUCTION

Two kinds of orderings are widely used in term rewriting and theorem proving.
One is recursive path ordering (RPO) which is based on syntactic precedence [Der-
showitz 1982]. The other is Knuth-Bendix ordering (KBO) which is of hybrid nature;
it relies on numerical values assigned to symbols as well as syntactic precedence
[Knuth and Bendix 1970]. In ordered term rewriting, a strategy built on ordering
constraints can dynamically orient an equation, at the time of instantiation, even
if the equation is not uniformly orientable. This provides a powerful tool to prove
the termination of rewriting systems [Comon and Treinen 1994]. In ordered resolu-
tion and paramodulation, ordering constraints are used to select maximal literals
to perform resolution. It also serves as enabling conditions for inference rules
and such conditions can be inherited from previous inferences at each deduction
step. This helps to prune redundancy of the search space without compromising
refutational completeness [Nieuwenhuis and Rubio 1995].

Solving ordering constraints is therefore essential to the successful application of
ordered rewriting and ordered resolution. The decision procedures for quantifier-
free constraints of both types of orderings have been well-studied [Comon 1990;
Jouannaud and Okada 1991; Nieuwenhuis 1993; Narendran et al. 1999; Nieuwen-
huis and Rivero 1999; Korovin and Voronkov 2000; 2001]. However, situations
arise where we need to decide the truth values of quantified formulas on those or-
derings, especially in the ∀∗∃∗ fragment. Examples include checking the soundness
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of simplification rules in constrained deduction. Consider a “total simplification
scheme” given in [Kirchner et al. 1990; Comon and Treinen 1997],

s → t | c
s[v]p → t | (c ∧ c′ ∧ s|p = u) (u → v | c′) ,

where s|p denotes the subterm occurring at position p in s and s[v]p denotes the
term obtained from s by substituting v for s|p. It states that s→ t | c is simplified to
s[v]p → t | (c ∧ c′ ∧ s|p = u) by u→ v | c′ provided for all assignments for variables
in s that satisfy c, there exists an assignment for variables in u that satisfies c′ and
s|p = u. The soundness of this rule is formally expressed as

TA |= ∀V(s)∃V(u)
[

c → (c′ ∧ s|p = u)
]
,

which necessarily involves quantifier alternation. To determine the soundness of
such simplification rules, we need to be able to reason in the ∀∗∃∗ fragment.

Unfortunately, the full first-order theory of lexicographic path ordering (LPO),
the most popular form of RPO, is undecidable [Treinen 1992; Comon and Treinen
1997] except for the special case where the language only has unary functions and
the precedence order is total [Narendran and Rusinowitch 2000]. Until now it has
been an open question whether the first-order theory of Knuth-Bendix order is
decidable (RTA open problem � 99). Here we answer this question affirmatively
by showing that an extended theory of term algebras with Knuth-Bendix order
admits quantifier elimination.

The basic framework is the combination of term algebras with Presburger arith-
metic [Zhang et al. 2006]. The extended language has two sorts; the integer sort Z
and the term sort TA. Intuitively, the language is the set-theoretic union of the lan-
guage of term algebras and the language of Presburger arithmetic. Formulas are
formed from term literals and integer literals using logical connectives and quantifi-
cations. The combination presented in this paper is more tightly coupled than TAZ
presented in [Zhang et al. 2006]: not only do we have a weight function mapping
terms to integers, but we also have various boundary functions mapping integers to
terms. In addition, the Knuth-Bendix order is expanded in two directions. First,
the order is decomposed into three disjoint suborders depending on which of three
conditions is used in the definition. Secondly, all orders (including the suborders)
are extended to gap orders, which assert the least number of distinct objects be-
tween two terms. Moreover, as Knuth-Bendix order is recursively defined on a
lexicographic extension of itself, gap orders are extended to tuples of terms. Thus
we actually establish the decidability of a richer theory.

The result was first published, without proofs, in [Zhang et al. 2005]. This paper
provides an extended presentation and includes all the proofs.

1.1 Related Work and Comparison.

Presburger arithmetic (PA) was first shown to be decidable in 1929 by the quantifier
elimination method [Enderton 2001]. Efficient algorithms were later discovered
by Cooper [Cooper 1972] and further improved in [Reddy and Loveland 1978].

The decidability of the first-order theory of term algebras was first shown by
Mal’cev using quantifier elimination [Mal’cev 1971]. This result was proved again
Journal of the ACM, Vol. V, No. N, Month 20YY.
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later in different settings [Maher 1988; Comon and Lescanne 1989; Hodges 1993;
Comon and Delor 1994; Backofen 1995; Rybina and Voronkov 2001; Kuncak and
Rinard 2003a; 2003b; Zhang et al. 2004a; 2004b].

Quantifier elimination has been used to obtain decidability results for various
extensions of term algebras. [Maher 1988] shows the decidability of the theory
of infinite and rational trees. [Comon and Delor 1994] presents an elimination
procedure for term algebras with membership predicate in the regular tree lan-
guage. [Backofen 1995] presents an elimination procedure for structures of feature
trees with arity constraints. [Rybina and Voronkov 2001] shows the decidability
of term algebras with queues. [Kuncak and Rinard 2003b] shows the decidability
of term powers, which are term algebras augmented with coordinatewise-defined
predicates. [Zhang et al. 2004a] extends the quantifier elimination procedure in
[Hodges 1993] for term algebras with constant weight function.

The decidability of the theory of RPO has been well-studied. Comon proves the
decidability of the quantifier-free theory of total lexicographic path ordering (LPO,
a variant of RPO) [Comon 1990]. A similar result holds for RPO [Jouannaud and
Okada 1991]. Nieuwenhuis establishes the NP-completeness for the quantifier-free
theory of LPO [Nieuwenhuis 1993]. Narendran, Rusinowitch and Verma obtain a
similar result for RPO [Narendran et al. 1999]. A more efficient algorithm for the
quantifier-free theory of RPO is given by Nieuwenhuis and Rivero [Nieuwenhuis
and Rivero 1999]. Comon and Treinen show the undecidability of the first-order
theory of LPO and the undecidability of the first-order theory of RPO in case of
partial precedence [Treinen 1992; Comon and Treinen 1997]. The decidability of
the first-order theory of RPO (LPO) in case of unary signature and total precedence
is due to Narendran and Rusinowitch [Narendran and Rusinowitch 2000]. The
decidability of the first-order theory of RPO in case of total precedence remains
open.

Recently some partial decidability results for the theory of KBO have been ob-
tained. Korovin and Voronkov show the decidability of the quantifier-free theory
of term algebras with KBO [Korovin and Voronkov 2000]. They later improve the
algorithm and show that the quantifier-free theory of KBO is NP-complete [Ko-
rovin and Voronkov 2001]. Analogous to [Narendran and Rusinowitch 2000], they
also show the decidability of the first-order theory of KBO in the case where all
functions are unary [Korovin and Voronkov 2002].

In this paper, we show the general decidability result for an extended theory
of KBO with arbitrary function symbols and weight functions. Our method com-
bines the extraction of integer constraints from term constraints with a reduction
of quantifiers on term variables to quantifiers on integer variables. The quan-
tifier elimination procedure makes extensive use of Presburger arithmetic in the
reduction.

Reduction of constraints on data structures to constraints on integers has long
been a powerful tool to derive decidability results on different domains. This line
of investigation goes back to Skolem who showed the decidability of the first-order
theory of Boolean algebras by reducing constraints on sets to constraints on the car-
dinality of sets [Skolem 1970]. It readily follows from the reduction technique that
the first order theory of sets with cardinality constraints in Presburger arithmetic
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is decidable [Feferman and Vaught 1959]. Recently, Revesz [Revesz 2004], and
Kuncak and Rinard [Kuncak and Rinard 2005] independently presented decision
procedures for this theory. A combination of Presburger arithmetic and term al-
gebras was used by Korovin and Voronkov to show that the quantifier-free theory
of term algebras with Knuth-Bendix order is NP-complete [Korovin and Voronkov
2000; 2001].

1.2 Paper Organization.

Section 3 defines term algebras. Section 4 introduces the theory of term algebras
with Knuth-Bendix ordering and presents the technical machinery for eliminating
quantifiers. Section 5 presents the main contribution of this paper: it expands the
elimination procedure in [Zhang et al. 2004a] for the extended theory of KBO and
proves its correctness. Section 6 explains how to adapt the elimination procedure
to the special case where the language contains a unary function of weight 0.
Section 7 concludes with some ideas for future work. Most proofs are given
in Appendix A. The proofs are supported by integer predicates and functions
defined in Appendix B and reductions of gap order literals listed in Appendix C.

2. PRELIMINARIES

We assume the first-order syntactic notions of variables, parameters and quanti-
fiers, and semantic notions of structures, satisfiability and validity as in [Enderton
2001].

Syntax

A signature Σ is a set of function symbols and predicate symbols each of which is
associated with an arity. The function symbols with arity 0 are also called constants.
The set of Σ-terms T (Σ,X) is recursively defined by: (i) every constant c ∈ Σ or
variable x ∈ X is a term, and (ii) if f ∈ Σ is an n-place function symbol and t1, . . . , tn

are terms, then f (t1, . . . , tn) is a term. We write T (Σ) for T (Σ, ∅). Equality = is
always included as a binary predicate symbol. If ϕ is a formula, we use T (ϕ) to
denote the set of terms occurring in ϕ, andV(ϕ) to denote the set of variables in ϕ.

An atomic formula is a formula of the form P(t1, . . . , tn) where P is an n-place
predicate symbol and t1, . . . , tn are terms. A literal is an atomic formula or its
negation. A variable occurs free in a formula if it is not in the scope of a quantifier.
A formula without quantifiers is called quantifier-free. A ground formula is a formula
with no variables. A sentence is a formula in which no variable occurs free. Every
quantifier-free formula can be put into disjunctive normal form, that is, a disjunction
of conjunctions of literals.

We use �x to denote a sequence of variables, say, x1, . . . , xn, and ∃�x (resp. ∀�x) as an
abbreviation of ∃x1, . . . ,∃xn (resp. ∀x1, . . . ,∀xn). We write ϕ(�x) to indicate �x occur
freely in ϕ, without exclusion of other free variables that are not of interest in the
context. A formula ψ(�x) can be put into prenex form Q1y1, . . . ,Qnyn ϕ(�x, y1, . . . , yn),
where Qi’s are either ∃ or ∀ and ϕ(�x, y1, . . . , yn) is quantifier-free, called the matrix
of ψ. In case �x contain all free variables in ϕ(�x), (∃�x)ϕ(�x) and (∀�x)ϕ(�x) are called
existential closure and universal closure of ϕ(�x), respectively. If, in addition, ϕ(�x) is
quantifier-free, then (∃�x)ϕ(�x) is called ∃1 and (∀�x)ϕ(�x) is called ∀1. The quantifier-
free (resp. ∃1, ∀1) fragment of a language is the subclass of quantifier-free (resp.
Journal of the ACM, Vol. V, No. N, Month 20YY.
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∃1, ∀1) sentences in the language.
An expression E is either a formula or a term. We use E[e1, . . . , en] to denote that

e1, . . . , en are subexpressions of E.
We use ≡ for syntactic equality. We use interval notation for integer sets. For

example, the closed interval [m, n] means {i | m ≤ i ≤ n}. Similarly for open
intervals (m, n) and half-open intervals [m, n) and (m, n]. We use (si)i∈I to denote
a sequence indexed by I. For example, by (ei)i<n we mean e0, . . . , en. We use the
standard notations for partial orders. Suppose � is a partial order, then by x� y we
mean x = y∨ x� y. If � is transitive, by x1 � x2 � · · ·� xn we mean

∧
0<i<n xi � xi+1.

Semantics

A Σ-structure A is a tuple 〈A, I〉where A is a non-empty domain and I is a function
that associates each n-place function symbol f (resp. predicate symbol P) with
an n-place function fA (resp. relation PA) on A. We use Gothic letters (like A)
for structures and Roman letters (like A) for the underlying domain. We usually
denote A by 〈A;Σ〉which is called the signature of A. A variable assignment σ (in A)
is a function that assigns each variable an element of A. We use �x�σ to denote the
assigned value of x under σ and �ϕ�σ for the truth value of ϕ under σ. A |= �ϕ�σ
means ϕ is true under σ. A formula ϕ is satisfiable (in A), denoted by A |=∃ ϕ, if
A |= �ϕ�σ for some σ; is unsatisfiable (in A), denoted by A �|=∃ ϕ, if A |= �ϕ�σ for no
σ; is valid (in A), denoted by A |= ϕ, if A |= �ϕ�σ for any σ. A formula ϕ is valid if
and only if ¬ ϕ is unsatisfiable.
A is a model of a set T of sentences if every sentence in T is true in A. A sentence

ϕ is (logically) implied by T (or T-valid), written T |= ϕ, if ϕ is true in every model of
T. Similarly, we say that ϕ is T-satisfiable if ϕ is true in some model of T and it is
T-unsatisfiable otherwise. The notions of (T-)validity and (T-)satisfiability naturally
extend to a set of formulas. A theory T is a set of sentences that is closed under
logical implication, that is, if T |= ϕ, then ϕ ∈ T. The theory of A, written Th(A), is
the set of all true sentences in A. By a quantifier-free theory of A, written Th∀(A), we
mean the quantifier-free subclass of Th(A).

By satisfiability and validity of a quantifier-free formula, we actually mean the
validity of the corresponding ∃1 and ∀1 formulas, respectively. Similarly, the
satisfiability problem and the validity problem of a quantifier-free theory (or more
precisely, the quantifier-free fragment), respectively, refer to the validity problem
of the corresponding ∃1 fragment and ∀1 fragment.

Multisorted Logic

All above notions naturally generalize to multi-sorted logic. In a multi-sorted
logic, we have a non-empty set S of sorts. Variables, constants, equality symbols
and quantifiers are indexed by s ∈ S. An n-ary function symbol f is associated
with an n+ 1-tuple 〈s1, . . . , sn+1〉, called the type of f . Similarly, the type of an n-ary
predicate symbol p is an n-tuple 〈s1, . . . , sn〉. For 0 < i ≤ n, we say that the ith-place
of f (or p) has sort si. We require the type of the equality symbol of sort s be 〈s, s〉.
A term t is of sort s if (i) t is a variable or a constant of sort s, or (ii) t is of the form
f (t1, . . . , tn) such that the type of f is 〈s1, . . . , sn, s〉, and t1, . . . , tn are of sorts s1, . . . , sn,
respectively. A formula is well-formed if in addition it is well-typed in the sense
that (i) a term of sort s only occurs in a place of sort s in a function or predicate
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symbol, and (ii) variables of sort s are only quantified by ∀s and ∃s.
A multi-sorted structure A is a tuple 〈{A}S, S, I〉 where S is the set of sorts, {A}S

are mutually disjoint sets (domains) indexed by S, and I is an interpretation such
that (i) each n-ary function symbol f with type 〈s1, . . . , sn+1〉 is assigned a function
F : As1 × · · · × Asn → Asn+1 ; (ii) each n-ary predicate symbol p with type 〈s1, . . . , sn〉
is assigned a relation P ⊆ As1 × · · · × Asn . A variable assignment assigns a variable
of sort s an element in As. Satisfiability, unsatisfiability and validity are defined as
above with ∀s (resp. ∃s) being interpreted as “for all (resp. some) elements in the
domain As”.

Quantifier Elimination

A theory T is said to admit quantifier elimination if any formula can be equivalently
(modulo T) and effectively transformed into a quantifier-free formula. If a theory
admits quantifier elimination, then the truth value of any sentence is reducible to
the truth value of a ground formula.

It is well-known that eliminating arbitrary quantifiers reduces to eliminating
existential quantifiers from formulas in the form

(∃�x)
[

A1(�x, �y) ∧ · · · ∧ An(�x, �y)
]
, (1)

where Ai(�x, �y) (0 < i ≤ n) are literals [Hodges 1993]. In discussions related to
quantifier elimination, a quantified formula always refers to a formula of the form
(1). We also assume that the literals Ai are not of the form x = t when x does not
appear in t. For ∃x(x = t ∧Φ(x, �y)) simplifies to Φ(t, �y).

Nondeterminism

We present algorithms in a nondeterministic manner; whenever we say “guess φ”,
we mean to add a valid (w.r.t. the context) disjunction

∨
i φi (where φ is one of the

disjuncts) to the matrix of (1). When we replace φ by
∨

i φi or directly introduce∨
i φi, it should be understood that an implicit disjunctive splitting is carried out

and we work on each resultant disjunct of the form (1) “simultaneously”. We call
the target formula redex and the resulting formula reduct.

Presburger Arithmetic

Presburger arithmetic is the first-order theory of addition in the arithmetic of
integers. The corresponding structure is denoted by PA = 〈Z; 0,+, <〉. We use LZ
to denote the formal language of PA.

3. TERM ALGEBRAS

We present a general language and structure of term algebras. For simplicity, we
do not distinguish syntactic terms in the language from semantic terms in the
corresponding structure. The meaning should be clear from the context.

Definition 3.1 Term Algebras. A term algebra TA : 〈T;C,A,S,T 〉 consists of

(1) T: The term domain, which exclusively consists of terms recursively built up
from constants by applying non-nullary constructors. Objects in T are called
TA-terms. The type of a term t, denoted by type(t), is the outermost constructor
symbol of t. We say that t is α-typed (or is an α-term) if type(t) = α.

Journal of the ACM, Vol. V, No. N, Month 20YY.



The Decidability of the First-order Theory of Knuth-Bendix Order · 7

(2) C: A finite set of constructors: α, β, γ, . . . The arity of α is denoted by ar(α).
(3) A: A finite set of constants: a, b, c, . . . We requireA � ∅ andA ⊆ C. For a ∈ A,

ar(a) = 0 and type(a) = a.
(4) S: A finite set of selectors. For a constructor α with arity k > 0, there are k

selectors sα1 , . . . , s
α
k in S. We call sαi (0 < i ≤ k) the ith α-selector. For a term x,

sαi (x) returns the ith component of x if x is an α-term and x itself otherwise.
(5) T : A finite set of testers. For each constructor α there is a corresponding tester

Isα. For a term x, Isα(x) is true if and only if x is an α-term. For a constant a,
Isa(x) is just x = a. In addition there is a special tester IsA such that IsA(x) is true
if and only if x is a constant.

We use LT to denote the language of term algebras.

A term algebra has two essential properties: (i) the domain T is exclusively
generated by recursively applying constructors; (ii) each object in T is uniquely
constructed. Note that the term domain T is the ground Herbrand domain T (C) in
the language consisting of only constructors (i. e., Σ = C). Selectors and testers are
introduced into the formal language for our study.

Example 3.2 LISP Lists. Consider the LISP list structure

List = 〈 list; {cons,nil}, {nil}, {car, cdr}, {Iscons, Isnil, IsA} 〉
where list denotes the domain, nil denotes the empty list, cons is a binary constructor
(pairing function) and car and cdr are the corresponding left and right selectors (projectors)
respectively. It is not difficult to verify that List is an instance of term algebras.

The theory of term algebras is axiomatizable. Let z̄α denote z1, . . . , zar(α). The
following formula schemes, in which variables are implicitly universally quantified
over T, axiomatize Th(TA).

A1. t(x) � x, if t is built solely by constructors and t properly contains x .
A2. α(x1, . . . , xar(α)) � β(y1, . . . , yar(β)), if α, β ∈ C and α � β .
A3. α(x1, . . . , xar(α)) = α(y1, . . . , yar(α))→

∧
1≤i≤ar(α) xi = yi .

A4. Isα(x)↔ ∃z̄αα(z̄α) = x for α ∈ C. In particular, Isa(x)↔ x = a for a ∈ A .
A5. IsA(x)↔

∨
a∈A Isa(x) .

A6. sαi (x) = y↔ ∃z̄α
(
α(z̄α) = x ∧ y = zi)

)
∨
(
∀z̄α(α(z̄α) � x) ∧ x = y

)
.

This set of axioms is a variant of the axiomatization given in [Hodges 1993]. In
general, selectors and testers can be defined by constructors and vice versa. One
direction has been shown by (A4), (A5) and (A6), which are purely definitional
axioms. The other direction follows from the equivalence of

∧k
i=1 sαi (x) = xi∧ Isα(x)

and x = α(x1, . . . , xk).
We write α = (sα1 , . . . , s

α
k ) to indicate that α is a non-nullary constructor with

ar(α) = k and sα1 , . . . , s
α
k are the corresponding selectors of α. A term t is called a

constructor term if t is a variable or the outermost function symbol of t is a con-
structor. A constructor term not containing selectors is called pure. For example,
constants are pure constructor terms. A term t is called a selector term if either t is
a variable or the outermost function symbol of t is a selector. Note that variables
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are both constructor terms and selector terms. We assume that no constructors
appear immediately inside selectors as simplification can always be done. For
example, sαi (α(x1, . . . , xk)) simplifies to xi (0 < i ≤ k) and sβj (α(x1, . . . , xk)) simpli-
fies to α(x1, . . . , xk) for α � β. As a consequence, a selector term has the form
s1(· · · (sn(x) · · · )) for n ≥ 0. We use L, F,G,H, . . . to denote (possibly empty) selector
sequences. So s1(· · · (sn(x) · · · )) can be abbreviated as Lx for L = s1, . . . , sn. The depth
of x in Lx is |L|, the length of L. The depth of x in a formulaϕ is the maximum depth
of x in the selector terms in ϕ, denoted by depthϕ(x). We use Isα(t1, . . . , tn) as an
abbreviation for

∧
0<i≤n Isα(t). We say a selector term sαi (t) is proper in a formula ϕ if

Isα(t) is a conjunct of ϕ. We can make selector terms proper with type information.

Definition 3.3 Type Completeness. A conjunction of literals Φ is type complete if
for any selector term t occurring in Φ, exactly one type of tester predicate Isα(t)
(α ∈ C \ A ∪ {A}) is a conjunct of Φ.

For a type complete Φ containing a term t, we write type(t) = α to indicate that
Isα(t) is a conjunct of Φ. A type complete Φ can be simplified so that any selector
term is proper.

Example 3.4 Type Completeness. Let us consider in List the type complete constraint

y � cons(x, car(x)) ∧ IsA(x, car(x)) ∧ Iscons(y) . (2)

Thanks to the type information, it can be simplified to

y � cons(x, x) ∧ IsA(x) ∧ Iscons(y) . (3)

We could have defined the notion of type completeness only for terms that
occur inside selectors. In this way, a type complete formula may contain terms of
unspecified types; they are either variables or selector terms that are not embedded
inside selectors. This will lead to more efficient algorithms in practice. We choose
the above definition, however, because it simplifies descriptions of algorithms
presented in the following sections, and in addition, it does not affect the worst-
case complexity for those algorithms.

Given a quantifier-free formula ϕ, we can obtain a type complete ϕ′ from ϕ by
adding exactly one tester predicate Isα(t) (α ∈ C) for each term t occurring in ϕ. We
call ϕ′ so obtained a type completion of ϕ.

Example 3.5 Type Completion. Let us revisit Example 3.4. It is easily seen that (2)
is a type completion of y � cons(x, car(x)).

Example 3.6 Type Completion and Simplification. Let α, β ∈ C, α � β and α =
(sα1 ). A possible type completion for y = sα1 (x) is

y = sα1 (x) ∧ Isβ(x, sα1(x), y) , (4)

which, by Axioms (A4) and (A6), simplifies to y = x∧ Isβ(x, y). Another type completion
is

y = sα1 (x) ∧ Isα(x) ∧ Isβ(sα1(x), y) , (5)
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in which the selector term sα1 (x) is proper and no simplification is possible. As a third
possibility, we can have the type completion

y = sα1 (x) ∧ Isα(x, sα1(x)) ∧ Isβ(y) , (6)

which simplifies to false because of type conflicts.

As shown by the above example, a type completion of a satisfiable formula may
be contradictory due to type conflicts. A type completion ϕ′ of ϕ is compatible with
ϕ if the satisfiability of ϕ implies the satisfiability of ϕ′. Obviously, ϕ is satisfiable
if and only if it has a satisfiable compatible type completion.

In the following sections, we present nondeterministic algorithms that rely on
the successful guess of a satisfiable compatible type completion. Unless stated
otherwise, we assume that any quantifier-free formula is type complete, and all
occurring selector terms are simplified to proper ones. We assume that equalities
(resp. disequalities) between terms with conflicting types are simplified to false
(resp. true). For example, in List the appearance of car(x) � y should be read as
car(x) � y ∧ Iscons(x). We also assume that formulas do not have conflicting type
literals. For example, we never encounter formulas containing subformulas of the
form

x � α(t1, . . . , tar(α)) ∧ x � β(t′1, . . . , t
′
ar(β))

for α � β, because at least one conjunct would have been simplified to true. But to
save notation, we omit test literals and treat them as implicit side conditions.

4. TERM ALGEBRAS WITH KNUTH-BENDIX ORDER

In this section we introduce the theory of term algebras with KBO and present the
technical machinery needed in the quantifier elimination procedure.

Let Σ be a finite signature in the constructor language (i. e., Σ = C in Definition
3.1) and w : Σ → N a weight function. We expand dom(w) to the ground term
domain T by recursively defining w(α(t1, . . . , tk)) = w(α) +

∑k
i=1 w(ti). Let ≺Σ be

a linear precedence order on symbols in Σ. We enumerate all symbols in the
decreasing ≺Σ-order such that α1 �Σ α2 �Σ · · · �Σ α|Σ|.

Definition 4.1 Knuth-Bendix Order [Knuth and Bendix 1970]. A Knuth-Bendix or-
der (KBO) ≺kb (parameterized with a weight function w and a precedence order
≺Σ) is defined recursively on T such that for u, v ∈ T, u ≺kb v if and only if one of
the following conditions holds:

(1) w(u) < w(v);
(2) w(u) = w(v) and type(u) ≺Σ type(v);
(3) w(u) = w(v), u ≡ α(u1, . . . , uk), v ≡ α(v1, . . . , vk) and

(∃i)
[

0 < i ≤ k ∧ ui ≺kb vi ∧ ∀ j(0 < j < i→ uj = vj)
]
. (7)

The KBO ≺kb is a well-founded total order on T [Knuth and Bendix 1970; Baader
and Nipkow 1999]. To guarantee well-foundedness, two compatibility conditions for
w and ≺Σ are required:

(i) w(a) > 0 for any constant a, and
Journal of the ACM, Vol. V, No. N, Month 20YY.
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(ii) a unary function of weight 0, if present, should be the maximum in ≺Σ.

Let us denote by ⊥ the smallest term with respect to ≺kb. It follows from (i) and (ii)
that ⊥ must be a constant and so it can be determined when w and ≺Σ are given.
By (ii) if a unary function of weight 0 exists, it must be unique. For presentation
simplicity, we assume that w(α1) > 0. However, the existence of such function in
fact considerably simplifies our decision procedure. We defer the discussion to
Section 6.

Definition 4.2 Term Algebras with Knuth-Bendix Order. The structure of term alge-
bras with KBO is TAkb = 〈TA;≺kb〉. Let Lkb denote the language of TAkb.

In the rest of this paper we assume our formal language does not have construc-
tors (except constants). This does not compromise expressiveness as constructors
can be defined by selectors and testers. Moreover, this simplification reduces
chances of confusion by separating semantic objects (ground constructor terms) in
T from syntactic objects (selector terms) in Lkb.

4.1 Proof Plan

We shall show the decidability of Th(TAkb) by quantifier elimination. The proce-
dure relies on the following two ideas: solved form and depth reduction.

(1) Solved Form. A quantifier-free formula ϕ(x, �y) is solved in x if it is in the form∧
i≤m

ui ≺kb x ∧
∧
j≤n

x ≺kb vj ∧ ϕ′(�y) , (8)

where x does not appear in ui, vi and ϕ′. It is not hard to argue that (∃x) ϕ(x, �y)
where ϕ(x, �y) is solved in x simplifies to∧

i≤m, j≤n

ui ≺kb
2 vj ∧ ϕ′(�y) , (9)

where ≺kb
n , called gap order, is an extension of ≺kb such that x ≺kb

n y states
there is an increasing chain from x to y with at least n − 1 elements in between
[Enderton 2001, page 196]. It is clear that the elimination of ∃x, that is, the
transformation from (8) to (9), becomes straightforward once the matrixϕ(x, �y)
is solved in x, or equivalently, depthϕ(x) = 0. This leads us to the notion of
depth reduction.

(2) Depth Reduction. Let us first consider the simple case where x is α-typed for a
proper constructor α and all occurrences of x have depth greater than 0. By
introducing new variables x1, . . . , xar(α) (called the descendants of x) to represent
x, we can rewrite ∃xϕ(x, �y) to

∃x1, . . . ,∃xar(α) ϕ
′(x1, . . . , xar(α), �y) , (10)

where ϕ′(x1, . . . , xar(α), �y) is obtained from ϕ(x, �y) by substituting xi for sαi x
(0 < i ≤ ar(α)). It is clear that depthϕ

′
(xi) < depthϕ(x). If all occurrences

of x have the same depth, then by repeating the process we can generate a
formula solved in �x where �x are descendants of x. A difficulty arises when
not all occurrences of x have equal depth. So eventually we meet the situation
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where some occurrences of x have depth 0 and some do not. Here we have
to represent all occurrences of x of depth 0 in terms of sα1 (x), . . . , sαar(α)(x). This
amounts to reducing literals of the form x ≺kb

n t and literals of the form t ≺kb
n x to

quantifier-free formulas using sα1 (x), . . . , sαar(α)(x). After that we can introduce
new variables and do quantifier manipulation just as in the simple case to
bring ∃xϕ(x, �y) into the form of (10). Therefore by the depth reduction of x, we
actually mean reducing the depths of the descendants of x, and this essentially
depends on the reduction of x ≺kb

n t and t ≺kb
n x. To carry out the reduction we

need to extend the language as follows.
(a) We decompose ≺kb into three disjoint suborders ≺w, ≺p and ≺l, each of

which is also extended to gap orders.
(b) We introduce Presburger arithmetic explicitly in order to define counting

constraints to count how many distinct terms there are at certain weight,
and define boundary functions to delineate gap orders.

(c) The reduction of literals like x ≺kb
n t or t ≺kb

n x eventually comes down to
resolving relations between two terms of the same weight and of the same
type. So we need to extend all aforementioned notions to tuples of terms
of the same total weight.

In the rest of this section we define these extensions.

4.2 Decomposition of Knuth-Bendix Order

Definition 4.3 Decomposition of KBO. A Knuth-Bendix order ≺kb can be decom-
posed into three disjoint orders, a weight order ≺w, a precedence order ≺p, and a
lexicographic order ≺l, as follows:

u ≺w v ↔ w(u) < w(v) ,

u ≺p v ↔ w(u) = w(v) ∧ type(u) ≺Σ type(v) ,

u ≺l v ↔ w(u) = w(v) ∧ type(u) = type(v) ∧ u ≺kb v .

It is clear that u ≺kb v is equivalent to u ≺w v∨ u ≺p v∨ u ≺l v. We write u ≺pl v for
u ≺p v ∨ u ≺l v and u �� v for u ≺� v ∨ u = v (� ∈ {kb,w, p, l,pl}). We say that w has
the highest priority, followed by p and l, and define the maximum and minimum
of a set of suborders accordingly. For example, max{w, p, l} = w and min{w, p, l} = l.

4.3 Gap Orders

To express formulas of the form ∃x(u ≺� x ≺� v) (� ∈ {kb,w, p, l,pl}), in a quantifier-
free language we need to extend all aforementioned orders to gap orders.

Definition 4.4 Gap Orders. Define ≺kb
n (n ≥ 0) such that ≺kb

0 is = and for n > 0

u ≺kb
n v ↔ (∃u1, . . . ,∃un)

[
u ≺kb u1 ≺kb · · · ≺kb un �kb v

]
.

Let � ∈ {w, p, l,pl}. Define two orders ≺�n and ��n (n ≥ 0) such that ≺�0 is �� and ��0 is
=, and for n > 0

u ≺�n v ↔ u ≺kb
n v ∧ u ≺� v ,

u ��n v ↔ u ≺�n v ∧ ¬ (u ≺�n+1 v) .
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Note that ≺�1 is just ≺�, and for n ≥ 0, we have

u ≺�n v ↔ u ≺�n+1 v ∨ u ��n v .

A gap order u ≺�n v (n > 0) states that “u is less than v w.r.t. ≺�, and there are at
least n − 1 elements in between.” Similarly, u ��n v (n > 0) states that “u is less than
v w.r.t. ≺�, and there are exactly n − 1 elements in between”. We call ≺�n and ��n
stretchable gap orders and rigid gap orders, respectively. Accordingly, u ≺�n v are
stretchable gap order literals and u ��n v are rigid gap order literals.

Example 4.5 Elimination in Linear Order. The formula ∃x(u ≺l x ≺l v) reduces
to u ≺l

2 v if u, v do not contain x.

4.4 Boundary Functions

Consider the formula u �w
1 v. Intuitively it states “w(u) < w(v) and there are no

terms z such that u ≺kb z ≺kb v, that is, u is the largest term of weight w(u) and v is
the smallest term of weight w(v)”. To express this we introduce boundary functions.

Definition 4.6 Boundary Functions. Let n, p > 0. The following functions are
called boundary functions:

(1) 0w :N→ T such that 0w(n) is the smallest term (w.r.t. ≺kb) of weight n,
(2) 0p :N2 → T such that 0p(n, p) is the smallest term (w.r.t. ≺kb) of weight n and

type αp,
(3) 1w :N→ T such that 1w(n) is the largest term (w.r.t. ≺kb) of weight n,
(4) 1p :N2 → T such that 1p(n, p) is the largest term (w.r.t. ≺kb) of weight n and

type αp,

where, for all of the above, f (n) = ⊥ and f (n, p) = ⊥, if no such term exists.

We write 0�(...) for 0�(. . .) and 1�(...) for 1�(. . .). We call 0�(...) lower boundary functions

and 1�(...) upper boundary functions. TA-terms having one of these functions as root
symbol are called boundary terms, distinguishing them from ordinary TA-terms.
Correspondingly, we have lower boundary terms and upper boundary terms. A literal
of the form u � v, where � is either a term equality or a gap order, is open if both
u and v are ordinary TA-terms, closed if both u and v are boundary terms, and
half-open otherwise. Although by definition boundary terms are syntactic objects,
with little chance of confusion, we also call the corresponding semantic terms in T
(ground) boundary terms.

4.5 Integer Extension of Term Algebras

To be able to express the boundary terms in the formal language, we extend term
algebras with Presburger arithmetic.

Definition 4.7. The structure of term algebras with integers is

TAZ = 〈TA; PA; (·)w〉 ,
where PA is Presburger arithmetic and (·)w denotes the weight function. We use
L Z
T

to denote the language of TAZ.
Journal of the ACM, Vol. V, No. N, Month 20YY.
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We use subscripts T, Z (or prefixes TA-, PA-) to denote notions related to term
sort and integer sort, respectively. For example, ΦT denotes a formula in LT,
the language of pure term algebras, ΦZ denotes a formula in LZ, the language of
Presburger arithmetic,VT denotes the collection of variables in LT andVZ denotes
the collection of variables in LZ. Although L Z

T
contains two equality predicates:

term equality =T in LT and integer equality =Z in LZ, we use = in both cases unless
there is a chance of confusion. Recall that we do not distinguish syntactic TA-terms
in LT and semantic TA-terms in T. We also use “term” for “TA-” when there is
no confusion. For example, by term variables we mean TA-variables and by term
quantifiers we mean quantifiers on term variables.

A TA-term can occur inside the weight function. Such occurrence is called an
integer occurrence to be distinguished from the normal term occurrence. From now
on, we freely use integer terms tw to form Presburger formulas. For example,
car(x) is a TA-term and (car(x))w is a PA-term. The first occurrence of car(x) is a
term occurrence and the second one is an integer occurrence.

4.6 Extension of Knuth-Bendix Order

Definition 4.8 Extension of Knuth-Bendix Order. The structure of term algebras with
KBO, extended with gap orders, boundary functions and Presburger arithmetic, is

TAZkb+ = 〈TAkb; TAZ; ≺�n,�
�
n, � ∈ {w, p, l,pl}, n ≥ 0; 0∗(...), 1

∗
(...), ∗ ∈ {w, p}〉 .

We denote by Lkb+ the language extending Lkb with gap orders and boundary
terms. The complete language is denoted by L Z

kb+ .

Example 4.9 Extension of Knuth-Bendix Order. The formula

(∃x : T)
[

0w
(xw) ≺

pl x ∧ x ≺pl 1w
(xw)

]
states that there exists a term x ∈ T such that there are at least three elements with the
same weight as x (including x itself). Note that the first and the third occurrences of x are
integral while the second one is an ordinary term.

The truth value of the formula in Example 4.9 relies on the number of distinct
TA-terms of a certain weight. This is the essential use of Presburger arithmetic.

Definition 4.10 Counting Constraint. A counting constraint is a predicate CNTα
n(z)

that states there are at least n+1 different α-terms of weight z. CNTn(z) is similarly
defined with α-terms replaced by TA-terms. We write Treeα (resp. Tree) for CNTα0
(resp. CNT0).

Counting constraints play a central role in our elimination procedure; they help
reduce term quantifiers to integer quantifiers. It is easily seen that the formula
from Example 4.9 is reduced to (∃z :Z) CNT2(z). It was proved in [Korovin and
Voronkov 2000; Zhang et al. 2004a] that counting constraints can be expressed in
PA.

Example 4.11. Consider ListZ = (List; PA; (.)w) where List is as in Example 3.2, and
(.)w is a constant weight function equal to 1. We showed in [Zhang et al. 2004b] that
CNTcons

n (x) is x ≥ 2m− 1∧2 � m where m is the least number such that the m-th Catalan
number Cm =

1
m

(2m−2
m−1

)
is greater than n. This is not surprising as Cm gives the number

of binary trees with m leaves (that tree has 2m − 1 nodes).
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4.7 Tuples of Terms

The extensions for tuples of terms are defined as follows:

Definition 4.12 KBO on Tuples. Let �u = 〈u1, . . . , uk〉, �v = 〈v1, . . . , vk〉 such that∑k
i=1 w(ui) =

∑k
i=1 w(vi). The lexicographic extension ≺k;kb (k ≥ 1) of ≺kb on k-tuples

of the same weight is defined such that �u ≺k;kb �v if and only if (7) holds.

Definition 4.13 Suborders on Tuples. Let �u = 〈u1, . . . , uk〉, �v = 〈v1, . . . , vk〉 ∈ Tk,
� ∈ {w, p, l,pl}. We define those composite orders on tuples as follows.

�u ≺k;� �v ↔ u1 ≺� v1 ∨ (u1 = v1 ∧ 〈u2, . . . , uk〉 ≺k−1;kb 〈v2, . . . , vk〉) .

We say that ≺k;� is a tuple order of length k. We identify tuple orders of length 1
with term orders. We say that �u ≺k;� �v is proper if u1 ≺� v1 and we have

�u ≺k;kb �v ↔ �u ≺k;w �v ∨ �u ≺k;p �v ∨ �u ≺k;l �v .

We write �u ≺k;pl �v for �u ≺k;p �v ∨ �u ≺k;l �v and �u �k;� �v for �u = �v ∨ �u ≺k;� �v (� ∈
{kb,w, p, l,pl}).

Definition 4.14 Tuple Gap Orders. We define ≺k;kb
n (k > 0; n ≥ 0) such that ≺k;kb

0 is
= and for n > 0

�u ≺k;kb
n �v ↔ (∃�u1, . . . ,∃�un : Tk)

[
�u ≺k;kb �u1 ≺k;kb · · · ≺k;kb �un �k;kb �v

]
.

Let � ∈ {w, p, l,pl}. Define two orders ≺k;�
n and �k;�

n (k ≥ 1; n ≥ 0) such that ≺k;�
0 is �k;�,

�k;�
0 is =, and for n > 0

�u ≺k;�
n �v ↔ �u ≺k;kb

n �v ∧ �u ≺k;� �v ,

�u �k;�
n �v ↔ �u ≺k;�

n �v ∧ ¬ (�u ≺k;�
n+1 �v) .

Similar as term gap orders, ≺k;�
1 is just ≺k;�, and we have

�u ≺k;�
n �v ↔ �u ≺k;�

n+1 �v ∨ �u �k;�
n �v .

As before we call≺k;�
n and�k;�

n stretchable tuple gap orders and rigid tuple gap orders,
respectively. Accordingly, u ≺k;�

n v are stretchable tuple gap order literals and u �k;�
n v

are rigid tuple gap order literals.

Definition 4.15 Tuple Boundary Functions. Let k, n,m, p > 0. Define partial func-
tions:

(1) 0̄k;kb : N → Tk (k ≥ 1) such that 0̄k;kb(n) is the smallest k-tuple (w.r.t. ≺k;kb) of
weight n.

(2) 0̄k;w :N2 → Tk (k ≥ 1) such that 0̄k;w(n,m) is the smallest k-tuple (w.r.t. ≺k;kb) of
weight n and its first component has weight m.

(3) 0̄k;p : N3 → Tk (k ≥ 1) such that 0̄k;p(n,m, p) is the smallest k-tuple (w.r.t. ≺k;kb)
of weight n and its first component has weight m and type αp.

(4) 1̄k;kb : N → Tk (k ≥ 1) such that 0̄k;kb(n) is the largest k-tuple (w.r.t. ≺k;kb) of
weight n.
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(5) 1̄k;w : N2 → Tk (k ≥ 1) such that 0̄k;w(n,m) is the largest k-tuple (w.r.t. ≺k;kb) of
weight n and its first component has weight m.

(6) 1̄k;p :N3 → Tk (k ≥ 1) such that 0̄k;p(n,m, p) is the largest k-tuple (w.r.t. ≺k;kb) of
weight n and its first component has weight m and type αp.

As before these functions are made total by assigning 〈⊥, . . .⊥〉 to undefined
values. We write 0̄k;�

(...) for 0̄k;�(. . .) and 1̄k;�
(...) for 1̄k;�(. . .). We call 0̄k;�

(...) lower tuple

boundary functions and 1̄k;�
(...) upper tuple boundary functions. Terms having one of

these functions as root symbol are called boundary tuples. Correspondingly, we
have lower boundary tuples and upper boundary tuples. As before we call a tuple literal
�u � �v open if both �u and �v are ordinary tuples, closed if both �u and �v are boundary
tuples, and half-open otherwise.

To avoid unnecessary complications, we choose to treat tuples (including bound-
ary tuples) as “syntactic sugar”; they are only used in the intermediate steps of
the reduction. Lemma 4.27 shows that literals containing tuples can be reduced to
formulas in L Z

kb+ .

4.8 Delineated Gap Order Completion

Revisiting the transformation from (8) to (9), we see that the number of gap orders in
(9) is quadratic in the number of gap orders in (8). This complicates the termination
proof for the elimination procedure. Nevertheless, we can avoid this difficulty by
postulating the relative positions of parameters. This leads to the notion of order
completion.

Definition 4.16 Gap Order Completion. A gap order completion (GOC) of a set of
terms {t1, . . . , tn} is the chain

t f (1) �1 t f (2) �2 · · · �n−1 t f (n) ,

where f is a permutation function on {1, . . . , n} and �i (0 < i ≤ n) stands for =, ��m
or ≺�m (� ∈ {w, p, l,pl}, m > 0). By a GOC of a formula ϕ, we mean a GOC of T (ϕ),
the set of terms in ϕ.

Example 4.17 Gap Order Completion. A possible GOC of

ϕ(x, y, z) : x ≺w
9 y ∧ x ≺pl z ∧ z ≺w y

is x ≺pl
5 z ≺w

4 y.

However, gap order completions are not sufficient. Clearly (∃x : T)[u ≺w x ≺p v]
implies u ≺w

2 v. But for the converse to hold, v � 0w
(vw) is required. As another

example, (∃x : T)[u ≺p x ≺p v] implies u ≺p
2 v, but not vice versa, because there

may exist only two p-intervals at weight w(u) while (∃x : T)[u ≺p x ≺p v] requires
that u, x and v all be in different p-intervals. In order to preserve equivalence,
intuitively, we need to “delineate” a GOC to make sure ordinary terms in different
intervals (a notion to be defined precisely below) are not related in any gap orders.

Example 4.18 Order Arrangement. Figure 1 shows an order arrangement of the
linear order

x1 ≺w
n1

x2 ≺p
n2

x3 ≺l
n3

x4 .
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•
⊥

•
x1

•
x2

•
x3

•
x4

p−intvl
��� p−intvl

��� p−intvl
��� p−intvl

��� p−intvl
��� p−intvl

���
w−intvl

��� w−intvl
��� w−intvl

��� w−intvl
���

Fig. 1. An order arrangement of x1 ≺w
n1

x2 ≺p
n2

x3 ≺l
n3

x4.

The weight of x1 is strictly lower than that of x2, x3, and x4. The weight of x2, x3, and x4
is the same, but the precedence of x2 is lower than that of x3 and x4. Finally, x3 is smaller
than x4 in the lexicographic order. We call a maximal list of elements with the same weight
a w-interval, and similarly a maximal list of elements with the same weight and precedence
order a p-interval. Thus, the second w-interval above has two inner p-intervals.

We want to avoid relating ordinary elements at different levels in different in-
tervals. Therefore we augment the gap order completion with boundary terms,
called a delineated gap order completion.

Definition 4.19 Delineated Gap Order Completion. A delineated gap order comple-
tion (DGOC) of a set of terms S is a GOC of S in which if there occurs the following
pattern v1 �

�
n1

u ��n2
v2, where n1, n2 > 0, � stands for either ≺ or �, �, � ∈ {w, p, l,pl},

and u is an ordinary term in Lkb, then either � ≡ � ≡ pl or � ≡ � ≡ l. I.e., ordinary
terms do not delineate two intervals unless they are asserted equal to boundary
terms. By a DGOC of a formula ϕ, we mean a DGOC of T (ϕ), the set of terms in ϕ.

We assume in a DGOC that both the smallest element and the largest element are
boundary terms.

Example 4.20 Delineated Gap Order Completion. Revisit Example 4.17. A pos-
sible DGOC of ϕ(x, y, z) is

ϕ′(x, y, z) : 0w
(xw) ≺

pl
1 x ≺pl

5 z ≺pl
2 1w

(xw)︸������������������������������︷︷������������������������������︸
w-interval

≺w
1 0w

(yw) ≺
pl
1 y ≺pl

1 1w
(yw)︸���������������������︷︷���������������������︸

w-interval

.

We have

(∃z : T)ϕ′(x, y, z) ↔ 0w
(xw) ≺

pl
1 x ≺pl

7 1w
(xw) ≺

w
1 0w

(yw) ≺
pl
1 y ≺pl

1 1w
(yw) .

4.9 Lemmas

In this section we state a sequence of lemmas that justify the elimination procedure
given in the next section. These lemmas share the following common features.

(1) They state the soundness of symbolic transformations for formulas in prim-
itive form, a special prenex form where the prefix only consists of existential
quantifiers and the matrix is a conjunction of literals;

(2) A formula ϕ is transformed into a finite disjunction
∨

i ϕi where for any i, ϕi

is in primitive form and the matrix of ϕi, a conjunction of literals, contains no
more open gap order literals than that of ϕ does. In the following whenever
we say that a reduction does not introduce more open gap order literals, we
always mean that it does not introduce more in each resulting conjunction of
literals.
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To save space, however, we omit these conditions in the description of each lemma.
The following lemma allows us to assume that a formula in Lkb+ only contains

positive order literals, positive tester literals and term equality literals.

Lemma 4.21 Elimination ofNegative Literals. Assume formulas are type com-
plete.

(1) Any negative tester literal is equivalent to a disjunction of positive tester literals.
(2) Any negative term equality literal (i. e., disequality between TA-terms) is equivalent

to a disjunction of positive order literals.
(3) Any negative order literal is equivalent to a disjunction of integer literals, tester literals

and positive order literals.

The following lemma allows us to assume that the matrix in a primitive formula
is a delineated gap order completion.

Lemma 4.22 Delineated Gap Order Completion. Any conjunction of positive or-
der literals in Lkb+ can be effectively transformed to an equivalent finite disjunction of
delineated gap order completions.

In principle, boundary terms can appear in the weight function or in selectors,
selector terms can occur in the weight function, and the weight function can be used
to construct boundary terms. Repeating this process we can build more and more
complex terms. The following lemma eliminates this superficial complication.

Lemma 4.23 No Embedding of Boundary Terms. Any formula in L Z
kb+ can be ef-

fectively reduced to an equivalent formula in which no boundary terms appear inside
selectors or the weight function.

From now on, we assume that boundary terms are not properly embedded in
other terms. The following lemma states that term gap order literals between a
variable x of non-constant type αp and another TA-term can be expressed using x’s
immediate descendants s

αp

i x.

Lemma 4.24 Reduction of Term Gap Order Literals. Let

� ∈ { ≺kb
n ,≺w

n ,≺
p
n,≺l

n,≺
pl
n ,�

kb
n ,�

w
n ,�

p
n,�

l
n,�

pl
n } (n > 0) .

If x is a TA-variable of type αp with αp = (sαp

1 , . . . , s
αp

k ) and t is an arbitrary TA-term,
then x � t (t � x) can be effectively reduced to an equivalent quantifier-free formula
ϕ(sαp

1 x, . . . , s
αp

k x) (in L Z
kb+) where x only occurs in s

αp

i x (0 < i ≤ k).

By this lemma we can always assume that all term occurrences of a TA-variable
have the same depth, and hence we are able to reduce them all together to depth 0.
As we mentioned before, this is the main battlefield of quantifier elimination. To
streamline the proof, we introduce the following three lemmas. The first one takes
care of closed term literals generated during the reduction.

Lemma 4.25 Reduction of Closed Term Literals. Let

� ∈ { =,≺kb
n ,≺w

n ,≺
p
n,≺l

n,≺
pl
n ,�

kb
n ,�

w
n ,�

p
n,�

l
n,�

pl
n } (n > 0) .

If u � v is closed, i. e., both u and v are boundary terms, then it can be effectively reduced
to an equivalent Presburger formula.
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The second one solves the case where no term occurrence of x appears in the
other side of the gap order literal.

Lemma 4.26 Reduction ofNon-closed Term Gap Order Literals. Let

� ∈ { ≺kb
n ,≺w

n ,≺
p
n,≺l

n,≺
pl
n ,�

kb
n ,�

w
n ,�

p
n,�

l
n,�

pl
n } (n > 0) .

If x is a TA-variable of type αp with αp = (sαp

1 , . . . , s
αp

k ) and t is either a boundary term
or an ordinary TA-term not containing x, then x � t (t � x) can be effectively reduced
to an equivalent quantifier-free formula ϕ(sαp

1 x, . . . , s
αp

k x) where x only occurs in s
αp

i x
(0 < i ≤ k).

This lemma in fact deals with the most sophisticated part of the reduction that
eventually comes down to the success of reducing relations between tuples of the
same weight, as is stated by the third lemma.

Lemma 4.27 Reduction of Tuple Literals. Let U,V be k-tuples of the same weight,
and

� ∈ { =,≺k;kb
n ,≺k;w

n ,≺k;p
n ,≺k;l

n ,≺
k;pl
n ,�k;kb

n ,�k;w
n ,�k;p

n ,�
k;l
n ,�

k;pl
n } (k > 0, n > 0) .

(1) If U = 〈u1, . . . , uk〉 is an ordinary tuple, then U�V (V�U) can be effectively reduced
to an equivalent quantifier-free formulaϕ(u1, . . . , uk) (in L Z

kb+) in which ui (0 < i ≤ k)
does not occur inside selectors.

(2) If U�V (V�U) is a closed tuple, i. e., both U and V are boundary tuples, then it can
be effectively reduced to an equivalent Presburger formula.

We never need to reduce open or half-open term equality literals, because, as
shown below, we can carry out elimination on (∃x)[x = t ∧ ϕ(x)] even if t contains
x.

Lemma 4.28 Elimination of Term Quantifiers. Let x be a term variable, ϕkb+ (x) a
conjunction of literals in Lkb+ with depthϕkb+ (x) = 0, and ϕZ(x) a Presburger formula in
which x occurs inside the weight function. Then

(∃x : T)
[
ϕkb+(x) ∧ ϕZ(x)

]

can be effectively reduced toϕ′kb+∧ϕ
′
Z

in which x does not occur andϕ′kb+ is quantifier-free.

In fact term quantifiers are reduced to integer quantifiers that can be eliminated
according to the following lemma.

Lemma 4.29 Elimination of Integer Quantifiers. Let z be an integer variable, ϕkb+(z)
a conjunction of literals in Lkb+ where z occurs inside boundary terms, and ϕZ(z) a Pres-
burger formula. Then

(∃z : Z)
[
ϕkb+(z) ∧ ϕZ(z)

]

can be effectively reduced to ϕ′kb+ ∧ ϕ
′
Z

where no z occurs and ϕ′kb+ is quantifier-free.

5. QUANTIFIER ELIMINATION FOR TH(TAZKB+)

In this section we present a quantifier elimination procedure for Th(TAZkb+ ) which
is an extension of the elimination procedure for Th(TAZ) [Zhang et al. 2006]. We
first recall the following notation conventions.
Journal of the ACM, Vol. V, No. N, Month 20YY.
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(1) Primitive Form. All transformations are carried out on formulas of the form
(1). Each step of the transformations manipulates (1) to produce a version of
the same form (or multiple versions of the same form in case disjunctions are
introduced).

(2) Positive Literals. All order literals have positive occurrence. This is guaranteed
by Lemma 4.21.

(3) Nondeterminism. Whenever we say “guess ψ”, we mean split on a finite dis-
junction

∨
i ϕi, which is valid in the context and contains ψ as a disjunct.

(4) Type Completeness. All formulas are type-complete. But we omit listing tester
literals unless they are needed for the correctness proof.

5.1 The Elimination Procedure

The elimination procedure consists of the following two algorithms:

Algorithm 5.1 Elimination of Integer Quantifiers in TAZkb+ . We assume that for-
mulas with quantifiers on integer variables are in the form

(∃�z : Z)
[
ϕZ(�x, �y,�z) ∧ ϕkb+(�x, �y,�z)

]
, (11)

where �y, �z are integer variables, �x are term variables. Note that �x may occur inside the
weight function in ϕZ(�x, �y,�z) and �y,�z may appear inside boundary terms in ϕkb+ (�x, �y,�z).

Repeatedly apply the following steps (1) and (2) to (11) until �z = ∅.

(1) If none of �z appears inside any boundary terms, then ϕkb+(�x, �y,�z) is just ϕkb+(�x, �y),
which can be moved out of ∃�z. We then obtain

(∃�z : Z)
[
ϕZ(�x, �y,�z)

]
∧ ϕkb+(�x, �y) .

Since (∃�z : Z)[ϕZ(�x, �y,�z)] is in LZ, we can proceed to remove the block of existential
quantifiers using Cooper’s method [Cooper 1972; Reddy and Loveland 1978]. Similar
to the elimination of integer quantifiers in TAZ [Zhang et al. 2006], we can defer
the actual elimination on (∃�z : Z)[ϕZ(�x, �y,�z)] until all term quantifiers have been
eliminated. The reason is the same: the elimination of term quantifiers does not require
the integer constraint in (12) to be quantifier-free.

(2) If for some z ∈ �z, z occurs inside some boundary terms, we set

ϕ′Z(�x, �y,�z \ z) ∧ ϕ′kb+(�x, �y,�z \ z) :=

eliminate-int
(

(∃z : Z)
[
ϕZ(�x, �y,�z) ∧ ϕkb+(�x, �y,�z))

] )
,

(∃�z : Z)
[
ϕZ(�x, �y,�z) ∧ ϕkb+(�x, �y,�z)

]
:=(

∃(�z \ z) : Z
) [
ϕ′Z(�x, �y,�z \ z) ∧ ϕ′kb+(�x, �y,�z \ z)

]
.

The existence of eliminate-int is guaranteed by Lemma 4.29.

Algorithm 5.2 Elimination of Term Quantifiers in TAZkb+ . We assume that for-
mulas with quantifiers on term variables are in the form

(∃�x : T)
[
ϕkb+(�x, �y,�z) ∧ ϕZ(�x, �y,�z)

]
, (12)

Journal of the ACM, Vol. V, No. N, Month 20YY.



20 · Ting Zhang, Henny B. Sipma, and Zohar Manna

where �x, �y are term variables,�z are integer variables. Note that�z may occur inside boundary
terms in ϕkb+(�x, �y,�z), and �x, �y may occur inside the weight function in ϕZ(�x, �y,�z).

Repeatedly apply the following steps (1) and (2) to (12) until �x = ∅.

(1) Depth Reduction. If (∀x ∈ �x) depthϕkb+ (x) > 0.
(a) VariableSelection. Select anα-typed variable x ∈ �x for someα = (sα1 , . . . , s

α
ar(α)).

This selection is always possible as depthϕkb+ (x) > 0. We require that in the next
run of (1a) we choose one of the variables generated by this run of (1b). I.e., the
variable selection is done in depth-first manner. This is crucial to guarantee that
a run eventually leaves (1). Let �x ′ ≡ �x \ x.

(b) Decomposition. Rewrite (12) to:
(
∃�x ′, x1, . . . , xar(α), x : T

) [
Isα(x) ∧

∧
0<i≤ar(α)

sαi (x) = xi

∧ ϕkb+(�x, �y,�z) ∧ ϕZ(�x, �y,�z)
]
. (13)

(c) Simplification. Exhaustively apply the following simplification rules to ϕkb+

and ϕZ in (13):
i. replace sαi (x) by xi (0 < i ≤ ar(α));

ii. replace xw by w(α) +
∑ar(α)

i=1 xw
i ;

iii. replace x ≺�n t by depth-reduction ( x ≺�n t ); similar for t ≺�n x, x ��n t and
t ��n x.

The existence of depth-reduction follows from Lemma 4.24. Let the resulting
formula be

(
∃�x ′, x1, . . . , xar(α), x : T

) [
Isα(x) ∧

∧
0<i≤ar(α)

sαi (x) = xi

ϕ′kb+ (�x ′, sα1 (x), . . . , sαar(α)(x), �y,�z) ∧ ϕ′Z(�x ′, sα1 (x), . . . , sαar(α)(x), �y,�z)
]
. (14)

It is now clear that if x occurs in ϕ′kb+ and ϕ′
Z

it occurs inside some of sαi (x)
(i ∈ [1..ar(α)]. Since

(
∀x1, . . . , xar(α) : T

) (
∃x : T

) [
Isα(x) ∧

∧
0<i≤ar(α)

sαi (x) = xi

]

is valid in TA, we can replace in (14), sα1 (x), . . . , sαar(α)(x), respectively, by
x1, . . . , xar(α), and hence remove

∧
0<i≤ar(α) sαi (x) = xi, Isα(x) together with ∃x,

obtaining

(
∃�x ′, x1, . . . , xar(α) : T

)
[
ϕ′kb+(�x

′, x1, . . . , xar(α), �y,�z) ∧ ϕ′Z(�x ′, x1, . . . , xar(α), �y,�z)
]
. (15)

(2) Elimination. If (∃x ∈ �x) depthϕkb+ (x) = 0.
Take the x as in the guard condition, guess a DGOC for all terms related with x in gap
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Input: (∃�x : T) [ ϕkb+ (�x, �y,�z) ∧ ϕZ(�x, �y,�z) ].
while �x � ∅ do

if (∀x ∈ �x) depthϕkb+ (x) > 0 then
(1) Depth Reduction

(1a) Variable Selection
(1b) Decomposition
(1c) Simplification

else {(∃x ∈ �x) depthϕkb+ (x) = 0}
(2) Elimination

end if
end while

Fig. 2. Quantifier Elimination in TAZkb+ .

order literals (by Lemma 4.22) and then eliminate x by Lemma 4.28. Formally we set

ϕ′kb+(�x \ x, �y,�z) ∧ ϕ′Z(�x \ x, �y,�z) :=

eliminate-term
(

(∃x : T)
[
ϕkb+(�x, �y,�z) ∧ ϕZ(�x, �y,�z)

] )
,(

∃�x : T
) [
ϕkb+ (�x, �y,�z) ∧ ϕZ(�x, �y,�z)

]
:=(

∃(�x \ x) : T
) [
ϕ′kb+(�x \ x, �y,�z) ∧ ϕ′Z(�x \ x, �y,�z)

]
.

For the ease of understanding Algorithm 5.2, we show its high-level control-flow
in Figure 2. It is now easily seen that Algorithm 5.2 is a greedy algorithm in the
sense that it tries to do Elimination (step (2)) as soon as the elimination condition
holds, that is, all term occurrences of this variable are of depth 0. Otherwise, the
algorithm tries to create the elimination condition using Depth Reduction (step (1))
which includes three sequential sub-procedures: Variable Selection (step (1a)),
Decomposition (step (1b)) and Simplification (step (1c)). We require that Variable
Selection be done in depth-first manner. As all depths are finite, this guarantees
that a run eventually leaves Depth Reduction and enter Elimination.

Lemma 5.3 Soundness. Each transformation step in Algorithms 5.1 and 5.2 preserves
equivalence.

Proof. Equivalence preservation has been assured by the lemmas in Section 4.9.
More precisely, Lemma 4.29 justifies the soundness of Algorithm 5.1. For Algo-
rithm 5.2, Axioms (1)-(6) in Section 3 justify step (1b); Lemma 4.24, with the help
of Lemmas 4.25, 4.26 and 4.27, justifies step (1c); Lemma 4.28 justifies step (2).

Lemma 5.4 Termination. Both Algorithm 5.1 and Algorithm 5.2 terminate.

Theorem 5.5 Decidability. Th(TAZkb+ ) is decidable, and hence so is Th(TAkb).

Proof. By Lemmas 5.3 and 5.4.

5.2 An Example

Example 5.6 Quantifier Elimination in ListZkb+ . Let us go through an example with
emphasis on the depth reduction. We only show one simple trace of the reduction. Consider
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x21 x22

x121 x122

x : x , y : y ,

x1 : car(x) , x2 : cdr(x) ,

x21 : car(car(x)) , x22 : cdr(cdr(x)) ,

x11 : car(car(x)) , x12 : cdr(car(x)) ,

x121 : car(cdr(car(x))) , x122 : cdr(cdr(car(x))) .

Fig. 3. Quantifier Elimination on (∃x) [car(x) ≺l
2 cdr(cdr(x)) ∧ cdr(cdr(car(x))) ≺l

3 y].

in ListZkb+ the following formula

(∃x)
[

car(x) ≺l
2 cdr(cdr(x)) ∧ cdr(cdr(car(x))) ≺ l

3 y
]
, (16)

where depth(16)(x) = 3. Figure 3 shows the tree representation of (16) which is sibling
complete, that is, sibling nodes coexist. Formula (16) states that there exists a tree x
whose descendants x1, x22, x122 and a parameter y satisfy certain order relations.

At the first run of step (1), we introduce fresh variables x1 and x2 to replace car(x) and
cdr(x), respectively. By a standard quantifier manipulation we obtain

(∃x1∃x2)
[

x1 ≺l
2 cdr(x2) ∧ cdr(cdr(x1)) ≺l

3 y
]
, (17)

where depth(17)(x1) = 2 and depth(17)(x2) = 1, both less than depth(16)(x). In the second
run of step (1), we pick x1 and replace x1 ≺l

2 cdr(x2) by car(x1) = car(cdr(x2))∧cdr(x1) ≺l
2

cdr(cdr(x2)) (which is one of several choices). We obtain

(∃x2∃x11∃x12)
[

x11 = car(cdr(x2)) ∧ x12 ≺l
2 cdr(cdr(x2)) ∧ cdr(x12) ≺l

3 y
]
. (18)

At this point we have depth(18)(x11) = 0 and the run enters step (2). In this case we can
immediately remove ∃x11, obtaining

(∃x2∃x12)
[

x12 ≺l
2 cdr(cdr(x2)) ∧ cdr(x12) ≺l

3 y
]
, (19)

where depth(19)(x12) = 1 and depth(19)(x2) = 2. At the third run of step (1), we select x12.
The run could give us

(∃x2∃x121∃x122)
[

x121 = car(cdr(cdr(x2))) ∧ x122 ≺l
2 cdr(cdr(x2)) ∧ x122 ≺l

3 y
]
,

which as before by step (2) simplifies to

(∃x2∃x122)
[

x122 ≺l
2 cdr(cdr(x2)) ∧ x122 ≺l

3 y
]
. (20)

Still we have depth(20)(x122) = 0 which justifies another run of step (2). Let us take a gap
order completion x122 ≺l

2 cdr(cdr(x2)) ≺l
1 y (which again is just one of many choices) and
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rewrite (20) to

(∃x2∃x122)
[

x122 ≺l
2 cdr(cdr(x2)) ≺l

1 y
]
. (21)

With the help of boundary functions, (21) reduces to

(∃x2)
[

0w
((cdr(cdr(x2)))w) ≺

l
2 cdr(cdr(x2)) ≺l

1 y
]
. (22)

The fourth and the fifth runs of step (1) (with the same trick of quantifier manipulation)
give us

(∃x222)
[

0w
(xw

222) ≺
l
2 x222 ≺l

1 y
]
. (23)

After that the run returns to step (2) as depth(23)(x222) = 0. Here we have to reduce term
quantifiers to integer quantifiers because x222 also appears in boundary terms. By Lemma
4.28, (23) is equivalent to

(∃z)
[

0w
(z) ≺

l
3 y ∧ Treecons(z)

]
, (24)

which simplifies to 0w
(yw) ≺

l
3 y ∧ Treecons(yw), and in turn to

0w
(yw) ≺

l
3 y , (25)

as 0w
(yw) ≺

l
3 y implies Treecons(yw). It is not hard to verify that (25) implies (16) as desired.

(We do not have equivalence because this is just one trace of the reduction.) In fact, the
above elimination procedure tells us how to obtain a solution to (16) provided (25) holds.
Let us show the construction in bottom-up fashion. By x�, we refer to labels in Figure 3.
First, we set x122 to 0w

(yw) to take care of x122 ≺l
3 y. Second, we find x11, x121 and x22 to

satisfy x1 ≺l
2 x22. This can always be done as there are no constraints on x11, x121 and

x22. Third, we set x21 to an arbitrary value. In this way we obtain a value for x that is the
solution to (16).

We note that the depth reduction of a variable is at the expense of increasing the
depth of a term on the other side of a gap order predicate. This happens when ϕkb+

contains x � t (or t � x) and depthϕkb+ (x) > 0. For example, from (17) to (18), the
depth of x2 increases by 1. Moreover, the depth reduction in general introduces
more existential quantifiers and more equalities in at least one resulting formula
(e.g., this also happens in the reduction from (17) to (18)). In every step of the
transformation, however, the number of open gap order literals in each resulting
primitive formula is no more than that in the original formula. Moreover, the final
elimination procedure removes at least one open gap order literal if the eliminated
variable occurs in such literals (e.g., from (21) to (22) and from (23) to (24)). When
all open gap order literals are gone, the depths of terms will be strictly decreasing.
This forces the run of Algorithm 5.2 to eventually leave step (1) and from then on
to stay in step (2) until all existential quantifiers are removed.

6. PRESENCE OF A 0-WEIGHT UNARY FUNCTION

Up to now we have assumed that the language does not contain a unary function f
of weight 0. However, the presence of such a function considerably simplifies the
reduction procedure. First we note that there exists no maximum ground TA-term
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1w
(m) of weight m for any m > 0 (when we do not consider the artificial fix using the

sink value ⊥), because otherwise we will have a contradiction as 1w
(m) ≺

kb f (1w
(m))

and w(1w
(m)) = w( f (1w

(m))). As a consequence, ≺w
n is dense in the sense that if u ≺w

n v
(n > 0), there are infinitely many ground TA-terms in between u and v with respect
to ≺kb. Similarly, there exists no maximum ground TA-term 1p

(m, p) of weight m

and type αp except when αp is a constant and m = w(αp), and hence ≺p
n is dense

except when the left operand is a constant. Moreover, ≺l
n is dense except when the

order is resolved between the corresponding rightmost immediate subterms of its
operands. To make the above statements precise, we present reductions for open
gap order literals involving ≺w

n , ≺p
n, ≺l

n, �w
n , �p

n, and �l
n (n > 0).

6.1 Reduction of u ≺w
n v and u �w

n v

Clearly, u ≺w
n v implies u ≺w v and assuming u ≺w v, we have an infinite chain

u ≺pl f (u) ≺pl f 2(u) ≺pl · · · ≺pl f n(u) ≺pl · · · ≺w v .

Therefore u ≺w
n v simplifies to u ≺w v, which further simplifies to the integer literal

w(u) < w(v). Due to the existence of the infinite chain from u to v, u �w
n v simplifies

to false.

6.2 Reduction of u ≺p
n v and u �p

n v

Reduction of u ≺p
n v and u �p

n v when u is not a constant.. Let t be a proper subterm
of u and we denote u by u[t] to emphasize this occurrence of t. Let u[t′] be the
term obtained from u by substituting t′ for t. Assuming u ≺p v, we have an infinite
increasing chain

u[t] ≺l u[ f (t)] ≺l u[ f 2(t)] ≺l · · · ≺l u[ f n(t)] ≺l · · · ≺p v .

Therefore, u ≺p
n v simplifies to u ≺p v, which is just q < p assuming αp = type(u)

and αq = type(v). For the same reason as before, u �p
n v simplifies to false.

Reduction of u ≺p
n v and u �p

n v when u is not a constant.. Let type(v) = αq. We
first check if there exists a non-constant ground TA-term t[s] (where s is a proper
subterm) such that w(t[s]) = w(u) and type(t[s]) = αp, and u ≺Σ αp ≺Σ αq. This
condition can be formally expressed as∨

q<p<u, αp�A
Treeαp (uw) , (26)

whose truth value can be determined statically given a fixed signature. If (26)
holds, we have an infinite chain

u ≺p t[s] ≺l t[ f (s)] ≺l t[ f 2(s)] ≺l · · · ≺l t[ f n(s)] ≺l · · · ≺p v . (27)

Therefore u ≺p
n v simplifies to true and u �p

n v simplifies to false. If (26) does not
hold, then all ground TA-terms in between u and 0p

(vw , q) must be constants. Let us

assume there are m − 1 constants in between u and 0p
(vw , q). If m > n, then u ≺p

n v

simplifies to true while u �p
n v simplifies to false. If m = n, then both u ≺p

n v and
u �p

n v simplify to true. If m < n, then u ≺p
n v simplifies to 0p

(vw , q) ≺
l
n−m v while
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u �p
n v simplifies to 0p

(vw , q) �
l
n−m v. We need further consider three subcases under

the assumption that m < n.

(1) v is a constant. Then 0p
(vw , q) = v, and so both u ≺p

n v and u �p
n v simplify to

false.

(2) v is of type f . Since (26) does not hold, 0p
(vw , q) must be f (c1) where c1 is the

smallest constant of weight w(v). Suppose that there are r constants of weight
w(v) and they are ordered as

c1 ≺kb c2 ≺kb · · · ≺kb cr .

Then v must be of the form f l(cr′) (0 < r′ ≤ r), where f l denotes l applications
of f . We have the following tight chain

f (c1) ≺kb · · · ≺kb f (cr−1) ≺kb f (cr)

≺kb f 2(c1) ≺kb · · · ≺kb f 2(cr−1) ≺kb f 2(cr)

≺kb · · · · · ·
≺kb f l(c1) ≺kb · · · ≺kb f l(cr′−1) ≺kb f l(cr′) .

So 0p
(vw, q) ≺

l
n−m v is true if and only if (l − 1)r + (r′ − 1) ≥ n −m. The reduct can

be formally expressed as∨
1≤r′≤r

Is f (v) ∧ Is f (s f v) ∧ · · · ∧ Is f ((s f )l(r′)−1v) ∧ cr′ = (s f )l(r′)v , (28)

where l(r′) is the minimum integer such that (l(r′) − 1)r + (r′ − 1) ≥ n − m.
A similar simplification holds for 0p

(vw , q) �
l
n−m v except that we require that

(l(r′) − 1)r + (r′ − 1) = n −m.

(3) v is not a constant and not of type f . Let us assume ar(αq) = k > 0. Let
〈l1, . . . , lk〉 be the smallest k-integer tuple of weight w(v) − w(αq) (with respect
to the lexicographic extension of the integer ordering) such that Tree(li) holds
for all i ∈ [1, k]. We first assume that for some k′ ∈ [1, k],∧

1≤i≤k′−1

(sαq

i v)w = li ∧ (sαq

k′ v)w � lk′ . (29)

In fact we must have (sαq

k′ v)w > lk′ because 〈l1, . . . , lk〉 is the smallest such k-tuple.
Then we have 0w

(lk′ )
≺w s

αq

k′ v, and hence f n(0w
(lk′ )

) ≺w s
αq

k′ v for any n > 0. Therefore
we have an infinite chain

0p
(vw, q) �

l αq(0w
(i1), . . . , 0

w
(ik′ )
, . . . , 0w

(ik))

≺l αq(0w
(i1), . . . , f (0w

(ik′ )
), . . . , 0w

(ik))

≺l αq(0w
(i1), . . . , f 2(0w

(ik′ )
), . . . , 0w

(ik))

≺l · · · · · ·
≺l αq(sαq

1 v, . . . , sαq

k′ v, . . . , s
αq

k v) = v .
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Hence under condition (29), 0p
(vw, q) ≺

l
n−m v simplifies to true and 0p

(vw, q) �
l
n−m v

simplifies to false. Next we assume
∧

0<i≤k

(sαq

i v)w = li ∧
∧

0<i≤k

s
αq

i v = 0w
(li)

. (30)

Under this condition, 0p
(vw , q) = v, and hence both 0p

(vw , q) ≺
l
n−m v and 0p

(vw , q) �
l
n−m

v simplify to false. If we assume that for some k′ ∈ [1, k − 1],
∧

0<i≤k

(sαq

i v)w = li ∧ s
αq

k′ v � 0w
(lk′ )

, (31)

then we must have 0w
(lk′ )
≺pl s

αq

k′ v. So we still have an infinite chain

0p
(vw, q) �

l αq(0w
(i1), . . . , 0

w
(ik′ )
, . . . , 0w

(ik))

≺l αq(0w
(i1), . . . , 0

w
(ik′ )
, . . . , f (0w

(ik)))

≺l αq(0w
(i1), . . . , 0

w
(ik′ )
, . . . , f 2(0w

(ik)))

≺l · · · · · ·
≺l αq(sαq

1 v, . . . , sαq

k′ v, . . . , s
αq

k v) = v .

Therefore under condition (31), 0p
(vw , q) ≺

l
n−m v simplifies to true and 0p

(vw , q) �
l
n−m

v simplifies to false. The last case is that
∧

0<i≤k

(sαq

i v)w = li ∧
∧

1≤i≤k−1

s
αq

i v = 0w
(li)
∧ s

αq

k v � 0w
(lk) . (32)

Then 0p
(vw , q) ≺

l
n−m v reduces to 0w

(lk) ≺
pl
n−m s

αq

k v and 0p
(vw , q) �

l
n−m v reduces to

0w
(lk) �

pl
n−m s

αq

k v. Now we have to reapply the above reduction to 0w
(lk) ≺

pl
n−m s

αq

k v

and to 0w
(lk) �

pl
n−m s

αq

k v. But since lk < w(v), this process eventually terminates.

Note that the lower boundary terms we used in the reduction are all defined on
known constant weights, and hence they are fixed ground TA-terms which can be
expressed using selector terms and constants.

6.3 Reduction of u ≺l
n v and u �l

n v

If either u or v is a constant, then both u ≺l
n v and u �l

n v simplify to false. Now
assume type(u) = type(v) = αq and ar(αq) = k > 0. So

u = αq(sαq

1 u, . . . , s
αq

k u) , v = αq(sαq

1 v, . . . , s
αq

k v) .

If we assume that ∧
1≤i≤k′−1

s
αq

i u = s
αq

i v ∧ s
αq

k′ u ≺
kb s

αq

k′ v (33)
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for some k′ ∈ [1, k − 1], then we have an infinite chain

u = αq(sαq

1 u, . . . , sαq

k′ u . . . , s
αq

k u)

≺l αq(sαq

1 u, . . . , s
αq

k′ u . . . , f (sαq

k u))

≺l αq(sαq

1 u, . . . , s
αq

k′ u . . . , f 2(sαq

k u))

≺l · · · · · ·
≺l αq(sαq

1 v, . . . , sαq

k′ v . . . , s
αq

k v) = v .

Therefore under condition (33), u ≺l
n v simplifies to true and u �l

n v simplifies to
false. The only possibility left is∧

1≤i≤k−1

s
αq

i u = s
αq

i v ∧ s
αq

k u ≺kb s
αq

k v . (34)

Under this condition, u ≺l
n v simplifies to s

αq

k u ≺kb
n s

αq

k v, and u �l
n v simplifies to

s
αq

k u �kb
n s

αq

k v.
This concludes all reductions we need to consider. Although we carried out

the reductions at the semantic level by case distinction, all preconditions and the
corresponding reducts are expressible in our formal language, and hence so are
the reductions themselves. For example, The reductions of u ≺l

n v and u �l
n v,

respectively, are

u ≺l
n v → s

αq

k u ≺kb
n s

αq

k v ∨
∨

0<i<k

s
αq

i u ≺kb s
αq

i v ,

u �l
n v → s

αq

k u ≺kb
n s

αq

k v ∧
∧

0<i<k

s
αq

i u = s
αq

i v .

Note that that we introduced boundary functions to delineate ≺w
n , ≺p

n, �w
n and

�p
n, and to decompose ≺l

n and �l
n. In the above reductions, however, not only are

upper boundary functions undefined, but also the lower boundary functions have
no use in these reductions (except in the intermediate steps). As a result, we do
not need to introduce any boundary functions into LZ

kb+ at all. Also note that we
introduced tuple gap orders and tuple boundary functions to decompose ≺l

n and
�l

n; also these, however, are not necessary in the above reductions. Hence we do not
need to introduce tuple gap orders and tuple boundary functions into L Z

kb+ either.
Thus, the presence of a 0-weight unary function significantly simplifies the depth
reduction procedure. In fact, we have already presented the proof for Lemmas 4.24.
All other lemmas related to tuples and boundary functions in Section 4.9 and the
corresponding proofs in Section A are no longer needed. Neither is Section B nor
Section C therefore.

7. CONCLUSION

We showed the decidability of the first-order theory of term algebras with Knuth-
Bendix order by quantifier elimination. Our method combines the extraction of
integer constraints from term constraints with the reduction of quantifiers on term
variables to quantifiers on integer variables. In fact, we established the decidability
of a much more expressive theory.
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Two problems related to practical complexity need further investigation. First,
as a rule of thumb, more expressive power means higher complexity. Even if
the theoretical complexity bound is the same, in practice the efficiency will be
compromised. It is worthwhile to search for the smallest extension of KBO that
admits quantifier elimination. Second, the elimination is intrinsically limited to
processing quantified variables one at a time. We plan to extend the method in
[Zhang et al. 2006] to eliminate a block of quantifiers of the same kind in one step.
We believe this will be a significant improvement in pragmatic terms, since in most
applications the quantifier alternation depth is small.

We also plan to investigate the decidability issue of the first-order theory of
KBO in a non-ground term domain [Knuth and Bendix 1970], or with a partial
precedence order on the signature [Baader and Nipkow 1999].

APPENDIX

A. PROOFS

In this section we present the proofs not included in the main text of this paper.
These proofs rely on definitions about integer predicates and functions defined
in Appendix B and reductions of equalities and gap order literals presented in
Appendix C. In this and the following sections, unless stated otherwise, we
assume that our language does not contain a 0-weight unary function. For ease of
reference we restate the lemmas and theorems.

Lemma 4.21 (Elimination of Negative Literals). Assume formulas are type com-
plete.

(1) Any negative tester literal is equivalent to a disjunction of positive tester liter-
als.

(2) Any negative term equality literal (i. e., disequality between TA-terms) is
equivalent to a disjunction of positive order literals.

(3) Any negative order literal is equivalent to a disjunction of integer literals, tester
literals and positive order literals.

Proof. Negative tester literals can be eliminated using the following two equiv-
alences.

¬ Isαp (x) ↔
∨

αq∈C,αp�αq

Isαq(x) , ¬ IsA(x) ↔
∨

αp∈C\A
Isαp (x) .

Term disequalities can be eliminated according to

u � v ↔ u ≺w v ∨ u ≺p v ∨ u ≺l v ∨ v ≺w u ∨ v ≺p u ∨ v ≺l u .

Now let � ∈ {w, p, l} and n > 0. It is easily seen that the following equivalences
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hold.

u ≺�n v ↔ u ≺�n+1 v ∨ u ��n v ,

¬ (u ≺�n v) ↔ ¬ (u ≺�n+1 v) ∧ ¬ (u ��n v) ,

u ��n v ↔ (u ≺�n v) ∧ ¬ (u ≺�n+1 v) ,

¬ (u ��n v) ↔ ¬ (u ≺�n v) ∨ u ≺�n+1 v .

Therefore, for n > 0, we have the following equivalences.

¬ (u ≺w
n v) ↔ vw ≤ uw ∨

∨
i<n

u �w
i v ,

¬ (u �w
n v) ↔ vw ≤ uw ∨

∨
i<n

u �w
i v ∨ u ≺w

n+1 v ,

¬ (u ≺p
n v) ↔ uw � vw ∨

( ∨
0<p≤|Σ|

Isαp (u) ↔ Isαp (v)
)
∨ v ≺p u ∨

∨
i<n

u �p
i v ,

¬ (u �p
n v) ↔ uw � vw ∨

( ∨
0<p≤|Σ|

Isαp (u) ↔ Isαp (v)
)

∨ v ≺p u ∨
∨
i<n

u �p
i v ∨ u ≺p

n+1 v ,

¬ (u ≺l
n v) ↔ uw � vw ∨

( ∧
0<p≤|Σ|

Isαp (u) ↔ ¬ Isαp(v)
)
∨ v ≺l u ∨

∨
i<n

u �l
i v ,

¬ (u �l
n v) ↔ uw � vw ∨

( ∧
0<p≤|Σ|

Isαp (u) ↔ ¬ Isαp(v)
)

∨ v ≺l u ∨
∨
i<n

u �l
i v ∨ u ≺l

n+1 v .

Note that ¬ (u ≺�0 v) is u � v ∧ ¬ (u ≺� v) and ¬ (u ��0 v) is just u � v. Under
the assumption of type completeness, the truth values of tester literals are prede-
termined, and hence no conjunction is introduced in the above reductions. And
obviously, none of the above reductions introduces more open gap order literals
in any of the reducts.

Lemma 4.22 (Delineated Gap Order Completion). Any conjunction of positive
order literals in Lkb+ can be effectively transformed to an equivalent finite disjunc-
tion of delineated gap order completions.

Proof. Let ϕkb+ be a conjunction of positive order literals in Lkb+ . Without loss
of generality we assume that ϕkb+ only contains literals like u ��n v and u ≺�n v
(� ∈ {w, p, l}) for n > 0. Let T (ϕkb+) be the set of all TA-terms in ϕkb+ . In the
following we describe a nondeterministic algorithm to compute a disjunction of
DGOCs equivalent to ϕkb+ .

We view ϕkb+ as a labeled directed graph Gkb+ in which TA-terms in T (ϕkb+ ) are
vertex labels and u ��n v (or u ≺�n v) represents a directed edge from u to v with
number label n and color label �. An edge corresponding to a stretchable gap order
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literal u ≺�n v (resp. a rigid gap order literal u ��n v) is called stretchable (resp. rigid).
A path is rigid if every edge on the path is rigid; it is stretchable otherwise. The
length of a path is the sum of all number labels on the path.

First we guess an equality partition for T (ϕkb+ ). All vertexes in the same equiv-
alence class are merged by consolidating corresponding outgoing and incoming
edges. We choose an arbitrary representative for each equivalence class as the
vertex label.

Second we guess a linear order with respect to ��1 and≺�1 forT (ϕkb+ ). It amounts
to adding to Gkb+ a Hamiltonian path: a path between two distinct vertexes of
Gkb+ that visits each vertex exactly once. We call this path the primary path and
the edges on this path primary edges. The primary path corresponds to a gap order
completion and it is a prototype of the delineated gap order completion we are
about to construct. At this phase, a primary edge may be labeled by any color in
{w, p, l}, but all number labels are 1.

Third we insert boundary terms to delineate the primary path if necessary.
Up to now there may exist two types of inconsistency.

(1) Gkb+ contains a loop.
(2) The color of a non-primary edge is incompatible with colors on the corre-

sponding primary path. Let order {w, p, l} be l ≺c p ≺c w. We say that the
color c of a non-primary edge is incompatible with colors {ci | 0 < i ≤ k} on the
corresponding primary path if c � max{ci | 0 < i ≤ k} with respect to ≺c. For
example, u ≺l

n1
v ≺p

n2
w is incompatible with neither u ≺w

n3
w nor u ≺l

n4
w while

it is compatible with u ≺p
n5

w.

If an inconsistency is detected, the constraint simplifies to false.
To reduce ϕkb+ to a DGOC, we need to remove all non-primary edges. A non-

primary edge from u to v is called an over-edge (resp. under-edge, para-edge) if its
length is greater than (resp. less than, equal to) the length of the primary path from
u to v. We say that a non-primary edge from u to v covers all primary edges on the
path from u to v.

We remove all redundant edges which either are para-edges or stretchable under-
edges. If there exists a rigid under-edge, then the constraint simplifies to false.
Now we assume that all under-edges are removed.

The existence of an over-edge means the current gap order completion “over-
approximates”ϕkb+ . To discharge an over-edge, we distribute the extra length over
the number labels on primary stretchable edges that is covered by this over-edge.
For example consider the following primary path from u to v to w.

u
p1−→ v

p2−→ w , (35)

where both edges are stretchable. Suppose that there exists an over-edge from u
to w with the number label p > p1 + p2. We replace the subgraph (35) by one of the
following.

u
p1+n1−→ v

p2+n2−→ w , (36)

where n1, n2 ≥ 0 and n1 + n2 = p − p1 − p2. Note that we do not add extra length to
rigid primary edges, and if the corresponding primary path is not stretchable, then
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ϕkb+ simplifies to false. After the distribution, we make each stretchable primary
edge rigid if the corresponding over-edge that covers it is rigid. Now the original
over-edge becomes redundant and we remove it. One by one, we can remove all
over-edges and obtain a graph that only has primary edges (false can be viewed
as x ≺w x).

The next lemma is used in the proof of Lemma 4.28.

Lemma A.1 Open Gap Order Literals in DGOCs. Formulas of the form

m∧
i=1

ui �
�i
pi

x ∧
n∧

j=1

x �
� j
qj

vj , (37)

where x is an ordinary TA-term, � stands for ≺ or �, �i, � j ∈ {w, p, l}, and pi, qj > 0,
can be effectively transformed into an equivalent finite disjunction of DGOCs such that
the number of open gap order literals in each DGOC is no more than that in the original
formula. Moreover, if both the predecessor and the successor of x in a DGOC are boundary
terms, then the DGOC has one fewer open gap order literals than the original formula
provided the original formula contains at least one open gap order literal.

Proof. By Lemma 4.22 it suffices to show that in each DGOC the number of
open gap order literals is no more than that in the original formula. Let us assume
there are m1 ≤ m ordinary TA-terms that are less than x and n1 ≤ n ordinary
TA-terms that are greater than x. So in the original formula there are m1 + n1 + 1
ordinary terms and m1 + n1 open gap order literals. In each obtained DGOC,
the number of ordinary TA-terms can not exceed m1 + n1 + 1 as no new ordinary
TA-terms are introduced. It is easily seen that in a linear order containing k > 0
ordinary TA-terms, the number of open gap order literals is at most k − 1. So
there are at most m1 + n1 open gap order literals at each resulting DGOC. The
introduction of boundary terms (to delineate a gap order) and the merge of two
vertexes (to equalize two terms) can only decrease the number of open gap order
literals. Moreover, suppose the original formula contains at least one open gap
order literal. Without loss of generality, let us assume it is u1 �1 x, and so m1 > 0.
Since both the predecessor and the successor of x in the DGOC are boundary terms,
x is separated from other ordinary TA-terms, and so there are at most m1 − 1 open
gap order literals at the left-hand side of x in the DGOC. Also there are at most n1

open gap order literals at the right-hand side of x. Therefore, the total number of
open gap order literals is m1 + n1 − 1, one less than that in the original formula.

Lemma 4.23 (No Embedding of Boundary Terms). Any formula in L Z
kb+ can be

effectively reduced to an equivalent formula in which no boundary terms appear
inside selectors or the weight function.

Proof. By the following equivalences we can eliminate all integer terms formed
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by applying the weight function to boundary terms.

(0w
(m))

w ↔ (WD0w (m) ∧ m) ∨ (¬WD0w (m) ∧ w(⊥)) ,

(0p
(m,p))

w ↔ (WD0w (m, p) ∧ m) ∨ (¬WD0w (m, p) ∧ w(⊥)) ,

(1w
(m))

w ↔ (WD1w (m) ∧ m) ∨ (¬WD1w (m) ∧ w(⊥)) ,

(1p
(m,p))

w ↔ (WD1w (m, p) ∧ m) ∨ (¬WD1w (m, p) ∧ w(⊥)) .

Next we show how to eliminate selectors in front of boundary terms. For a selector
term s

αp

i 0w
(m) (where ar(αp) = k), we consider four cases.

(1) 0w
(m) is not well-defined. In this case 0w

(m) = ⊥, and hence s
αp

i 0w
(m) simplifies to ⊥.

(2) 0w
(m) is well-defined, but Tree(αp)(m) is false. Since Tree(αp)(m) does not hold, 0w

(m)

can not be of type αp, and so s
αp

i 0w
(m) simplifies to 0w

(m).

(3) Tree(αp)(m) holds but there exists p′ such that p < p′ ≤ |Σ| and Tree(αp′ )(m) holds.
Since αp′ ≺Σ αp, 0w

(m) can not be of type αp, and hence s
αp

i 0w
(m) simplifies to 0w

(m).

(4) Tree(αp)(m) is true and for any p′ such that p < p′ ≤ |Σ|, Tree(αp′ )(m) does not
hold. The condition says that 0w

(m) is of type αp, i. e., 0w
(m) = α(t1, . . . , tar(αp)). It is

not hard to argue that 〈t1, . . . , tar(αp)〉 should be the smallest k-tuple of weight n.
In Appendix B.2(4) it is shown that the weight of the ith component of a k-tuple
which is the smallest (with respect to ≺k;kb) k-tuple of weight n, denoted by
CWSk

i (n), can be defined in Presburger arithmetic. Therefore, we can simplify
s
αp

i 0w
(m) to 0w

(CWSk
i (m−w(αp)))

.

The above four preconditions can be respectively expressed as

¬WD0w (m) ,

WD0w(m) ∧ ¬ Tree(αp)(m) ,

Tree(αp)(m) ∧
∨

p<p′≤|Σ|
Tree(αp′ )(m) ,

Tree(αp)(m) ∧
∧

p<p′≤|Σ|
¬ Tree(αp′ )(m) .

Similarly we can handle terms of the form s
αp

j 1w
(m).

For a selector term s
αp

j 0p
(m,p′) (where ar(αp) = k), we consider three cases.

(1) 0p
(m,p′) is not well-defined. Then s

αp

j 0p
(m,p′) simplifies to ⊥.

(2) 0p
(m,p′) is well-defined, but p � p′. Then s

αp

j 0p
(m,p′) simplifies to 0p

(m,p′).

(3) 0p
(m,p′) is well-defined, and p = p′. The condition says that 0p

(m,p) = α(t1, . . . , tar(αp))
and 〈t1, . . . , tar(αp)〉 is the smallest k-tuple of weight n. As case (4) in the reduction
of s

αp

i 0w
(m), s

αp

j 0p
(m,p′) simplifies to 0w

(CWSk
j (m−w(αp)))

.
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The above three preconditions can be respectively expressed as

¬WD0p (m, p′) ,
WD0p(m, p′) ∧ p � p′ ,

WD0p(m, p′) ∧ p = p′ .

Similarly we can handle terms of the form s
αp

j 1p
(m,p′).

Repeating this transformation, eventually all selectors in front of boundary terms
are removed and we obtain a formula in which no boundary terms occur inside
selectors.

We note that the above reduction is purely syntactic as for each case, both the
precondition and the corresponding reduct are expressible in our formal language.
In general, let ϕ[t] be a formula in which term t occurs. Suppose there are n disjoint
cases in total for the reduction of t and for each case i (0 < i ≤ n), t is reduced to ti

under the precondition θi. Then ϕ[t] can be equivalently rewritten as
∨

0<i≤n

(
θi ∧ ϕ[ti]

)
. (38)

It is easily seen from (38) that the transformation involves disjunctive splittings
and since θi are Presburger formulas, the transformation does not increase the
number of open gap order literals in any of the resulting conjunctions of literals.

Lemma 4.24 (Reduction of Term Gap Order Literals). Let

� ∈ { ≺kb
n ,≺w

n ,≺
p
n,≺l

n,≺
pl
n ,�

kb
n ,�

w
n ,�

p
n,�

l
n,�

pl
n } (n > 0) .

If x is a TA-variable of type αp with αp = (sαp

1 , . . . , s
αp

k ) and t is an arbitrary TA-term,
then x� t (t� x) can be effectively reduced to an equivalent quantifier-free formula
ϕ(sαp

1 x, . . . , sαp

k x) (in L Z
kb+) where x only occurs in s

αp

i x (0 < i ≤ k).

Proof. It suffices to only consider � ∈ {≺w
n ,≺

p
n,≺l

n,�w
n ,�

p
n,�l

n, } for n > 0. If t
is a TA-term not containing x, then the result follows directly from Lemma 4.26.
Suppose otherwise. Then t must be in the form Lx where L is a non-empty block
of selectors. We have two cases depending on whether Lx is at the left-hand side
or the right-hand side of �.

Case 1. x � Lx. Since L is non-empty and constraints are type-complete, Lx is
a proper subterm of x. If x � Lx, then x ≺kb Lx, violating the subterm property of
KBO [Baader and Nipkow 1999]. Therefore, x � Lx simplifies to false.

Case 2. Lx� x. If � is ≺w
n (resp. ≺p

n), reduction 201 (resp. 202) (see Appendix C)
puts x and Lx in separate literals, and hence the problem goes away. Similarly if �
is �w

n or �p
n. The last two cases are Lx ≺l

n x and Lx �l
n x, which are only possible if

the language contains the unary function f of weight 0. To save notation, we use s f

to denote the corresponding selector of f . Now Lx ≺l
n x and Lx �l

n x, respectively,
are in the forms

si
f (x) ≺l

n x and si
f (x) �l

n x ,
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where i > 0 and si
f denote i applications of s f . Note that both si

f (x) ≺l
n x and

si
f (x) �l

n x imply Is f (si
f (x)). In the rest of the proof, we view x as a fixed ground

TA-term unless it appears in a formula in the formal language. Let us consider
two subcases.

A. There is a non-constant ground TA-term whose weight is w(x) and type is not
f .
Let g(t1, . . . , tj) be such a term; i. e., g � f and w(g(t1, . . . , tj)) = w(x).
(a) If si

f (x) is f k(a) (where k > 0 and a is a constant), then x is f i+k(a). We have
either a ≺p g(t1, . . . , tj) or g(t1, . . . , tj) ≺p a, as w(g(t1, . . . , tj)) = w(x) = w(a).

i. a ≺p g(t1, . . . , tj). Then we have

f k(a) ≺l f k(g(t1, . . . , tj)) ≺l · · · ≺l f k(g( f l(t1), . . . , t j)) ≺l · · · ≺l f i+k(a) .

ii. g(t1, . . . , tj) ≺p a. Then we have

f k(a) ≺l f i+k(g(t1, . . . , tj)) ≺l · · · ≺l f i+k(g( f l(t1), . . . , t j)) ≺l · · · ≺l f i+k(a) .

(b) If si
f (x) is f k(h(t1, . . . , tj)) (where k > 0 and h � f ), then x is f k+i(h(t1, . . . , tj)).

Then we have

f k(h(t1, . . . , tj)) ≺l · · · ≺l f k(h( f l(t1), . . . , t j)) ≺l · · · ≺l f i+k(a) .

In all cases, there are infinitely many terms in between si
f (x) and x. Hence

si
f (x) ≺l

n x simplifies to Is f (si
f (x)) and si

f (x) �l
n x simplifies to false.

B. Any term of weight w(x) is either an f -term ( f -type term) or a constant. The
condition says that si

f (x) must be in the form f k(c) (for some constant c and

k > 0) and then x is in the form f k+i(c). In this case, f k(c) �l
r f k+i(c) where r is

i times the number of constants of weight w(x). More precisely, let us assume
that there are m constants of weight w(x) ordered as follows:

c1 ≺kb · · · ≺kb cj ≺kb · · · ≺kb cm ,

where c ≡ cj. Then we have i tight chains each of which has length m as follows.

f k(cj) ≺kb · · · ≺kb f k(cm) ≺kb f k+1(c1) ≺kb · · · ≺kb f k+1(cj) ,
· · · · · ·
f k+i−1(cj) ≺kb · · · ≺kb f k(cm) ≺kb f k+i(c1) ≺kb · · · ≺kb f k+i(cj) .

Therefore, si
f (x) ≺l

n x simplifies to

Is f (si
f (x)) ∧ CNTm(xw) ,

where m = �n/i� − 1 and CNTm(xw) is defined in the language with f removed,
and si

f (x) �l
n x simplifies to

Is f (si
f (x)) ∧ CNTm(xw) ∧ ¬ CNTm+1(xw) ∧ i | n ,

where m = �n/i� − 1 and CNTm(xw) is defined the same.
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Finally we note that each precondition can be expressed in Presburger arithmetic.
Condition (A) is ∨

α∈C\A\{ f }
Treeα(xw) , (39)

and condition (B) is just the negation of (39).

Lemma 4.25 (Reduction of Closed Term Literals). Let

� ∈ { =,≺kb
n ,≺w

n ,≺
p
n,≺l

n,≺
pl
n ,�

kb
n ,�

w
n ,�

p
n,�

l
n,�

pl
n } (n > 0) .

If u � v is closed, i. e., both u and v are boundary terms, then it can be effectively
reduced to an equivalent Presburger formula.

Proof. There are many combinations of closed term literals. Here we only
highlight the key components in the proof and leave the details to Sections C.1, C.2
and C.3.

Counting Constraints.. A closed term literal states that a certain number of ground
TA-terms exist in a continuous segment formed by concatenating adjacent w-
intervals or p-intervals. The idea of the reduction is to count how many ground
TA-terms are in each interval. For example, 1w

(m) = 0w
(m′) means that m = m′ and

there is exactly one ground TA-term of weight m, which can be formally expressed
as

m = m′ ∧ Tree(m) ∧ ¬ CNT1(m) .

As another example, 1w
(m) ≺

w
n 0w

(m′ ) (n > 0) reduces to (by reduction (97) in
Appendix C, copied below)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(n = 1 → m < m′)
∧

n > 1 →
∨

0<r<n

(∃z1 . . .∃zr)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m < z1 < · · · < zr < m′

∧∨
∑r

i=1 ni=n−1
n1,...,nr>0

∧
0<i≤r

CNTni−1(zi)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (97)

We briefly explain the meaning of (97). Since 1w
(m) is the largest TA-term of weight

m and 0w
(m′) is the smallest TA-term of weight of m′, 1w

(m) ≺
w
n 0w

(m′) means that there
are at least n − 1 TA-terms whose weights are in (m,m′). If n = 1, then 1w

(m) ≺
w
n 0w

(m′)
obviously reduces to m < m′. In case n > 1, we assume the n − 1 TA-terms in
between 1w

(m) and 0w
(m′) are distributed in r (0 < r < n) different levels measured by

weights, which is formally represented by∨
∑r

i=1 ni=n−1
n1,...,nr>0

∧
0<i≤r

CNTni−1(zi) .

Since r ranges from 1 to n − 1 which is a constant, (97) is an abbreviation for a
first-order formula.
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The reduction of 1w
(m) �

w
n 0w

(m′) is similarly obtained as (reduction (145), copied
below)⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n = 1 →
(
m < m′ ∧ ∀z

(
m < z < m′ → ¬ Tree(z)

))
∧

n > 1 →
∨

0<r<n

(∃z1 . . .∃zr)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m < z1 < · · · < zr < m′

∧
¬ (∃z1 . . .∃zr+1)

(
m < z1 < · · · < zr+1 < m′

)
∧∨

∑r
i=1 ni=n−1

n1,...,nr>0

∧
0<i≤r

ĈNTni−1(zi)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Here we need to add two more conjuncts. When n = 1 we need

∀z
(
m < z < m′ → ¬ Tree(z)

)
to make sure that there exists no term whose weight is in (m,m′). When n > 1, we
need

¬ (∃z1 . . .∃zr)
(
m < z1 < · · · < zr+1 < m′

)
to guarantee that for a fixed r ∈ (0, n) there are exactly r legitimate weights in
(m,m′).

Well-definedness of Boundary Terms.. The reductions listed in Sections C.1-C.5 im-
plicitly assume well-definedness of boundary terms. The final reduction results
should incorporate well-definedness predicates (in short, WD predicates, see Sec-
tion B). For example, for n > 1, 1w

(m) ≺
w
n 0w

(m′) is equivalent to
(

WD1w(m) ∧ WD0w(m′) ∧ (97)
)

∨
(
¬WD1w (m) ∧ WD0w (m′) ∧ ⊥ ≺w

n 0w
(m′)

)

∨
(

WD1w(m) ∧ ¬WD0w (m′) ∧ 1w
(m) ≺

w
n ⊥
)

∨
(
¬WD1w (m) ∧ ¬WD0w (m′) ∧ ⊥ ≺w

n ⊥
)
.

However, we do not need to go through this detour if the parameters in boundary
terms come from weights of TA-terms, because WD predicates are valid. For
example, for n > 1, the final reduction result of 1w

(xw) ≺
w
n 0w

(yw) is just
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(n = 1 → xw < yw)
∧

n > 1 →
∨

0<r<n

(∃z1 . . .∃zr)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

xw < z1 < · · · < zr < yw

∧∨
∑r

i=1 ni=n−1
n1,...,nr>0

∧
0<i≤r

CNTni−1(zi)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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Note that we use ⊥ as the “sink value” to make boundary functions total. In
general, the choice of a sink value affects the truth values of formulas in L Z

kb+ ; i. e.,
Th(TAZkb+ ) varies with the sink value. However, Th(TAkb) remains the same thanks
to the incorporation of WD predicates.

Reduction of Relations Involving Constants.. There is no separate list of reductions
involving constants, as constants are just boundary terms. For example, 0p

(w(αp),p) is

another name for a constant αp. So is 1p
(w(αp),p).

Summary. Appendix C provides a full list of the relevant reductions as follows:

C.1. closed term equalities;
C.2. closed stretchable term gap order literals;
C.3. closed rigid term gap order literals.

Lemma 4.26 (Reduction of Non-closed Term Gap Order Literals). Let

� ∈ { ≺kb
n ,≺w

n ,≺
p
n,≺l

n,≺
pl
n ,�

kb
n ,�

w
n ,�

p
n,�

l
n,�

pl
n } (n > 0) .

If x is a TA-variable of typeαp with αp = (sαp

1 , . . . , s
αp

k ) and t is either a boundary term
or an ordinary TA-term not containing x, then x� t (t�x) can be effectively reduced
to an equivalent quantifier-free formula ϕ(sαp

1 x, . . . , sαp

k x) where x only occurs in
s
αp

i x (0 < i ≤ k).

Proof. It suffices to only consider � ∈ {≺w
n ,≺

p
n,≺l

n,�w
n ,�

p
n,�l

n, } for n > 0. As
before, we leave the detailed reductions to Sections C.4-C.7, and only highlight the
key components different from those in the proof of Lemma 4.25.

Gap Order Delineation. The general reduction rule is to delineate a gap order
to “indecomposable” intervals by inserting boundary terms. Let us first consider
open gap order literals. Suppose both u and v are ordinary TA-terms, u ≺w

n v (n > 1)
reduces to ∨

n1+n2+n3=n
n2>0

u ≺pl
n1

1w
(uw) ≺

w
n2

0w
(vw) ≺

pl
n3

v . (40)

Here is the intuition behind this reduction. u ≺w
n v states that u ≺w v and there

is an increasing chain of length n from u to v. On this chain from u to v we
have to go across two boundaries, 1w

(uw) first and 0w
(vw) second. The two boundaries

delineate the chain into three segments and the sum of the lengths of the three
segments should be greater than or equal to n. Since there are infinitely many such
combinations, a naive representation would require infinitely many disjunctions
of conjunctions of literals. However, we can find a finite cover (an equivalent finite
subset) by requiring that the sum of the lengths of the three segments is just equal
to n, because for any k > 0,

∀n1, . . . ,∀nk

( k∑
i=1

ni ≥ n → (∃n′1 ≤ n1), . . . , (∃n′k ≤ nk)
k∑

i=1

n′i = n
)
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is valid inN, and because for any n, n′ ∈N, n < n′ implies that

∀x, y
(

x ≺�n y ↔ (x ≺�n y ∨ x ≺�n′ y)
)
,

where � ∈ {w, p, l}, is valid in L Z
kb+ .

The reduction for rigid gap order literals is similar. For example, u �w
n v (n > 1)

reduces to ∨
n1+n2+n3=n

n2>0

u �pl
n1

1w
(uw) �

w
n2

0w
(vw) �

pl
n3

v .

Recall that x ≺pl y ≡ x ≺p y ∨ x ≺l y. Suppose we choose the branch

u ≺p
n1

1w
(uw) ≺

w
n2

0w
(vw) ≺

p
n3

v . (41)

Assuming u is of type αp, v is of type αq, we can further delineate (41) to
∨

n1=n11+n12
n3=n31+n32

u ≺l
n11

1p
(uw ,p) ≺

p
n12

1w
(uw) ≺

w
n2

0w
(vw) ≺

p
n31

0p
(vw ,q) ≺

pl
n32

v . (42)

In general we delineate u ≺�n v by inserting m boundary terms t1, . . . , tm in
between u and v satisfying

u ��0 t1 ��1 t2 ��2 · · · ��m−1 tm ��m v , (43)

where �i ∈ {w, p, l} (i ≤ m) and max{�i | i ≤ m} = �. Recall that l ≺c p ≺c w. For
example, max{w, p} = w and min{p, l} = l. It is not hard to argue that u ≺�n v is
equivalent to

∨
n0+···+nm=n

u ≺�0
n0

t1 ≺�1
n1

t2 ≺�2
n2
· · · ≺�m−1

nm−1
tm ≺�m

nm
v . (44)

In such a delineation, ≺�0 can be read as =. This saves unnecessary splittings for ��.
However, it is not essential as the termination of our reductions does not rely on
the decrease of gap counts.

Similarly, u ��n v can be delineated as
∨

n0+···+nm=n

u ��0
n0

t1 �
�1
n1

t2 �
�2
n2
· · · ��m−1

nm−1
tm �

�m
nm

v . (45)

The delineation of half open gap order literals is similar.

Termination. The termination of these reductions does not rely on the decrease
of gap counts. Rather, it relies on the fact that a gap order is eventually delineated
to “indecomposable” p-intervals. A closed equality literal or a closed gap order
literal can be reduced to a Presburger formula (Sections C.1- C.3). So eventually
half open gap order literals and open gap order literals only involve TA-terms in
the same p-interval; i. e., they are in the forms x ≺l

n t, t ≺l
n x, x �l

n t and t �l
n x

(n > 0) where x and t are of type αp for some αp = (sαp

1 , . . . , s
αp

k ).
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Let us first consider literals like x ≺l
n t. Suppose that t is an ordinary term. Then

x = αp(sαp

1 x, . . . , sαp

k x), t = αp(sαp

1 t, . . . , sαp

k t), and x ≺l
n t is equivalent to

〈sαp

1 x, . . . , s
αp

k x〉 ≺k;kb
n 〈sαp

1 t, . . . , s
αp

k t〉 ,

which, by Lemma 4.27, further reduces to a formula in L Z
kb+ in terms of s

αp

i x and
s
αp

i t (0 < i ≤ k).
Now suppose that t is a boundary term, say t ≡ 0w

(m). We can rewrite t as

αp(sαp

1 0w
(m), . . . , s

αp

k 0w
(m)). So x ≺l

n t is equivalent to

〈sαp

1 x, . . . , sαp

k x〉 ≺k;kb
n 〈sαp

1 0w
(m), . . . , s

αp

k 0w
(m)〉 ,

which, by Lemma 4.27, further reduces to a formula in L Z
kb+ in terms of s

αp

i x
and s

αp

i 0w
(m) (0 < i ≤ k). Each s

αp

i 0w
(m) must be the smallest (w.r.t. ≺kb) of weight

(sαp

i 0w
(m))

w. By Lemma 4.23, s
αp

1 0w
(m), . . . , s

αp

k 0w
(m) are simplified to boundary terms

not occurring inside selectors, say 0w
( f1(m)), . . . , 0

w
( fk(m)) where f1, . . . , fk are integer

functions definable in Presburger arithmetic (Section B).
We have similar results for t ≺l

n x, x �l
n t and t �l

n x.

Summary. Appendix C provides a full list of the relevant reductions as follows:

C.4. half-open stretchable gap order literals;

C.5. half-open rigid gap order literals;

C.6. open stretchable gap literals;

C.7. open rigid gap literals.

Lemma 4.27 (Reduction of Tuple Literals). Let U,V be k-tuples of the same weight,
and

� ∈ { =,≺k;kb
n ,≺k;w

n ,≺k;p
n ,≺k;l

n ,≺
k;pl
n ,�k;kb

n ,�k;w
n ,�k;p

n ,�
k;l
n ,�

k;pl
n } (k > 0, n > 0) .

(1) If U = 〈u1, . . . , uk〉 is an ordinary tuple, then U � V (V � U) can be effectively
reduced to an equivalent quantifier-free formulaϕ(u1, . . . , uk) (in L Z

kb+) in which
ui (0 < i ≤ k) does not occur inside selectors.

(2) If U�V (V�U) is a closed tuple, i. e., both U and V are boundary tuples, then
it can be effectively reduced to an equivalent Presburger formula.

Proof. There are many types of tuple literals, especially the closed tuple literals.
However, as tuples are only used in the intermediate steps in the reduction, we
only encounter a small portion of the combinations. The detailed reductions are
given in Sections C.8-C.15. Here we only highlight the key components of the
proof.

Notations. First recall that we define tuple relations between tuples of the same
weight. So tuple relations are not only parameterized by k, the tuple length, but
are also parameterized by m, the total weight.
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Second recall that we define suborders on tuples 〈u1, . . . , uk〉 ≺k;� 〈v1, . . . , vk〉
(� ∈ {w, p, l}) as

u1 ≺� v1 ∨
(

u1 = v1 ∧ 〈u2, . . . , uk〉 ≺k;kb 〈v2, . . . , vk〉
)
, (46)

instead of as

∃i(0 < i ≤ k)
[

ui ≺� vi ∧ ∀ j(1 ≤ j < i)uj = vj

]
. (47)

As we shall see soon, this technical choice gives reducts (reduced formulas) a
uniform appearance.

Third recall that 〈u1, . . . , uk〉 ≺k;�
n 〈v1, . . . , vk〉 is proper if u1 ≺� v1. We claim that

improper orders can be decomposed to a Boolean combination of proper orders
between k-tuples and proper orders between tuples of shorter length. We first
show that we can always write U ≺k;�

n V into the form

〈u1, . . . , uk〉 ≺k;�
n 〈v1, . . . , vk〉 .

This trivially holds if both U and V are ordinary tuples. Now suppose U is a
boundary tuple. We claim that U = 〈v1, . . . , vk〉 where u1, . . . , uk are boundary
terms. In fact we have

1̄k;kb
(sum) = 〈 1w

(CWLk
1(sum))

, 1w
(CWLk

2(sum))
, . . . , 1w

(CWLk
k(sum))

〉 ,

1̄k;w
(sum,m) = 〈 1w

(m), 1
w
(CWLk−1

1 (sum−m))
, . . . , 1w

(CWLk−1
k−1(sum−m))

〉 ,

1̄k;p
(sum,m,p) = 〈 1w

(m,p), 1
w
(CWLk−1

1 (sum−m))
, . . . , 1w

(CWLk−1
k−1(sum−m))

〉 ,

0̄k;kb
(sum) = 〈 0w

(CWSk
1(sum))

, 0w
(CWSk

2(sum))
, . . . , 0w

(CWSk
k(sum))

〉 ,

0̄k;w
(sum,m) = 〈 0w

(m), 0
w
(CWSk−1

1 (sum−m))
, . . . , 0w

(CWSk−1
k−1(sum−m))

〉 ,

0̄k;p
(sum,m,p) = 〈 0w

(m,p), 0
w
(CWSk−1

1 (sum−m))
, . . . , 0w

(CWSk−1
k−1(sum−m))

〉 ,

where CWLk
i (n) (resp. CWSk

i (n)) gives the weight of the ith component of the largest
(resp. the smallest) k-tuple (w.r.t. ≺k;kb) of weight n (Appendix B.2(4-5)). The case
that V is a boundary tuple is similar.

Therefore, U ≺k;�
n V reduces to

(
(u1 = v1) ∧ 〈u2, . . . , uk〉 ≺k;kb

n 〈v2, . . . , vk〉
)

∨
(
(u1 ≺� v1) ∧ 〈u1, . . . , uk〉 ≺k;�

n 〈v1, . . . , vk〉
)
,

which contains two disjuncts; the first is a tuple order on tuples of a shorter length
and the second is a proper tuple order on tuples of the same length. Iteratively
applying the process, an improper k-tuple order can be decomposed to a Boolean
combination of proper k′-tuple orders for k′ ≤ k. Therefore, it suffices to show
proper reductions, the reductions of proper orders on tuples of the same weight,
which are given in Sections C.8-C.15. All reduction rules therefore contain an
implicit side condition u1 ≺� v1 or u1 �� v1 in the redex (target formula).
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Gap Order Delineation and Tuple Length Reduction. The general reduction rule is
the same as in the proof of Lemma 4.26, namely, using boundary tuples to delineate
a tuple order to “indecomposable” intervals. For example, Let U = 〈u1, . . . , uk〉,
V = 〈v1, . . . , vk〉 be ordinary tuples, and sum =

∑k
i=1 uw

i =
∑k

i=1 vw
i . U ≺k;w

n V (n > 0)
reduces to (reduction (343), copied below)

∨
n1+n2+n3=n

n2>0

〈u1, . . . , uk〉 ≺k;pl
n1

1̄k;w
(sum,uw

1 ) ≺
k;w
n2

0̄k;w
(sum,vw

1 ) ≺
k;pl
n3
〈v1, . . . , vk〉 . (343)

Now it is clear why we define 〈u1, . . . , uk〉 ≺k;�
n 〈v1, . . . , vk〉 by (46), and not by (47).

Suppose we did it in the other way. Then in the reduction of (343), we are not
able to have 〈u1, . . . , uk〉 ≺k;pl

n1
1̄k;w

(sum,uw
1 ), because the order between 〈u1, . . . , uk〉 and

1̄k;w
(sum,uw

1 ) may be determined by the weight of the ith components for some i > 1.

Besides gap order delineation, we also need to decompose a tuple gap order
using tuple gap orders of shorter lengths and term gap orders. For example,
〈u1, . . . , uk〉 ≺k;p

n1
1̄k;w

(sum,uw
1 ), which is a conjunct in a disjunct of (343), reduces to

(reduction (326), copied below)

∨
n11(n12+1)+n13≥n1 ,

n11,n12 ,n13≤n1

u1 ≺p
n11

1w
(uw

1 ) ∧ 0̄k−1;kb
(sum−uw

1 ) ≺
k−1;kb
n12

1̄k−1;kb
(sum−uw

1 )

∧ 〈u2, . . . , uk〉 ≺k−1;kb
n13

1̄k−1;kb
(sum−uw

1 ) . (326)

We briefly explain the reason behind (326). The tuples in between 〈u1, . . . , uk〉 and
1̄k;w

(sum,uw
1 ) can be divided into n11+ 1 segments where n11 + 1 is the number of ground

TA-terms in between u1 and 1w
(uw

1 ) ( including u1 and 1w
(uw

1 )). Each of the first n11

segments contains n12 + 1 k-tuples, where n12 + 1 is the number of (k − 1)-tuples of
weight sum−uw

1 . The last segment contains n13 k-tuples because n13 is the number of
(k− 1)-tuples greater than or equal to 〈u2, . . . , uk〉 but less than 1̄k−1;kb

(sum−uw
1 ). We require

n11(n12 + 1) + n13 ≥ n1 and n11, n12, n13 ≤ n1 to have finitely many disjunctions. It
suffices because for any k > 0 and for any polynomial P(x1, . . . , xk) only containing
positive coefficients, the following formula is valid inN.

∀m1, . . . ,∀mk

[
P(m1, . . . ,mk) ≥ m →

∃m′1 ≤ m, . . . ,∃m′k ≤ m
( k∧

i=1

m′i ≤ mi ∧ P(m′1, . . . ,m
′
k) ≥ m

) ]
.

The reduction of U �k;�
n V is similarly defined with stretchable gap orders replaced

by corresponding rigid gap orders. For example, 〈u1, . . . , uk〉 �k;p
n1

1̄k;w
(sum,uw

1 ), reduces
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to (reduction (338), copied below)

∨
n11(n12+1)+n13=n1 ,

n11,n12 ,n13≤n1

u1 �
p
n11

1w
(uw

1 ) ∧ 0̄k−1;kb
(sum−uw

1 ) �
k−1;kb
n12

1̄k−1;kb
(sum−uw

1 )

∧ 〈u2, . . . , uk〉 �k−1;kb
n13

1̄k−1;kb
(sum−uw

1 ) . (338)

Here we require n11(n12 + 1) + n13 = n1 instead of n11(n12 + 1) + n13 ≥ n1.
As an example for closed relations, we consider 1̄k;w

(sum,m) ≺
k;w
n 0̄k;w

(sum,m′) which
reduces to (reduction (247), copied below)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(n = 1 → m < m′)
∧

n > 1 →

∨
0<r<n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m < CWk
1(sum,m,m′) < · · · < CWk

r(sum,m,m′) < m′

∧∨
∑r

i=1 ni=n−1
ni>0

∧
0<i≤r

0̄k;w
(sum,CWk

i (sum,m,m′))
≺k;w

ni−1 1̄k;w
(sum,CWk

i (sum,m,m′))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (247)

We explain the meaning of (247). Since 1̄k;w
(sum,m) is the largest k-tuple of weight sum

with the first component having weight m and 0w
(m′) is the smallest tuple of weight

of sum with the first component having weight m′, 1̄k;w
(sum,m) ≺

k;w
n 0̄k;w

(sum,m′) means that

there are at least n − 1 k-tuples of weight sum in between 1̄k;w
(sum,m) and 0̄k;w

(sum,m′) (but

including neither 1̄k;w
(sum,m) nor 0̄k;w

(sum,m′)) and in each of these k-tuples the weight of
the first component is greater than m but smaller than m′. If n = 1, then obviously
1̄k;w

(sum,m) ≺
k;w
n 0̄k;w

(sum,m′) reduces to m < m′. If n > 1, then for some r (0 < r < n), the
n − 1 k-tuples distribute into r different levels according to their weights, which is
formally represented as

∨
∑r

i=1 ni=n−1
ni≥1

∧
0<i≤r

0̄k;w
(sum,CWk

i (sum,m,m′))
≺k;w

ni−1 1̄k;w
(sum,CWk

i (sum,m,m′))
,

where CWk
i (n,m,m′) gives the ith smallest integer in (m,m′) which is the weight of

a component in a k-tuple of weight n (Appendix B.2(3)), and

0̄k;w
(sum,CWk

i (sum,m,m′))
≺k;w

ni−1 1̄k;w
(sum,CWk

i (sum,m,m′))

states that there are ni k-tuples of weight sum with the first component of weight
CWk

i (sum,m,m′). We require
∑r

i=1 ni = n − 1 and ni ≥ 1 for 1 ≤ i ≤ r.
The reduction of 1̄k;w

(sum,m) �
k;w
n 0̄k;w

(sum,m′) is similarly obtained as (reduction (295),
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copied below)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n = 1 →
(
m < m′ ∧ ∀z

(
m < z < m′ → ¬ IsTWk(m)

))
∧

n > 1 →

∨
0<r<n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m < CWk
1(sum,m,m′) < · · · < CWk

r(sum,m,m′) < m′

∧
¬
(
m < CWk

1(sum,m,m′) < · · · < CWk
r+1(sum,m,m′) < m′

)
∧∨

∑r
i=1 ni=n−1

ni>0

∧
0<i≤r

0̄k;w
(sum,CWk

i (sum,m,m′))
�k;w

ni−1 1̄k;w
(sum,CWk

i (sum,m,m′))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (295)

Here we need to add two more conjuncts. When n = 1 we need

∀z
(
m < z < m′ → ¬ IsTWk(m)

)

to make sure that there exists no k-tuple whose weight is in (m,m′). When n > 1,
we need

¬
(
m < CWk

1(sum,m,m′) < · · · < CWk
r+1(sum,m,m′) < m′

)

to guarantee that for a fixed r ∈ (0, n) there are exactly r legitimate (tuple) weights
in (m,m′).

Termination. As for Lemma 4.26, the termination of these reductions does not
rely on the decrease of gap counts. Rather, a tuple gap order is first delineated to
“indecomposable” intervals which is in turn reduced to tuple gap orders of shorter
lengths. Recall that tuple gap orders of length 1 are essentially term gap orders.
Repeatedly applying the reduction, eventually only term gap orders ≺�n and ��n
(� ∈ {w, p, l}) appear, i. e., a tuple gap order reduces to a formula in L Z

kb+ , and hence
the reduction terminates. In particular, a closed tuple gap order or a closed tuple
equality literal reduces to a Presburger formula.

Well-definedness of Boundary Tuples. Reductions listed in Sections C.8-C.15 implic-
itly rely on the assumption that boundary tuples are well-defined. This assumption
holds because parameters of boundary tuples come from weights of well-defined
TA-terms.

Reduction of Literals Involving 0̄k;kb
(sum) or 1̄k;kb

(sum).. There is no separate list for re-

ductions of tuple gap orders involving 0̄k;kb
(sum) or 1̄k;kb

(sum), as they can be expressed,
respectively, by

0̄k;kb
(sum) = 0̄k;w

(sum,MinCWk(sum))
, 1̄k;kb

(sum) = 1̄k;w
(sum,MaxCWk(sum))

,

where MinCWk(sum) (resp. MaxCWk(sum)) gives the smallest (resp. the largest)
integer in (0, sum+ 1) that is the weight of a component in a k-tuple having weight
sum (Appendix B.2(1,2)).
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The Number of Open Gap Order Literals. As we mentioned before, tuple gap orders
reduce to term gap orders. The reduction does not increase the number of open
term gap order literals. The only reductions that generate new open term gap
order literals are that of 〈u1, . . . , uk〉 ≺k;l

n 〈v1, . . . , vk〉 (reduction (345)) and that of
〈u1, . . . , uk〉 �k;l

n 〈v1, . . . , vk〉 (reduction (348)). Consider reduction (345) (copied
below)

∨
n1+n2+n3=n

n3>0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

〈u2, . . . , uk〉 ≺k−1;kb
n1

1̄k−1;kb
(rem)

∧
0̄k−1;kb

(rem) ≺
k−1;kb
n2

〈v2, . . . , vk〉
∧

∨
(m1+1)(m2−1)≥(n3−1)

m2>0,m1,m2<n3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0̄k−1;kb

(rem) ≺
k−1;kb
m1

1̄k−1;kb
(rem)

∧
u1 ≺l

m2
v1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (345)

where rem =
∑k

i=2 uw
i =
∑k

i=2 vw
i . It is clear that in (345) each disjunct (conjunction

of literals) only contains one open gap order literal, namely u1 ≺l
m2

v1. Since the
reduction is triggered by an open gap order literal, there is no increase in the
number of open gap order literals. Although u1 ≺l v1 is an implicit open gap order
literal in the redex, it is not included in any reducts, as it has been replaced by the
more precise relation u1 ≺l

m2
v1. The case for reduction (348) is similar.

Summary. Appendix C provides a full list of the relevant reductions as follows:

C.8. closed tuple equality literals;
C.9. half-open tuple equality literals;
C.10. closed stretchable tuple gap order literals;
C.11. closed rigid tuple gap order literals;
C.12. half-open stretchable tuple gap order literals;
C.13. half-open rigid tuple gap order literals;
C.14. open stretchable tuple gap order literals;
C.15. open rigid tuple gap order literals.

Lemma 4.28 (Elimination of Term Quantifiers). Let x be a term variable, ϕ kb+(x)
a conjunction of literals in Lkb+ with depthϕkb+ (x) = 0, and ϕZ(x) a Presburger
formula in which x occurs inside the weight function. Then

(∃x : T)
[
ϕkb+(x) ∧ ϕZ(x)

]

can be effectively reduced to ϕ′kb+ ∧ ϕ
′
Z

in which x does not occur and ϕ′kb+ is
quantifier-free.

Proof. The antecedent of the lemma only requires that all term occurrences of x
have depth 0 and so x may have arbitrarily many integer occurrences of the form
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(Lx)w where L is a (possibly empty) selector sequence. We divide the proof into
two parts.

Part 1. ϕkb+(x) contains x = t where t may contain x. We rewrite (∃x : T)[ϕkb+(x) ∧
ϕZ(x)] as

(∃x : T)
[

x = t ∧ ϕ(x)
]
, (48)

where ϕ(x) is a conjunction of literals in L Z
kb+ . We consider four cases.

(1) t does not contain x. Then (48) simplifies to ϕ(t).
(2) t ≡ x. Then (48) simplifies to (∃x)ϕ(x).
(3) t ≡ Lx where L is a non-empty selector block. Then (48) simplifies to false,

since we assume that terms like Lx are proper (Definition 3.3).
(4) t is a boundary term in which (Lix)w (i ≤ n) occur in an integer function. In this

case we assume that (48) has the form

(∃x : T)
[

x = t[ f ((L0x)w, . . . , (Lnx)w)] ∧ ϕ(x)
]
, (49)

where L0x ≡ x (i. e., L0 ≡ ∅), L0x, . . . , Lnx enumerate all selector terms containing
x (including improper selector terms inside selectors), and f ((L0x)w, . . . , (Lnx)w)
denotes the maximum integer term in t. We assume t[ f ((L0x)w, . . . , (Lnx)w)] is
a well-defined boundary term (Section B). Otherwise t = ⊥ and hence (48)
reduces to ϕ(⊥). The set of terms {Lix | i ≤ n} corresponds to a tree with root
x. We assume that this tree is sibling complete. For example, a formula in List
is sibling complete if for any term t it either contains both car(t) and cdr(t) or
contains neither. In general, if we need L′x to appear, we can just set

f ((L0x)w, . . . , (Lnx)w, (L′x)w) := f ((L0x)w, . . . , (Lnx)w, xw) + (L′x)w − (L′x)w .

It is easily seen that (49) is equivalent to

(∃x : T)
[

x = t[ f ((L0x)w, . . . , (Lnx)w)] ∧ ϕ(t[ f ((L0x)w, . . . , (Lnx)w)])
]
, (50)

where x only has one term occurrence, namely, as the left-hand side of

x = t[ f ((L0x)w, . . . , (Lnx)w)] . (51)

Note that the substitution that we used to transform (49) to (50) may put a
boundary term inside a selector term. In fact, it is only this type of substitution
that makes a boundary term appear inside a selector. However, Lemma 4.23
eliminates this superficial complication. We claim that (50) is equivalent to

(∃(L0x)w, . . . , (Lnx)w : Z)[
ϕ(t[ f ((L0x)w, . . . , (Lnx)w)]) ∧ ϕΔ((L0x)w, . . . , (Lnx)w)

]
, (52)

where (Lix)w are pseudo integer variables, and ϕΔ is the integer constraint on
weights of subterms of x satisfying the following conditions.
(a) ϕΔ requires that x be a legitimate term.

i. For each leaf node Lix,ϕΔ includes Treeαp ((Lix)w), where type(Lix) = αp.
This states that each leaf has a well-defined weight.
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ii. For each non-leaf node Lix, ϕΔ includes

(Lix)w = w(αp) +
k∑

j=1

(sαp

j Lix)w ,

where type(Lix) = αp = (sαp

1 , . . . , s
αp

k ) and s
αp

1 Lix, . . . , s
αp

k Lix are imme-
diate children of Lix. This states that the weight of a tree is the sum
of the weight of the root and the weights of the immediate children of
the root.

(b) ϕΔ requires that x be a legitimate boundary term. For example, suppose

t ≡ 0w
( f ((L0x)w ,...,(Lnx)w)) . (53)

i. ϕΔ includes xw = f ((L0x)w, . . . , (Lnx)w).
ii. Each node Lix must be the smallest (w.r.t. ≺kb) of weight (Lix)w. If

type(Lix) = αp, then there exists no p′ such that p < p′ ≤ |Σ| and
Treeαp′ ((Lix)w) holds. This constraint is formally expressed as∧

p<p′≤|Σ|
¬ Treeαp′ ((Lix)w) .

iii. Each non-leaf node must have the smallest tuple of children (w.r.t.
≺k;kb). If Lix has k immediate siblings s

αp

1 Lix, . . . , s
αp

k Lix (in the order
from left to right), we require that 〈sαp

1 Lix, . . . , s
αp

k Lix〉 be the smallest
k-tuple (w.r.t. ≺k;kb) of weight n =

∑k
j=1(sαp

j Lix)w. This constraint is
formally expressed as∧

0< j≤k

(sαp

j Lix)w = CWSk
j(n) ,

where CWSk
j(n) gives the weight of the jth component of the smallest

k-tuple (w.r.t. ≺k;kb) of weight n (Section B).
Similarly we can obtain constraints for

t ≡ 0p
( f ((L0x)w ,...,(Lnx)w), p) , t ≡ 1w

( f ((L0x)w ,...,(Lnx)w)) , t ≡ 1p
( f ((L0x)w ,...,(Lnx)w), p) .

The intuition behind this reduction is that when a term x occurs inside the
weight function, all its term properties (that are expressible in the formal
language) can be fully characterized by integer properties that are expressible
in LZ. We therefore view (Lix)w as syntactical integer variables. By variable
renaming we transform (52) to

(∃z0, . . . , zn : Z)
[
ϕ(t[ f (z0, . . . , zn)]) ∧ ϕΔ(z0, . . . , zn)

]
. (54)

We show equivalence of (50) and (54). Suppose x is a ground boundary term
satisfying (50), then w(L0x), . . . ,w(Lnx) clearly satisfy ϕΔ((L0x)w, . . . , (Lnx)w),
which describes integer constraints on L0x, . . . , Lnx. Therefore, (50) implies
(54). For the reverse direction, let z0, . . . , zn be integers satisfying (54). Without
loss of generality we assume t to be as in (53). We obtain an x by setting
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Lix := 0p(zi, p) for each leaf node Lix with type αp. Such x is clearly a well-
defined ground boundary term 0w

( f (z0,...,zn)) because ϕΔ(z0, . . . , zn) is a complete
integer constraint on the weights of all subterms of 0w

( f (z0,...,zn)). Therefore, (50)
is satisfied.

Part 2. ϕkb+(x) does not contain equalities like x = t. Since x is the only term
occurrence of x in ϕkb+ , we can move other literals not containing x out of (∃x : T),
and hence we assume that ϕkb+ is in the form∧

0<i≤l

ui �i x ∧
∧

0< j≤m

x �l+ j vj , (55)

where �i (0 < i ≤ l + m) are gap orders. By Lemma A.1, ϕkb+ is equivalent to a
disjunction of delineated gap order completions, each of which contains no more
open gap order literals than ϕkb+(x) does. Now we assume ϕkb+(x) is a DGOC,
denoted by

DGOC(x, (L0x)w, . . . , (Lnx)w) ,

where (as in Part 1) L0 ≡ x, L0x, . . . , Lnx enumerate all selector terms containing x and
form a sibling-complete tree with x being the root, and (L0x)w, . . . , (Lnx)w enumerate
all integer occurrences of x that may occur inϕZ(x) as well as inside boundary terms
inϕkb+ (x). Let {x}w abbreviate (L0x)w, . . . , (Lnx)w. Since DGOC(x, {x}w) is delineated,
we assume that DGOC(x, {x}w) has the form

t1 �1 · · · �i−2 ti−1︸�����������������︷︷�����������������︸
Head({x}w)

�i−1 x �i ti+1 �i+1 · · · �n−1 tn︸��������������������︷︷��������������������︸
Tail({x}w)

,

where �i−1 ∈ {≺�n1
,��n1
}, �i ∈ {≺�n2

,��n2
}, � ≡ � ∈ {l,pl}, and Head({x}w) (resp.

Tail({x}w)) denote the linear order before x (resp. after x) in the above sequence.
Without loss of generality, we further assume �i−1 is ≺l

n1
and �i is ≺l

n2
for n1, n2 > 0.

Accordingly, DGOC(x, {x}w) has the form

Head({x}w) ≺l
n1

x ≺l
n2

Tail({x}w) .

We write Head({x}w) ≺�n1+n2
Tail({x}w) to denote

t1 �1 · · · �i−2 ti−1︸�����������������︷︷�����������������︸
Head({x}w)

≺l
n1+n2

ti+1 �i+1 · · · �n−1 tn︸��������������������︷︷��������������������︸
Tail({x}w)

,

the ordering obtained from DGOC(x, {x}w) by removing the term occurrence of x and
accordingly joining two gap orders before and after such occurrence. We claim
that

(∃x : T)
[

Head({x}w) ≺l
n1

x ≺l
n2

Tail({x}w) ∧ ϕZ({x}w)
]

(56)

is equivalent to

(∃{x}w : Z)
[

Head({x}w) ≺l
n1+n2

Tail({x}w) ∧ ϕΔ({x}w) ∧ ϕZ({x}w)
]
, (57)

where {x}w are pseudo integer variables as in Part 1, ϕΔ({x}w) consists of xw =
(ti−1)w, and integer constraints requiring that L0x, . . . , Lnx form a legitimate tree
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(condition (4a) for ϕΔ({x}w) in Part 1). By variable renaming we rewrite (57) as

(∃�z : Z)
[

Head(�z) ≺l
n1+n2

Tail(�z) ∧ ϕΔ(�z) ∧ ϕZ(�z)
]
, (58)

where �z = {z0, . . . , zn}.
We show equivalence of (56) and (58). It is clear that (56) is equivalent to

(∃x : T)(∃�z : Z)
[
ϕΔ({x}w) ∧ ϕZ({x}w)

∧ Head({x}w) ≺l
n1

x ≺l
n2

Tail({x}w) ∧ �z = {x}w
]
, (59)

where �z = {x}w stands for
n∧

i=0
zi = (Lix)w. We can rewrite (59) to

(∃�z : Z)(∃x : T)
[
ϕΔ(�z) ∧ ϕZ(�z) ∧ Head(�z) ≺l

n1
x ≺l

n2
Tail(�z) ∧ �z = {x}w

]
,

which is equivalent to (58) after eliminating x using the fact that weight properties
about x and its subterms are completely characterized byϕZ({x}w). Now by Lemma
4.29 we eliminate ∃�z from (58), obtaining ϕ′kb+ ∧ϕ

′
Z

in which x does not occur and
ϕ′kb+ is quantifier-free, as desired.

The elimination procedure needs no essential change for other choices of �i−1

and �i. We only note that if both �i−1 and �i are rigid gap orders, then the order
between Head({x}w) and Tail({x}w) should be rigid too. For example, let �i−1 be �l

n1

and �i be �l
n2

. We have

(∃x : T)
[

Head({x}w) �l
n1

x �l
n2

Tail({x}w) ∧ ϕZ({x}w)
]
,

which reduces to

(∃�z : Z)
[

Head(�z) �l
n1+n2

Tail(�z) ∧ ϕΔ(�z) ∧ ϕZ(�z)
]
.

Finally note that we carry out the elimination even if x has other integer occur-
rences with depths greater than 0. We could have strengthened the precondition
that requires that all occurrences of x has depth 0. To satisfy this precondition,
however, the simplification procedure, step (1c) in Algorithm 5.2 has to include
a sub-procedure for decomposing literals like x = t using proper selector terms
containing x. We choose to hide this complexity in the proof rather than exposing
it in the algorithm.

Lemma 4.29 (Elimination of Integer Quantifiers). Let z be an integer variable,
ϕkb+(z) a conjunction of literals in Lkb+ where z occurs inside boundary terms, and
ϕZ(z) a Presburger formula. Then

(∃z : Z)
[
ϕkb+(z) ∧ ϕZ(z)

]

can be effectively reduced toϕ′kb+∧ϕ
′
Z

where no z occurs andϕ′kb+ is quantifier-free.

Proof. Let z, ϕkb+(z) and ϕZ(z) be as stated above. Let us assume z has n
occurrences in ϕkb+(z), namely in n maximum integer functions enumerated below

f1(z) , . . . , fn(z) ,
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where fi (0 < i ≤ n) are arbitrary integer functions definable in Presburger arith-
metic, and fi(z) (0 < i ≤ n) occur inside boundary terms. Note that fi’s are
introduced during reductions in Section C, and they are constructed using those
integer functions defined in Section B.

For each 0 < i ≤ n, we proceed as follows. Without loss of generality, we assume
fi(z) properly occurs inside a boundary term t, that is, t has one of the following
forms:

0w
( fi(z)) , 0p

( fi(z), p) , 1w
( fi(z)) , 1p

( fi(z), p) .

We do case analysis according to the occurrences of t in ϕkb+(z).

(1) t occurs in literals of the forms

t ≺�n t′ , t ��n t′ , t′ ≺�n t , t′ ��n t , t = t′ ,

where n > 0, � ∈ {w, p, l} and t′ is also a boundary term. By Lemma 4.26, we
can remove all such closed literals from ϕkb+(z) and add the corresponding
equivalent Presburger formulas to ϕZ(z).

(2) t occurs in literals of the forms

t ≺∗n t′ , t �∗n t′ , t′ ≺∗n t , t′ �∗n t , t = t′ ,

where n > 0, ∗ ∈ {p, l} and t′ is an ordinary term. Then we replace every
occurrence of fi(z) in ϕkb+(z) by (t′)w and add fi(z) = (t′)w to ϕZ(z). Formally,
we set

ϕkb+(z) := ϕkb+(z)
[

fi(z)/(t′)w
]
,

ϕZ(z) := ϕZ(z) ∧ fi(z) = (t′)w .

(3) t occurs in literals of the forms

t ≺w
n t′ , t �w

n t′ , t′ ≺w
n t , t′ �w

n t ,

where n > 0 and t′ is an ordinary term. In this case, we introduce new bound-
ary terms to delineate those gap orders. For example, t ≺w

n t′ is replaced
by ∨

n1+n2=n

t ≺w
n1

0w
((t′ )w) ≺

pl
n2

t′ .

Similar transformations apply to t �w
n t′, t′ ≺w

n t and t′ �w
n t. Then we reduce

this case to case 1 and to case 2.

In this way we can remove all fi(z) from ϕkb+ , obtaining

(∃z : Z)
[
ϕ′kb+ ∧ ϕ′Z(z)

]
,

where ϕ′kb+ does not contain z. So we can move ϕ′kb+ out of ∃z, obtaining

ϕ′kb+ ∧ ( ∃z : Z)ϕ′Z(z) ,

as desired.

Lemma 5.4 (Termination). Both Algorithm 5.1 and Algorithm 5.2 terminate.
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Proof. The termination of Algorithm 5.1 is straightforward. The termination of
Algorithm 5.2 needs a careful examination. The subtlety comes from step (1). It is
clear that each run of step (1) terminates as the decomposition (step (1b)) is done in
depth-first manner, which eventually produces a variable whose term occurrences
are all of depth 0. However, this step may introduce more existentially quantified
variables, gap order literals and equality literals and it may also increase the depth
of variables that are not the target of the reduction. Consider in ListZkb+ . The
formula

(∃x)
[

x ≺l
n1

t ∧ car(x) ≺l
n−2 t

]
,

where depth(x) = 1 and depth(t) = 0, reduces to (one of the choices)

(∃x1)(∃x2)
[

x1 = car(t) ∧ x2 ≺l
n1

cdr(t) ∧ x1 ≺l
n−2 t

]
,

where depth(x1) = depth(x2) = 0 but depth(t) = 1. Here we have one more
existentially quantified variable and a new equality literal, and the depth of t is
increased by 1. Reduction (201) shows a case where the number of gap order
literals increases.

A careful examination of the reductions in Section C reveals that in all transfor-
mations the number of open gap order literals is never increasing, which is crucial
in this termination proof. We proceed by first establishing five claims.

(1) The number of open gap order literals in each reduct is no more than that in
the corresponding redex.

(2) The total number of occurrences of newly introduced variables in the reduct
is no more than the number of occurrences of the decomposed variable in the
redex.

(3) Without reductions (203) and (206), the sum of the depths of variables strictly
decreases in each run of step (1).

(4) Reductions (203) and (206) are only triggered by step (1) targeting variables
occurring in open gap order literals.

(5) A run of step (1) targeting a variable x that occurs in an open gap order literal
produces four types of outcomes.
(a) The sum of the depths of variables in the reduct decreases.
(b) The reduct contains fewer open gap order literals than the redex.
(c) The reduct contains a newly introduced variable x′ that occurs in an open

gap order literal and is the target for the next run of step (1).
(d) The reduct contains a newly introduced variable x′ that occurs in an open

gap order literal and is the target for the next run of step (2).

Proof of Claim (1). Recall that this statement is included in every lemma regard-
ing equivalent transformation. Here we list the transformation steps and their
corresponding justifications.

Depth Reduction Lemma 4.26
Elimination of Negative Literals Lemma 4.21
Equality Elimination Lemma 4.28, Part 1
Term Elimination Lemma 4.28, Part 2
Delineated Gap Order Completion Lemma A.1
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Proof of Claim (2). In all tuple reductions in Sections C.8-C.15, if 〈u1, . . . , uk〉
appears in a redex, then each ui appears at most once in each corresponding
reduct. The claim is then proved by induction.

Proof of Claim (3). It can be shown by checking reductions in Sections C.6, C.7,
C.14 and C.15 that (i) the depth of a term can only increase in reductions (345)
and (348) which are triggered by reductions (203) and (206), respectively, or in
a substitution due to eliminating x appearing in an open equality literal of the
form x = t (Part 1 of the proof of Lemma 4.28); (ii) an open equality literal is
only generated in reductions (345) and (348). As a consequence, reductions (203)
and (206) are the only sources of increasing depths of variables. In each run of
step (1), the depths of newly introduced variables are less than the depth of the
decomposed variable in the redex. By claim (2), without reductions (203) and (206),
the sum of the depths of variables must be strictly decreasing in each run of step (1).

Proof of Claim (4). A check of the reductions in Section C justifies this claim.

Proof of Claim (5). There are two main cases.

(1) All occurrences of the targeted variable x have depth greater than 0.
Then step (1) only involves simplification of selector terms (step (1(c)i)) and
simplification of integer terms (step (1(c)ii)). The simplification of integer terms
clearly does not affect the depths of variables. For the simplification of selector
terms, let us consider Lsαi x� L′sα

′

i′ x′ where type(x) = α, type(x′) = α′. If x ≡ x′,
then α ≡ α′, and this literal simplifies to Lxi � L′xi′ . If x � x′, then this literal
simplifies to Lxi�L′sα

′

i′ x′. In both cases, depth(xi) is less than depth(x), and the
depths of other variables do not increase. Therefore, the sum of the depths of
variables decreases. The case for L′sα

′

i′ x′ � Lsαi x is similar.

(2) depth(x) > 0 and x � t (or t � x) occurs.
Then step (1) also involves reductions of gap order literals (step (1(c)iii)). If
neither reduction (203) nor reduction (206) is used, then x and t are separated
by boundary terms, and hence at least one open gap order literal is removed
with no new one generated. If either reduction (203) or reduction (206) is used,
then � must be ≺l

n or �l
n. Let us consider x ≺l

n t (the cases for t ≺l
n x, x �l

n t and
t �l

n x are similar). Reduction (203) triggers reduction (345), which produces a
reduct containing the following conjuncts

x1 = sα1 t , . . . , xi−1 = sαi−1t , xi ≺�n′ sαi t ,

where ≺�∈ {w, p, l} and n′ ≤ n. All newly introduced variables x1, . . . , xi−1 will
be removed by substitution directly. If depth(xi) > 0 in the reduct, then xi

becomes the target in the next run of step (1). Otherwise, step (2) is activated
with xi being the elimination target.

Now suppose that Algorithm 5.2 does not terminate. The run must visit step (1)
infinitely many times, because only step (1) can generate more existentially quanti-
fied variables. We claim that either reduction (203) or reduction (206) runs infinitely
often. Suppose otherwise, then from some point on, there are no runs of reduc-
tions (203) and (206). Then by claim (3), a run of step (1) always reduces the sum
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of the depths of variables. Eventually the depths of all variables are 0 and step (1)
is disabled and the run of Algorithm 5.2 stays in step (2) forever, a contradiction.

Now we assume that either reduction (203) or reduction (206) occurs infinitely of-
ten. It follows that there must be infinitely many runs of step (1) targeting variables
occurring in open gap order literals, because by claim (4) only such runs can trigger
reduction (203) or reduction (206). However, this cannot happen even if there are
infinitely many such runs of step (1). We analyze all types of outcomes of step (1)
targeting variables occurring in open gap order literals. Outcome (5b) clearly does
not happen infinitely many times because at least one open gap order literal is
removed each time. Outcome (5d) cannot happen infinitely often either, because
(thanks to Lemma A.1) each occurrence triggers step (2) that reduces the number
of open gap order literals at least by one. Thanks to variable selection (step (1a))
in depth-first manner, outcome (5c) cannot happen continuously infinitely many
times as the depths of variables are finite. If outcome (5c) happens, then the next
outcome is either (5c) again or (5d). So if outcome (5c) happens infinitely many
times, then so does outcome (5d), a contradiction. The only possibility left is that
outcome (5a) happens infinitely often. And in fact it will be continuously happen-
ing from some point on. This means that from that point on the sum of the depths
of variables strictly decreases, and hence eventually step (1) is disabled forever,
contradicting our initial assumption.

We have exhausted all cases and all of them lead to contradictions. Hence
Algorithm 5.2 terminates.

B. DEFINITIONS

In this section, we show that the integer functions and predicates used in the proofs
in Appendix A and in the reductions in Appendix C can be defined in Presburger
arithmetic.

B.1 Definition of Integer Predicates

(1) ĈNT
α

k,n(x) (k > 0, n ≥ 0): there are exactly n+1 different α-terms of length x in
TA with |A| = k.

ĈNT
α

k,n(x)
def
== CNTαk,n(x) ∧ ¬ CNTαk,n+1(x) .

ĈNTk,n(x) is similarly defined with α-terms replaced by TA-terms.

ĈNTk,n(x)
def
== CNTk,n(x) ∧ ¬ CNTk,n+1(x) .

(2) IsTWk(n): n is the weight of a k-tuple.

IsTWk(n) def
== (∃z1, . . . ,∃zk > 0)

( k∑
i=1

zi = n ∧
∧

0<i≤k

Tree(zi)
)
.

(3) IsCWk(n,m): m is the weight of a component in a k-tuple of weight n.

IsCWk(n,m) def
== IsTWk(n) ∧

(
(k > 1 ∧ IsTWk−1(n −m)) ∨ (k = 1 ∧ m = n)

)
.
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(4) IsTWk(n, p): n is the weight of a k-tuple whose first component is of type αp.

IsTWk(n, p) def
== (∃z1, . . . ,∃zk > 0)

( k∑
i=1

zi = n ∧
∧

0<i≤k

Tree(zi) ∧ Treeαp(z1)
)
.

(5) IsCWk(n,m, p): n is the weight of a k-tuple whose first component has weight
m and type αp.

IsCWk(n,m, p) def
== IsCWk(n,m) ∧ Tree(αp)(m) .

(6) WDΩ(Δ) : Ω(Δ) is a well-defined boundary term or boundary tuple.

WD0w(m) def
== Tree(m) , WD1w(m) def

== Tree(m) ,

WD0p(m, p) def
== Tree(αp)(m) , WD1p(m, p) def

== Tree(αp)(m) ,

WD0̄k;kb (n) def
== IsTWk(n) , WD1̄k;kb (n) def

== IsTWk(n) ,

WD0̄k;w (n,m) def
== IsCWk(n,m) , WD1̄k;w (n,m) def

== IsCWk(n,m) ,

WD0̄k;p (n,m, p)
def
== IsCWk(n,m, p) , WD1̄k;p (n,m, p)

def
== IsCWk(n,m, p) .

B.2 Definition of Integer Functions

(1) x = MinCWk(n, r, r′) : x is the smallest integer in (r, r′) that is the weight of a
component in a k-tuple of weight n; x = r if there is no such integer.
[ (
¬ IsTWk(n) ∨ ∀z(r < z < r′ → ¬ IsCWk(n, z))

)
∧ x = r

]
∨[

IsCWk(n, x) ∧ r < x < r′ ∧ ∀z(r < z < x → ¬ IsCWk(n, z))
]
. (60)

(2) x = MaxCWk(n, r, r′) : x is the largest integer in (r, r′) that is the weight of a
component in a k-tuple of weight n; x = r if there is no such integer.
[ (
¬ IsTWk(n) ∨ ∀z(r < z < r′ → ¬ IsCWk(n, z))

)
∧ x = r

]
∨[

IsCWk(n, x) ∧ r < x < r′ ∧ ∀z(x < z < r′ → ¬ IsCWk(n, z))
]
. (61)

(3) x = CWk
i (n, r, r′) (i > 0) : x is the ith smallest integer in (r, r′) that is the weight

of a component in a k-tuple of weight n; x =MaxCWk(n, r, r′) if no such integer
exists. We give the definition by induction on i.
Case i = 1.

x =MinCWk(n, r, r′).

Case i > 1.[
x > CWk

i−1(n, r, r′) ∧ r < x < r′ ∧ IsCWk(n, x) ∧

∀z
(
CWk

i−1(n, r, r′) < z < x → ¬ IsCWk(n, z)
) ]
∨[

x = CWk
i−1(n, r, r′)

∧ ∀z
(
(z > CWk

i−1(n, r, r′) ∧ r < z < r′) → ¬ IsCWk(n, z)
) ]

. (62)
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With no risk of confusion, we use the following abbreviations.

MinCWk(n) abbr. MinCWk(n, 0, n + 1) ,
MaxCWk(n) abbr. MaxCWk(n, 0, n + 1) ,
CWk

i (n) abbr. CWk
i (n, 0, n + 1) .

(4) x = CWSk
i (n) (0 < i ≤ k) : x is the weight of the ith component of the smallest

k-tuple (w.r.t. ≺k;kb) of weight n; x = 0 if no such weight exists. We define it
inductively as follows.
Case i = 1.

x =MinCWk(n) .

Case 1 < i ≤ k.

(
¬ IsTWk(n) → x = 0

)
∧
(

IsTWk(n) → x =MinCWk−i+1
(
n −

i−1∑
j=1

CWSk
j(n)
) )

.

(5) x = CWLk
i (n) (0 < i ≤ k) : x is the weight of the ith component of the largest

k-tuple (w.r.t. ≺k;kb) of weight n; x = 0 if no such weight exists. We define it
inductively as follows.
Case i = 1.

x =MaxCWk(n) .

Case 1 < i ≤ k.

(
¬ IsTWk(n) → x = 0

)
∧
(

IsTWk(n) → x =MaxCWk−i+1
(
n −

i−1∑
j=1

CWSk
j(n)
) )

.

C. REDUCTIONS

In this section we present all reductions that can occur in Algorithm 5.2. The following
outlines the contents in each subsection.

C.1 Closed Term Equalities C.8 Closed Tuple Equalities
—- (No Half-open Term Equalities) C.9 Half-open Tuple Equalities

C.2 Closed Stretchable Gap Orders C.10 Closed Stretchable Tuple Gap Orders
C.3 Closed Rigid Gap Orders C.11 Closed Rigid Tuple Gap Orders
C.4 Half-open Stretchable Gap Orders C.12 Half-open Stretchable Tuple Gap Orders
C.5 Half-open Rigid Gap Orders C.13 Half-open Rigid Tuple Gap Orders
C.6 Open Stretchable Gap Orders C.14 Open Stretchable Tuple Gap Orders
C.7 Open Rigid Gap Orders C.15 Open Rigid Tuple Gap Orders

We assume that all gap order counts in redexes are positive numbers. Let �u = 〈u1, . . . , uk〉,
�v = 〈v1, . . . , vk〉, u = αq(u1, . . . ,uk), and v = αq(v1, . . . , vk).

C.1 Reduction of Closed Equalities

0w
(m) = 0w

(m′) �→ m = m′ (63)

0w
(m) = 0p

(m′,p′) �→ m = m′ ∧
∧

p′<i≤|Σ|
¬ Tree(αi)(m) (64)
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0w
(m) = 1w

(m′) �→ m = m′ ∧ ¬ CNT1(m) (65)

0w
(m) = 1p

(m′,p′) �→ m = m′ ∧
∧

p′<i≤|Σ|
¬ Tree(αi)(m) ∧ ¬ CNT

(αp′ )

1 (m) (66)

0p
(m,p) = 0p

(m′,p′) �→ m = m′ ∧ p = p′ (67)

0p
(m,p) = 1w

(m′) �→ m = m′ ∧
∧

0<i<p

¬ Tree(αi)(m) ∧ ¬ CNT
(αp)
1 (m) (68)

0p
(m,p) = 1p

(m′,p′) �→ m = m′ ∧ p = p′ ∧ ¬ CNT(αp)
1 (m) (69)

1w
(m) = 1w

(m′) �→ m = m′ (70)

1w
(m) = 1p

(m′,p′) �→ m = m′ ∧
∧

0<i<p′
¬ Tree(αi)(m) (71)

1p
(m,p) = 1p

(m′,p′) �→ m = m′ ∧ p = p′ (72)

C.2 Reduction of Closed Stretchable Gap Orders

0w
(m) ≺

w
n 0w

(m′) �→
∨

n1+n2=n
n2>0

0w
(m) ≺

pl
n1

1w
(m) ≺

w
n2
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∨
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∧
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)
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∨
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m = m′ ∧
∨
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p�p′

(
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)

∧
∨
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∧
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)
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m = m′ ∧
∧

p,p′∈{1,...,|Σ|}
p�p′

(
Tree(αp)(m) → ¬ Tree(αp′ )(m)

)

∧
∨

0<i≤|Σ|
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⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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∨
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pl
n4

1w
(m′,p′) (82)

0w
(m) ≺

p
n 1p

(m′ ,p′) �→

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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∨
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∧
∨
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∧
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(
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)
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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∧
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∨
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p
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m = m′ ∧ p′ < p

∧∨
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∧
p′≤i<p

(
ni > 0 → CNT(αi)

ni−1(m)
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(89)
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(m,p) ≺

l
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(m,p) ≺

w
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(m′) �→
∨
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(m) ≺

w
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(m′) ≺
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1w
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p
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m = m′ ∧
∨

0<i<p

Tree(αi)(m)

∧
∨

n1+···+np=n+1

∧
0<i≤p

(
ni > 0 → CNT(αi)

ni−1(m)
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(92)
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(m,p) ≺

l
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(m′) �→
m = m′ ∧

∧
0<i<p
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n (m) (93)
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(m,p) ≺

w
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∨
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(m,p) ≺
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0p
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p
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m = m′ ∧ p′ < p

∧∨
np′+···+np=n+1

∧
p′≤i≤p

(
ni > 0 → CNT(αi)

ni−1(m)
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(95)
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l
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(m′ ,p′) �→ m = m′ ∧ p = p′ ∧ CNT(αp)
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(m) ≺w
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(m′) �→

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(n = 1 → m < m′)

∧

n > 1 →
∨

0<r<n

(∃z1 . . .∃zr)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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∨
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∨
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∨
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∨
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n = 1 → (m = m′ ∧ p′ < p)

∧

n > 1 →

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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∧∨
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⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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∧
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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∧∨
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)
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C.3 Reduction of Closed Rigid Gap Orders
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∨
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∧
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∧
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∧
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∧
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∧
p′≤i≤|Σ|

(
ni > 0 → ĈNT
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n (m) (144)

1w
(m) �

w
n 0w

(m′) �→

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n = 1 →
(
m < m′ ∧ ∀z

(
m < z < m′ → ¬ Tree(z)

))
∧

n > 1 →
∨

0<r<n

(∃z1 . . .∃zr)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m < z1 < · · · < zr < m′

∧
¬ (∃z1 . . .∃zr+1)(
m < z1 < · · · < zr+1 < m′

)
∧∨

∑r
i=1 ni=n−1

n1 ,...,nr>0

∧
0<i≤r

ĈNTni−1(zi)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(145)

1w
(m) �

p
n 0w

(m′) �→ false (146)

1w
(m) �

l
n 0w

(m′) �→ false (147)

1w
(m) �

w
n 0p

(m′,p′) �→
∨

n1+n2=n
n1>0

1w
(m) �

w
n1

0w
(m′) �

pl
n2

0p
(m′,p′) (148)

1w
(m) �

p
n 0p

(m′,p′) �→ false (149)

1w
(m) �

l
n 0p

(m′,p′) �→ false (150)
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1w
(m) �

w
n 1w

(m′) �→
∨

n1+n2=n
n1>0

1w
(m) �

w
n1

0w
(m′) �

pl
n2

1w
(m′) (151)

1w
(m) �

p
n 1w

(m′) �→ false (152)

1w
(m) �

l
n 1w

(m′) �→ false (153)

1w
(m) �

w
n 1p

(m′,p′) �→
∨

n1+n2+n3=n
n1>0

1w
(m) �

w
n1

0w
(m′) �

pl
n2

0w
(m′,p′) �

pl
n3

1w
(m′,p′) (154)

1w
(m) �

p
n 1p

(m′,p′) �→ false (155)

1w
(m) �

l
n 1p

(m′,p′) �→ false (156)

1p
(m,p) �

w
n 0w

(m′) �→
∨

n1+n2=n
n2>0

1p
(m,p) �

pl
n1

1w
(m) �

w
n2

0w
(m′) (157)

1p
(m,p) �

p
n 0w

(m′) �→ false (158)

1p
(m,p) �

l
n 0w

(m′) �→ false (159)

1p
(m,p) �

w
n 0p

(m′,p′) �→
∨

n1+n2+n3=n
n2>0

1p
(m,p) �

pl
n1

1w
(m) �

w
n2

0w
(m′) �

w
n3

0p
(m′,p′) (160)

1p
(m,p) �

p
n 0p

(m′,p′) �→

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n = 1 →
(
m = m′ ∧ p′ < p ∧

∧
p′<i<p

¬ Treeαi (m)
)

∧

n > 1 →

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
m = m′ ∧ p′ < p − 1 ∧∨
np′+1+···+np−1=n−1

∧
p′<i<p

(
ni > 0 → ĈNT

(αi)
ni−1(m)

)
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(161)

1p
(m,p) �

l
n 0p

(m′,p′) �→ false (162)

1p
(m,p) �

w
n 1w

(m′) �→
∨

n1+n2+n3=n
n2>0

1p
(m,p) �

pl
n1

1w
(m) �

w
n2

0w
(m′) �

pl
n3

1w
(m′) (163)

1p
(m,p) �

p
n 1w

(m′) �→ m = m′ ∧
∨

n1+···+np−1=n

∧
0<i<p

(
ni > 0 → ĈNT

(αi)
ni−1(m)

)
(164)

1p
(m,p) �

l
n 1w

(m′) �→ false (165)

1p
(m,p) �

w
n 1p

(m′,p′) �→
∨

n1+n2+n3+n4=n
n2>0

1p
(m,p) �

pl
n1

1w
(m) �

w
n2

0w
(m′) �

pl
n3

0w
(m′,p′) �

pl
n4

1w
(m′,p′) (166)
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1p
(m,p) �

p
n 1p

(m′,p′) �→

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m = m′ ∧ p′ < p

∧∨
np′+···+np−1=n

∧
p′≤i<p

(
ni > 0 → ĈNT

(αi)
ni−1(m)

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(167)

1p
(m,p) �

l
n 1p

(m′,p′) �→ false (168)

C.4 Reduction of Half Open Stretchable Gap Orders

0w
(m) ≺

w
n u �→

∨
n1+n2=n

n1>0

0w
(m) ≺

w
n1

0w
(uw) ≺

pl
n2

u (169)

0w
(m) ≺

p
n u �→

∨
n1+n2=n

n1>0

0w
(m) ≺

p
n1

0p
(m,q) ≺

l
n2

u (170)

0w
(m) ≺l

n u �→ Isαq (u) ∧ m = uw ∧
∧

q<i≤|Σ|
¬ Tree(αi)(uw) ∧ 0̄k;kb

(m−w(αq)) ≺
k;kb
n �u (171)

0p
(m,p) ≺

w
n u �→

∨
n1+n2=n

n1>0

0p
(m,p) ≺

w
n1

0w
(uw) ≺

pl
n2

u (172)

0p
(m,p) ≺

p
n u �→

∨
n1+n2=n

n1>0

0p
(m,p) ≺

p
n1

0p
(m,q) ≺

l
n2

u (173)

0p
(m,p) ≺

l
n u �→ p = q ∧ Isαq (u) ∧ m = uw ∧ 0̄k;kb

(m−w(αq)) ≺
k;kb
n �u (174)

1w
(m) ≺

w
n u �→

∨
n1+n2=n

n1>0

1w
(m) ≺

w
n1

0w
(uw) ≺

pl
n2

u (175)

1p
(m,p) ≺

w
n u �→

∨
n1+n2=n

n1>0

1p
(m,p) ≺

w
n1

0w
(uw) ≺

pl
n2

u (176)

u ≺w
n 1w

(m) �→
∨

n1+n2=n
n2>0

u ≺pl
n1

1w
(uw) ≺

w
n2

1w
(m) (177)

u ≺p
n 1w

(m) �→
∨

n1+n2=n
n2>0

u ≺l
n1

1p
(m,q) ≺

p
n2

1w
(m) (178)

u ≺l
n 1w

(m) �→ Isαq (u) ∧ m = uw ∧
∧

0<i<q

¬ Tree(αi)(uw) ∧ �u ≺k;kb
n 1̄k;kb

(m−w(αq)) (179)

u ≺w
n 1p

(m,p) �→
∨

n1+n2=n
n2>0

u ≺pl
n1

1w
(uw) ≺

w
n2

1p
(m,p) (180)
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u ≺p
n 1p

(m,p) �→
∨

n1+n2=n
n2>0

u ≺l
n1

1p
(m,q) ≺

p
n2

1p
(m,p) (181)

u ≺l
n 1p

(m,p) �→ p = q ∧ Isαq (u) ∧ m = uw ∧ �u ≺k;kb
n 1̄k;kb

(m−w(αq)) (182)

u ≺w
n 0w

(m) �→
∨

n1+n2=n
n2>0

u ≺pl
n1

1w
(uw) ≺

w
n2

0w
(m) (183)

u ≺w
n 0p

(m,p) �→
∨

n1+n2=n
n2>0

u ≺pl
n1

1w
(uw) ≺

w
n2

0p
(m,p) (184)

C.5 Reduction of Half Open Rigid Gap Orders

0w
(m) �

w
n u �→

∨
n1+n2=n

n1>0

0w
(m) �

w
n1

0w
(uw) �

pl
n2

u (185)

0w
(m) �

p
n u �→

∨
n1+n2=n

n1>0

0w
(m) �

p
n1

0p
(m,q) �

l
n2

u (186)

0w
(m) �

l
n u �→ Isαq (u) ∧ m = uw ∧

∧
q<i≤|Σ|

¬ Tree(αi)(uw) ∧ 0̄k;kb
(m−w(αq)) �

k;kb
n �u (187)

0p
(m,p) �

w
n u �→

∨
n1+n2=n

n1>0

0p
(m,p) �

w
n1

0w
(uw) �

pl
n2

u (188)

0p
(m,p) �

p
n u �→

∨
n1+n2=n

n1>0

0p
(m,p) �

p
n1

0p
(m,q) �

l
n2

u (189)

0p
(m,p) �

l
n u �→ p = q ∧ Isαq (u) ∧ m = uw ∧ 0̄k;kb

(m−w(αq)) �
k;kb
n �u (190)

1w
(m) �

w
n u �→

∨
n1+n2=n

n1>0

1w
(m) �

w
n1

0w
(uw) �

pl
n2

u (191)

1p
(m,p) �

w
n u �→

∨
n1+n2=n

n1>0

1p
(m,p) �

w
n1

0w
(uw) �

pl
n2

u (192)

u �w
n 1w

(m) �→
∨

n1+n2=n
n2>0

u �pl
n1

1w
(uw) �

w
n2

1w
(m) (193)

u �p
n 1w

(m) �→
∨

n1+n2=n
n2>0

u �l
n1

1p
(m,q) �

p
n2

1w
(m) (194)

u �l
n 1w

(m) �→ Isαq (u) ∧ m = uw ∧
∧

0<i<q

¬ Tree(αi)(uw) ∧ �u �k;kb
n 1̄k;kb

(m−w(αq)) (195)
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u �w
n 1p

(m,p) �→
∨

n1+n2=n
n2>0

u �pl
n1

1w
(uw) �

w
n2

1p
(m,p) (196)

u �p
n 1p

(m,p) �→
∨

n1+n2=n
n2>0

u �l
n1

1p
(m,q) �

p
n2

1p
(m,p) (197)

u �l
n 1p

(m,p) �→ p = q ∧ Isαq (u) ∧ m = uw ∧ �u �k;kb
n 1̄k;kb

(m−w(αq)) (198)

u �w
n 0w

(m) �→
∨

n1+n2=n
n2>0

u �pl
n1

1w
(uw) �

w
n2

0w
(m) (199)

u �w
n 0p

(m,p) �→
∨

n1+n2=n
n2>0

u �pl
n1

1w
(uw) �

w
n2

0p
(m,p) (200)

C.6 Reductions of Open Stretchable Gap Orders

u ≺w
n v �→

∨
n1+n2+n3=n

n2>0

u ≺pl
n1

1w
(uw) ≺

w
n2

0w
(vw) ≺

pl
n3

v (201)

u ≺p
n v �→

∨
n1+n2+n3=n

n2>0

u ≺l
n1

1p
(uw, p) ≺

p
n2

0p
(vw, q) ≺

l
n3

v (202)

where type(u) = αp and type(v) = αq

u ≺l
n v �→ �u ≺k;kb

n �v (203)

where u = α(u1, . . . ,uk) and v = α(v1, . . . , vk)

C.7 Reductions of Open Rigid Gap Orders

u �w
n v �→

∨
n1+n2+n3=n

n2>0

u �pl
n1

1w
(uw) �

w
n2

0w
(vw) �

pl
n3

v (204)

u �p
n v �→

∨
n1+n2+n3=n

n2>0

u �l
n1

1p
(uw, p) �

p
n2

0p
(vw , q) �

l
n3

v (205)

where type(u) = αp and type(v) = αq

u �l
n v �→ �u �k;kb

n �v (206)

where u = α(u1, . . . ,uk) and v = α(v1, . . . , vk)

C.8 Reduction of Closed Tuple Equalities

0̄k;w
(sum,m) = 0̄k;w

(sum′,m′) �→ sum = sum′ ∧ m = m′ (207)

0̄k;w
(sum,m) = 0̄k;p

(sum′,m′ ,p′) �→ sum = sum′ ∧ m = m′ ∧
∧

p′<i≤|Σ|
¬ Tree(αi)(m) (208)
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0̄k;w
(sum,m) = 1̄k;w

(sum′,m′) �→
⎛⎜⎜⎜⎜⎜⎝

sum = sum′ ∧ m = m′ ∧ ¬ CNT1(m)

∧ 0̄k−1;kb
(sum−m) = 1̄k−1;kb

(sum′−m′)

⎞⎟⎟⎟⎟⎟⎠ (209)

0̄k;w
(sum,m) = 1̄k;p

(sum′,m′ ,p′) �→

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
sum = sum′ ∧ m = m′ ∧

∧
p′<i≤|Σ|

¬ Tree(αi)(m)

∧ ¬ CNT
(αp′ )

1 (m) ∧ 0̄k−1;kb
(sum−m) = 1̄k−1;kb

(sum′−m′)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (210)

0̄k;p
(sum,m,p) = 0̄k;p

(sum′,m′ ,p′) �→ sum = sum′ ∧ m = m′ ∧ p = p′ (211)

0̄k;p
(sum,m,p) = 1̄k;w

(sum′,m′) �→

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
sum = sum′ ∧ m = m′ ∧

∧
0<i<p

¬ Tree(αi)(m)

∧ ¬ CNT
(αp)
1 (m) ∧ 0̄k−1;kb

(sum−m) = 1̄k−1;kb
(sum′−m′)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (212)

0̄k;p
(sum,m,p) = 1̄k;p

(sum′,m′ ,p′) �→
⎛⎜⎜⎜⎜⎜⎝

sum = sum′ ∧ m = m′ ∧ p = p′

∧ ¬ CNT
(αp)
1 (m) ∧ 0̄k−1;kb

(sum−m) = 1̄k−1;kb
(sum′−m′)

⎞⎟⎟⎟⎟⎟⎠ (213)

1̄k;w
(sum,m) = 1̄k;w

(sum′,m′) �→ sum = sum′ ∧ m = m′ (214)

1̄k;w
(sum,m) = 1̄k;p

(sum′,m′ ,p′) �→ sum = sum′ ∧ m = m′ ∧
∧

0<i<p′
¬ Tree(αi)(m) (215)

1̄k;p
(sum,m,p) = 1̄k;p

(sum′,m′ ,p′) �→ sum = sum′ ∧ m = m′ ∧ p = p′ (216)

C.9 Reduction of Half Open Tuple Equalities.

0̄k;kb
(sum) = �u �→ 0̄k;w

(sum,MinCWk(sum))
= �u (217)

0̄k;w
(sum,m) = �u �→ 0w

(m) = u1 ∧ 0̄k−1;kb
(sum−m) = 〈u2, . . . ,uk〉 (218)

0̄k;p
(sum,m,p) = �u �→ 0p

(m,p) = u1 ∧ 0̄k−1;kb
(sum−m) = 〈u2, . . . ,uk〉 (219)

1̄k;kb
(sum) = �u �→ 1̄k;w

(sum,MaxCWk(sum))
= �u (220)

1̄k;w
(sum,m) = �u �→ 1w

(m) = u1 ∧ 1̄k−1;kb
(sum−m) = 〈u2, . . . ,uk〉 (221)

1̄k;p
(sum,m,p) = �u �→ 1w

(m,p) = u1 ∧ 1̄k−1;kb
(sum−m) = 〈u2, . . . ,uk〉 (222)

C.10 Reductions of Closed Stretchable Tuple Gap Orders

All reductions shown from this section to Section C.15 are reductions of proper gap orders
between tuples of the same weight. This amounts to assuming that in each redex (reduction
target) we have an implicit side condition u1 ≺� v1 or u1 �� v1 where u1 (resp. v1) is the
leftmost immediate subterm of the left (resp. the right) operand.

0̄k;w
(sum,m) ≺

k;w
n 0̄k;w

(sum,m′) �→
∨

n1+n2=n
n2>0

0̄k;w
(sum,m) ≺

k;pl
n1

1̄k;w
(sum,m) ≺

k;w
n2

0̄k;w
(sum,m′) (223)
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0̄k;w
(sum,m) ≺

k;p
n 0̄k;w

(sum,m′) �→ false (224)

0̄k;w
(sum,m) ≺

k;l
n 0̄k;w

(sum,m′) �→ false (225)

0̄k;w
(sum,m) ≺

k;w
n 0̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3=n
n2>0

0̄k;w
(sum,m) ≺

k;pl
n1

1̄k;w
(sum,m) ≺

k;w
n2

0̄k;w
(sum,m′) ≺

k;pl
n3

0̄k;p
(sum,m′,p′) (226)

0̄k;w
(sum,m) ≺

k;p
n 0̄k;p

(sum,m′,p′) �→

∨
n1(n2+1)≥n

n1>0,n1 ,n2≤n

0w
(m) ≺

p
n1

0p
(m′ ,p′) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (227)

0̄k;w
(sum,m) ≺

k;l
n 0̄k;p

(sum,m′,p′) �→ false (228)

0̄k;w
(sum,m) ≺

k;w
n 1̄k;w

(sum,m′) �→⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m = m′ →
∨

(n1+1)(n2+1)≥n+1
n1 ,n2≤(n+1)

⎛⎜⎜⎜⎜⎜⎝
0w

(m) ≺
w
n1

1w
(m)

∧ 0̄k−1;kb
sum−m ≺k−1;kb

n2
1̄k−1;kb

sum−m

⎞⎟⎟⎟⎟⎟⎠

∧

m < m′ →

∨
1<r≤n+1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

l < CWk
1(sum, l, l′) < · · · < CWk

r (sum, l, l′) < l′

∧∨
∑r

i=1 ni=n+1
ni>0

∧
0<i≤r

0̄k;w
(sum,CWk

i (sum,l,l′))
≺k;w

ni−1 1̄k;w
(sum,CWk

i (sum,l,l′))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
where l ≡ m − 1 and l′ ≡ m′ + 1. (229)

0̄k;w
(sum,m) ≺

k;p
n 1̄k;w

(sum,m′) �→

∨
(n1+1)(n2+1)≥n+1
n1>0,n1 ,n2≤n+1

0w
(m) ≺

p
n1

1w
(m′) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (230)

0̄k;w
(sum,m) ≺

k;l
n 1̄k;w

(sum,m′) �→

∨
(n1+1)(n2+1)≥n+1
n1>0,n1 ,n2≤n+1

0w
(m) ≺l

n1
1w

(m′) ∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n2

1̄k−1;kb
(sum−m) (231)

0̄k;w
(sum,m) ≺

k;w
n 1̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3+n4=n
n2>0

⎛⎜⎜⎜⎜⎜⎜⎝
0̄k;w

(sum,m) ≺
k;pl
n1

1̄k;w
(sum,m) ≺

k;w
n2

0̄k;w
(sum,m′)

≺k;pl
n3

0̄k;p
(sum,m′,p′) ≺

k;pl
n4

1̄k;p
(sum,m′,p′)

⎞⎟⎟⎟⎟⎟⎟⎠ (232)

0̄k;w
(sum,m) ≺

k;p
n 1̄k;p

(sum,m′,p′) �→

∨
(n1+1)(n2+1)≥n+1
n1>0,n1 ,n2≤n+1

0w
(m) ≺

p
n1

1p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (233)

0̄k;w
(sum,m) ≺

k;l
n 1̄k;p

(sum,m′,p′) �→

∨
(n1+1)(n2+1)≥n+1
n1>0,n1 ,n2≤n+1

0w
(m) ≺l

n1
1p

(m′,p′) ∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n2

1̄k−1;kb
(sum−m) (234)

0̄k;p
(sum,m,p) ≺

k;w
n 0̄k;w

(sum,m′) �→
∨

n1+n2=n
n2>0

0̄k;p
(sum,m,p) ≺

k;pl
n1

1̄k;w
(sum,m) ≺

k;w
n2

0̄k;w
(sum,m′) (235)

0̄k;p
(sum,m,p) ≺

k;p
n 0̄k;w

(sum,m′) �→ false (236)
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0̄k;p
(sum,m,p) ≺

k;l
n 0̄k;w

(sum,m′) �→ false (237)

0̄k;p
(sum,m,p) ≺

k;w
n 0̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3+n4=n
n3>0

⎛⎜⎜⎜⎜⎜⎜⎝
0̄k;p

(sum,m,p) ≺
k;pl
n1

1̄k;p
(sum,m,p) ≺

k;pl
n2

1̄k;w
(sum,m)

≺k;w
n3

0̄k;w
(sum,m′) ≺

k;pl
n4

0̄k;p
(sum,m′,p′)

⎞⎟⎟⎟⎟⎟⎟⎠ (238)

0̄k;p
(sum,m,p) ≺

k;p
n 0̄k;p

(sum,m′,p′) �→

∨
n1(n2+1)≥n

n1>0,n1 ,n2≤n

0p
(m,p) ≺

p
n1

0p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (239)

0̄k;p
(sum,m,p) ≺

k;l
n 0̄k;p

(sum,m′,p′) �→ false (240)

0̄k;p
(sum,m,p) ≺

k;w
n 1̄k;w

(sum,m′) �→
∨

n1+n2+n3+n4=n
n3>0

⎛⎜⎜⎜⎜⎜⎜⎝
0̄k;p

(sum,m,p) ≺
k;pl
n1

1̄k;p
(sum,m,p) ≺

k;w
n2

1̄k;w
(sum,m)

≺k;pl
n3

0̄k;w
(sum,m′) ≺

k;pl
n4

1̄k;w
(sum,m′)

⎞⎟⎟⎟⎟⎟⎟⎠ (241)

0̄k;p
(sum,m,p) ≺

k;p
n 1̄k;w

(sum,m′) �→

∨
(n1+1)(n2+1)≥n+1
n1>0,n1 ,n2≤n+1

0p
(m,p) ≺

p
n1

1w
(m′) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (242)

0̄k;p
(sum,m,p) ≺

k;l
n 1̄k;w

(sum,m′) �→

∨
(n1+1)(n2+1)≥n+1
n1>0,n1 ,n2≤n+1

0p
(m,p) ≺

l
n1

1w
(m′) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (243)

0̄k;p
(sum,m,p) ≺

k;w
n 1̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3+n4+n+5=n
n3>0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0̄k;p
(sum,m,p) ≺

k;pl
n1

1̄k;p
(sum,m,p) ≺

k;pl
n2

1̄k;w
(sum,m,p)

≺k;w
n3

0̄k;w
(sum,m′) ≺

k;pl
n4

0̄k;p
(sum,m′,p′)

≺k;pl
n5

1̄k;p
(sum,m′ ,p′)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(244)

0̄k;p
(sum,m,p) ≺

k;p
n 1̄k;p

(sum,m′,p′) �→

∨
(n1+1)(n2+1)≥n+1
n1>0,n1 ,n2≤n+1

0p
(m,p) ≺

p
n1

1p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (245)

0̄k;p
(sum,m,p) ≺

k;l
n 1̄k;p

(sum,m′,p′) �→

∨
(n1+1)(n2+1)≥n+1
n1>0,n1 ,n2≤n+1

0p
(m,p) ≺

l
n1

1p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (246)

1̄k;w
(sum,m) ≺

k;w
n 0̄k;w

(sum,m′) �→⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(n = 1 → m < m′)

∧

n > 1 →

∨
0<r<n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m < CWk
1(sum,m,m′) < · · · < CWk

r (sum,m,m′) < m′

∧∨
∑r

i=1 ni=n−1
ni>0

∧
0<i≤r

0̄k;w
(sum,CWk

i (sum,m,m′))
≺k;w

ni−1 1̄k;w
(sum,CWk

i (sum,m,m′))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(247)

1̄k;w
(sum,m) ≺

k;p
n 0̄k;w

(sum,m′) �→ false (248)

1̄k;w
(sum,m) ≺

k;l
n 0̄k;w

(sum,m′) �→ false (249)

Journal of the ACM, Vol. V, No. N, Month 20YY.



68 · Ting Zhang, Henny B. Sipma, and Zohar Manna

1̄k;w
(sum,m) ≺

k;w
n 0̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3=n
n1>0

1̄k;w
(sum,m) ≺

k;w
n1

0̄k;w
(sum,m′) ≺

k;pl
n2

0̄k;p
(sum,m′ ,p′) (250)

1̄k;w
(sum,m) ≺

k;p
n 0̄k;p

(sum,m′,p′) �→ false (251)

1̄k;w
(sum,m) ≺

k;l
n 0̄k;p

(sum,m′,p′) �→ false (252)

1̄k;w
(sum,m) ≺

k;w
n 1̄k;w

(sum,m′) �→
∨

n1+n2=n
n1>0

1̄k;w
(sum,m) ≺

k;w
n1

0̄k;w
(sum,m′) ≺

k;pl
n2

1̄k;w
(sum,m′) (253)

1̄k;w
(sum,m) ≺

k;p
n 1̄k;w

(sum,m′) �→ false (254)

1̄k;w
(sum,m) ≺

k;l
n 1̄k;w

(sum,m′) �→ false (255)

1̄k;w
(sum,m) ≺

k;w
n 1̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3=n
n1>0

1̄k;w
(sum,m) ≺

k;w
n1

0̄k;w
(sum,m′) ≺

k;pl
n2

0̄k;p
(sum,m′ ,p′) ≺

k;pl
n3

1̄k;p
(sum,m′,p′)

(256)

1̄k;w
(sum,m) ≺

k;p
n 1̄k;p

(sum,m′,p′) �→ false (257)

1̄k;w
(sum,m) ≺

k;l
n 1̄k;p

(sum,m′,p′) �→ false (258)

1̄k;p
(sum,m,p) ≺

k;w
n 0̄k;w

(sum,m′) �→
∨

n1+n2=n
n2>0

1̄k;p
(sum,m,p) ≺

k;pl
n1

1̄k;w
(sum,m) ≺

k;w
n2

0̄k;w
(sum,m′) (259)

1̄k;p
(sum,m,p) ≺

k;p
n 0̄k;w

(sum,m′) �→ false (260)

1̄k;p
(sum,m,p) ≺

k;l
n 0̄k;w

(sum,m′) �→ false (261)

1̄k;p
(sum,m,p) ≺

k;w
n 0̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3=n
n2>0

1̄k;p
(sum,m,p) ≺

k;pl
n1

1̄k;w
(sum,m) ≺

k;w
n2

0̄k;w
(sum,m′) ≺

k;pl
n3

0̄k;p
(sum,m′ ,p′) (262)

1̄k;p
(sum,m,p) ≺

k;p
n 0̄k;p

(sum,m′,p′) �→

∨
(n1−1)(n2+1)≥n−1

n1>0,n1 ,n2<n

0p
(m) ≺

p
n1

1p
(m) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (263)

1̄k;p
(sum,m,p) ≺

k;l
n 0̄k;p

(sum,m′,p′) �→ false (264)

1̄k;p
(sum,m,p) ≺

k;w
n 1̄k;w

(sum,m′) �→

∨
n1+n2+n3+n4=n

n2>0

1̄k;p
(sum,m,p) ≺

k;pl
n1

1̄k;w
(sum,m) ≺

k;w
n2

0̄k;w
(sum,m′) ≺

k;pl
n3

1̄k;w
(sum,m′)

(265)

1̄k;p
(sum,m,p) ≺

k;p
n 1̄k;w

(sum,m′) �→

∨
(n1)(n2+1)≥n
n1>0,n1 ,n2≤n

1p
(m,p) ≺

p
n1

1w
(m′) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (266)

1̄k;p
(sum,m,p) ≺

k;l
n 1̄k;w

(sum,m′) �→ false (267)
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1̄k;p
(sum,m,p) ≺

k;w
n 1̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3+n4=n
n2>0

⎛⎜⎜⎜⎜⎜⎜⎝
1̄k;p

(sum,m,p) ≺
k;pl
n1

1̄k;w
(sum,m) ≺

k;w
n2

0̄k;w
(sum,m′)

≺k;pl
n3

0̄k;p
(sum,m′ ,p′) ≺

k;pl
n4

1̄k;p
(sum,m′,p′)

⎞⎟⎟⎟⎟⎟⎟⎠ (268)

1̄k;p
(sum,m,p) ≺

k;p
n 1̄k;p

(sum,m′,p′) �→

∨
n1(n2+1)≥n

n1>0,n1 ,n2≤n

1p
(m,p) ≺

p
n1

1p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) ≺
k−1;kb
n2

1̄k−1;kb
(sum−m) (269)

1̄k;p
(sum,m,p) ≺

k;l
n 1̄k;p

(sum,m′,p′) �→ false (270)

C.11 Reductions of Closed Rigid Tuple Gap Orders

0̄k;w
(sum,m) �

k;w
n 0̄k;w

(sum,m′) �→
∨

n1+n2=n
n2>0

0̄k;w
(sum,m) �

k;pl
n1

1̄k;w
(sum,m) �

k;w
n2

0̄k;w
(sum,m′) (271)

0̄k;w
(sum,m) �

k;p
n 0̄k;w

(sum,m′) �→ false (272)

0̄k;w
(sum,m) �

k;l
n 0̄k;w

(sum,m′) �→ false (273)

0̄k;w
(sum,m) �

k;w
n 0̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3=n
n2>0

0̄k;w
(sum,m) �

k;pl
n1

1̄k;w
(sum,m) �

k;w
n2

0̄k;w
(sum,m′) �

k;pl
n3

0̄k;p
(sum,m′,p′) (274)

0̄k;w
(sum,m) �

k;p
n 0̄k;p

(sum,m′,p′) �→

∨
n1(n2+1)=n

n1>0,n1 ,n2≤n

0w
(m) �

p
n1

0p
(m′ ,p′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (275)

0̄k;w
(sum,m) �

k;l
n 0̄k;p

(sum,m′,p′) �→ false (276)

0̄k;w
(sum,m) �

k;w
n 1̄k;w

(sum,m′) �→⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m = m′ →
∨

(n1+1)(n2+1)=n+1
n1,n2≤(n+1)

⎛⎜⎜⎜⎜⎜⎝
0w

(m) �
w
n1

1w
(m)

∧ 0̄k−1;kb
sum−m �

k−1;kb
n2

1̄k−1;kb
sum−m

⎞⎟⎟⎟⎟⎟⎠

∧

m < m′ →

∨
1<r≤n+1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

l < CWk
1(sum, l, l′) < · · · < CWk

r(sum, l, l′) < l′

∧

¬
(
l ≤ CWk

1(sum, l, l′) < · · · < CWk
r+1(sum, l, l′) < l′

)
∧∨

∑r
i=1 ni=n+1

ni>0

∧
0<i≤r

0̄k;w
(sum,CWk

i (sum,l,l′))
�k;w

ni−1 1̄k;w
(sum,CWk

i (sum,l,l′))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
where l ≡ m − 1 and l′ ≡ m′ + 1. (277)

0̄k;w
(sum,m) �

k;p
n 1̄k;w

(sum,m′) �→

∨
(n1+1)(n2+1)=n+1
n1>0,n1 ,n2≤n+1

0w
(m) �

p
n1

1w
(m′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (278)
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0̄k;w
(sum,m) �

k;l
n 1̄k;w

(sum,m′) �→

∨
(n1+1)(n2+1)=n+1
n1>0,n1 ,n2≤n+1

0w
(m) �

l
n1

1w
(m′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (279)

0̄k;w
(sum,m) �

k;w
n 1̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3+n4=n
n2>0

⎛⎜⎜⎜⎜⎜⎜⎝
0̄k;w

(sum,m) �
k;pl
n1

1̄k;w
(sum,m) �

k;w
n2

0̄k;w
(sum,m′)

�k;pl
n3

0̄k;p
(sum,m′,p′) �

k;pl
n4

1̄k;p
(sum,m′,p′)

⎞⎟⎟⎟⎟⎟⎟⎠ (280)

0̄k;w
(sum,m) �

k;p
n 1̄k;p

(sum,m′,p′) �→

∨
(n1+1)(n2+1)=n+1
n1>0,n1 ,n2≤n+1

0w
(m) �

p
n1

1p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (281)

0̄k;w
(sum,m) �

k;l
n 1̄k;p

(sum,m′,p′) �→

∨
(n1+1)(n2+1)=n+1
n1>0,n1 ,n2≤n+1

0w
(m) �

l
n1

1p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (282)

0̄k;p
(sum,m,p) �

k;w
n 0̄k;w

(sum,m′) �→
∨

n1+n2=n
n2>0

0̄k;p
(sum,m,p) �

k;pl
n1

1̄k;w
(sum,m) �

k;w
n2

0̄k;w
(sum,m′) (283)

0̄k;p
(sum,m,p) �

k;p
n 0̄k;w

(sum,m′) �→ false (284)

0̄k;p
(sum,m,p) �

k;l
n 0̄k;w

(sum,m′) �→ false (285)

0̄k;p
(sum,m,p) �

k;w
n 0̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3+n4=n
n3>0

⎛⎜⎜⎜⎜⎜⎜⎝
0̄k;p

(sum,m,p) �
k;pl
n1

1̄k;p
(sum,m,p) �

k;pl
n2

1̄k;w
(sum,m)

�k;w
n3

0̄k;w
(sum,m′) �

k;pl
n4

0̄k;p
(sum,m′,p′)

⎞⎟⎟⎟⎟⎟⎟⎠ (286)

0̄k;p
(sum,m,p) �

k;p
n 0̄k;p

(sum,m′,p′) �→

∨
n1(n2+1)=n

n1>0,n1 ,n2≤n

0p
(m,p) �

p
n1

0p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (287)

0̄k;p
(sum,m,p) �

k;l
n 0̄k;p

(sum,m′,p′) �→ false (288)

0̄k;p
(sum,m,p) �

k;w
n 1̄k;w

(sum,m′) �→
∨

n1+n2+n3+n4=n
n3>0

⎛⎜⎜⎜⎜⎜⎜⎝
0̄k;p

(sum,m,p) �
k;pl
n1

1̄k;p
(sum,m,p) �

k;w
n2

1̄k;w
(sum,m)

�k;pl
n3

0̄k;w
(sum,m′) �

k;pl
n4

1̄k;w
(sum,m′)

⎞⎟⎟⎟⎟⎟⎟⎠ (289)

0̄k;p
(sum,m,p) �

k;p
n 1̄k;w

(sum,m′) �→

∨
(n1+1)(n2+1)=n+1
n1>0,n1 ,n2≤n+1

0p
(m,p) �

p
n1

1w
(m′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (290)

0̄k;p
(sum,m,p) �

k;l
n 1̄k;w

(sum,m′) �→

∨
(n1+1)(n2+1)=n+1
n1>0,n1 ,n2≤n+1

0p
(m,p) �

l
n1

1w
(m′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (291)

0̄k;p
(sum,m,p) �

k;w
n 1̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3+n4+n+5=n
n3>0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0̄k;p
(sum,m,p) �

k;pl
n1

1̄k;p
(sum,m,p) �

k;pl
n2

1̄k;w
(sum,m,p)

�k;w
n3

0̄k;w
(sum,m′) �

k;pl
n4

0̄k;p
(sum,m′,p′)

�k;pl
n5

1̄k;p
(sum,m′ ,p′)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(292)

0̄k;p
(sum,m,p) �

k;p
n 1̄k;p

(sum,m′,p′) �→

∨
(n1+1)(n2+1)=n+1
n1>0,n1 ,n2≤n+1

0p
(m,p) �

p
n1

1p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (293)
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0̄k;p
(sum,m,p) �

k;l
n 1̄k;p

(sum,m′,p′) �→

∨
(n1+1)(n2+1)=n+1
n1>0,n1 ,n2≤n+1

0p
(m,p) �

l
n1

1p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (294)

1̄k;w
(sum,m) �

k;w
n 0̄k;w

(sum,m′) �→⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n = 1 →
(
m < m′ ∧ ∀z

(
m < z < m′ → ¬ IsTWk(m)

))
∧

n > 1 →

∨
0<r<n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m < CWk
1(sum,m,m′) < · · · < CWk

r(sum,m,m′) < m′

∧

¬
(
m < CWk

1(sum,m,m′) < · · · < CWk
r+1(sum,m,m′) < m′

)
∧∨

∑r
i=1 ni=n−1

ni>0

∧
0<i≤r

0̄k;w
(sum,CWk

i (sum,m,m′))
�k;w

ni−1 1̄k;w
(sum,CWk

i (sum,m,m′))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(295)

1̄k;w
(sum,m) �

k;p
n 0̄k;w

(sum,m′) �→ false (296)

1̄k;w
(sum,m) �

k;l
n 0̄k;w

(sum,m′) �→ false (297)

1̄k;w
(sum,m) �

k;w
n 0̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3=n
n1>0

1̄k;w
(sum,m) �

k;w
n1

0̄k;w
(sum,m′) �

k;pl
n2

0̄k;p
(sum,m′ ,p′) (298)

1̄k;w
(sum,m) �

k;p
n 0̄k;p

(sum,m′,p′) �→ false (299)

1̄k;w
(sum,m) �

k;l
n 0̄k;p

(sum,m′,p′) �→ false (300)

1̄k;w
(sum,m) �

k;w
n 1̄k;w

(sum,m′) �→
∨

n1+n2=n
n1>0

1̄k;w
(sum,m) �

k;w
n1

0̄k;w
(sum,m′) �

k;pl
n2

1̄k;w
(sum,m′) (301)

1̄k;w
(sum,m) �

k;p
n 1̄k;w

(sum,m′) �→ false (302)

1̄k;w
(sum,m) �

k;l
n 1̄k;w

(sum,m′) �→ false (303)

1̄k;w
(sum,m) �

k;w
n 1̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3=n
n1>0

1̄k;w
(sum,m) �

k;w
n1

0̄k;w
(sum,m′) �

k;pl
n2

0̄k;p
(sum,m′ ,p′) �

k;pl
n3

1̄k;p
(sum,m′,p′)

(304)

1̄k;w
(sum,m) �

k;p
n 1̄k;p

(sum,m′,p′) �→ false (305)

1̄k;w
(sum,m) �

k;l
n 1̄k;p

(sum,m′,p′) �→ false (306)

1̄k;p
(sum,m,p) �

k;w
n 0̄k;w

(sum,m′) �→
∨

n1+n2=n
n2>0

1̄k;p
(sum,m,p) �

k;pl
n1

1̄k;w
(sum,m) �

k;w
n2

0̄k;w
(sum,m′) (307)

1̄k;p
(sum,m,p) �

k;p
n 0̄k;w

(sum,m′) �→ false (308)
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1̄k;p
(sum,m,p) �

k;l
n 0̄k;w

(sum,m′) �→ false (309)

1̄k;p
(sum,m,p) �

k;w
n 0̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3=n
n2>0

1̄k;p
(sum,m,p) �

k;pl
n1

1̄k;w
(sum,m) �

k;w
n2

0̄k;w
(sum,m′) �

k;pl
n3

0̄k;p
(sum,m′ ,p′) (310)

1̄k;p
(sum,m,p) �

k;p
n 0̄k;p

(sum,m′,p′) �→

∨
(n1−1)(n2+1)=n−1

n1>0,n1 ,n2<n

0p
(m) �

p
n1

1p
(m) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (311)

1̄k;p
(sum,m,p) �

k;l
n 0̄k;p

(sum,m′,p′) �→ false (312)

1̄k;p
(sum,m,p) �

k;w
n 1̄k;w

(sum,m′) �→

∨
n1+n2+n3+n4=n

n2>0

1̄k;p
(sum,m,p) �

k;pl
n1

1̄k;w
(sum,m) �

k;w
n2

0̄k;w
(sum,m′) �

k;pl
n3

1̄k;w
(sum,m′)

(313)

1̄k;p
(sum,m,p) �

k;p
n 1̄k;w

(sum,m′) �→

∨
(n1)(n2+1)=n
n1>0,n1 ,n2≤n

1p
(m,p) �

p
n1

1w
(m′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (314)

1̄k;p
(sum,m,p) �

k;l
n 1̄k;w

(sum,m′) �→ false (315)

1̄k;p
(sum,m,p) �

k;w
n 1̄k;p

(sum,m′,p′) �→
∨

n1+n2+n3+n4=n
n2>0

⎛⎜⎜⎜⎜⎜⎜⎝
1̄k;p

(sum,m,p) �
k;pl
n1

1̄k;w
(sum,m) �

k;w
n2

0̄k;w
(sum,m′)

�k;pl
n3

0̄k;p
(sum,m′ ,p′) �

k;pl
n4

1̄k;p
(sum,m′,p′)

⎞⎟⎟⎟⎟⎟⎟⎠ (316)

1̄k;p
(sum,m,p) �

k;p
n 1̄k;p

(sum,m′,p′) �→

∨
n1(n2+1)=n

n1>0,n1 ,n2≤n

1p
(m,p) �

p
n1

1p
(m′,p′) ∧ 0̄k−1;kb

(sum−m) �
k−1;kb
n2

1̄k−1;kb
(sum−m) (317)

1̄k;p
(sum,m,p) �

k;l
n 1̄k;p

(sum,m′,p′) �→ false (318)

C.12 Reductions of Half Open Stretchable Tuple Gap Orders

0̄k;w
(sum,m) ≺

k;w
n �u �→

∨
n1+n2=n

n1>0

0̄k;w
(sum,m) ≺

k;w
n1

0̄k;w
(sum,uw

1 )
≺k;pl

n2
�u

(319)

0̄k;w
(sum,m) ≺

k;p
n �u �→

∨
n1(n2+1)+n3≥n

n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0w
(m) ≺

p
n1

u1

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n3

〈u2, . . . ,uk〉

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(320)

0̄k;w
(sum,m) ≺

k;l
n �u �→

∨
n1(n2+1)+n3≥n

n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0w
(m) ≺l

n1
u1

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n3

〈u2, . . . ,uk〉

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(321)

0̄k;p
(sum,m,p) ≺

k;w
n �u �→

∨
n1+n2=n

n1>0

0̄k;p
(sum,m,p) ≺

k;w
n1

0̄k;w
(sum,uw

1 )
≺k;pl

n2
�u

(322)
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0̄k;p
(sum,m,p) ≺

k;p
n �u �→

∨
n1(n2+1)+n3≥n

n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0p
(m,p) ≺

p
n1

u1

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n3

〈u2, . . . ,uk〉

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(323)

0̄k;p
(sum,m,p) ≺

k;l
n �u �→

∨
n1(n2+1)+n3≥n

n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0p
(m,p) ≺

l
n1

u1

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n3

〈u2, . . . ,uk〉

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(324)

�u ≺k;w
n 1̄k;w

(sum,m) �→

∨
n1+n2=n

n2>0

�u ≺k;pl
n1

1̄k;w
(sum,uw

1 )
≺k;w

n2
1̄k;w

(sum,m) (325)

�u ≺k;p
n 1̄k;w

(sum,m) �→
∨

n1(n2+1)+n3≥n
n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1 ≺p
n1

1w
(m)

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 〈u2, . . . ,uk〉 ≺k−1;kb
n3

1̄k−1;kb
(sum−m)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(326)

�u ≺k;l
n 1̄k;w

(sum,m) �→
∨

n1(n2+1)+n3≥n
n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1 ≺l
n1

1w
(m)

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 〈u2, . . . ,uk〉 ≺k−1;kb
n3

1̄k−1;kb
(sum−m)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(327)

�u ≺k;w
n 1̄k;p

(sum,m,p) �→

∨
n1+n2=n

n2>0

�u ≺k;pl
n1

1̄k;w
(sum,uw

1 )
≺k;w

n2
1̄k;p

(sum,m,p) (328)

�u ≺k;p
n 1̄k;p

(sum,m,p) �→
∨

n1(n2+1)+n3≥n
n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1 ≺p
n1

1p
(m,p)

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 〈u2, . . . ,uk〉 ≺k−1;kb
n3

1̄k−1;kb
(sum−m)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(329)

�u ≺k;l
n 1̄k;p

(sum,m,p) �→
∨

n1(n2+1)+n3≥n
n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1 ≺l
n1

1p
(m,p)

∧ 0̄k−1;kb
(sum−m) ≺

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 〈u2, . . . ,uk〉 ≺k−1;kb
n3

1̄k−1;kb
(sum−m)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(330)

C.13 Reductions of Half Open Rigid Tuple Gap Orders

0̄k;w
(sum,m) �

k;w
n �u �→

∨
n1+n2=n

n1>0

0̄k;w
(sum,m) �

k;w
n1

0̄k;w
(sum,uw

1 )
�k;pl

n2
�u

(331)

0̄k;w
(sum,m) �

k;p
n �u �→

∨
n1(n2+1)+n3=n

n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0w
(m) �

p
n1

u1

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n3

〈u2, . . . ,uk〉

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(332)
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0̄k;w
(sum,m) �

k;l
n �u �→

∨
n1(n2+1)+n3=n

n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0w
(m) �

l
n1

u1

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n3

〈u2, . . . ,uk〉

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(333)

0̄k;p
(sum,m,p) �

k;w
n �u �→

∨
n1+n2=n

n1>0

0̄k;p
(sum,m,p) �

k;w
n1

0̄k;w
(sum,uw

1 )
�k;pl

n2
�u

(334)

0̄k;p
(sum,m,p) �

k;p
n �u �→

∨
n1(n2+1)+n3=n

n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0p
(m,p) �

p
n1

u1

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n3

〈u2, . . . ,uk〉

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(335)

0̄k;p
(sum,m,p) �

k;l
n �u �→

∨
n1(n2+1)+n3=n

n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0p
(m,p) �

l
n1

u1

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n3

〈u2, . . . ,uk〉

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(336)

�u �k;w
n 1̄k;w

(sum,m) �→

∨
n1+n2=n

n2>0

�u �k;pl
n1

1̄k;w
(sum,uw

1 )
�k;w

n2
1̄k;w

(sum,m) (337)

�u �k;p
n 1̄k;w

(sum,m) �→
∨

n1(n2+1)+n3=n
n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1 �
p
n1

1w
(m)

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 〈u2, . . . ,uk〉 �k−1;kb
n3

1̄k−1;kb
(sum−m)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(338)

�u �k;l
n 1̄k;w

(sum,m) �→
∨

n1(n2+1)+n3=n
n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1 �l
n1

1w
(m)

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 〈u2, . . . ,uk〉 �k−1;kb
n3

1̄k−1;kb
(sum−m)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(339)

�u �k;w
n 1̄k;p

(sum,m,p) �→

∨
n1+n2=n

n2>0

�u �k;pl
n1

1̄k;w
(sum,uw

1 )
�k;w

n2
1̄k;p

(sum,m,p) (340)

�u �k;p
n 1̄k;p

(sum,m,p) �→
∨

n1(n2+1)+n3=n
n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1 �
p
n1

1p
(m,p)

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 〈u2, . . . ,uk〉 �k−1;kb
n3

1̄k−1;kb
(sum−m)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(341)

�u �k;l
n 1̄k;p

(sum,m,p) �→
∨

n1(n2+1)+n3=n
n1 ,n2 ,n3≤n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1 �l
n1

1p
(m,p)

∧ 0̄k−1;kb
(sum−m) �

k−1;kb
n2

1̄k−1;kb
(sum−m)

∧ 〈u2, . . . ,uk〉 �k−1;kb
n3

1̄k−1;kb
(sum−m)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(342)

C.14 Reductions of Open Stretchable Tuple Gap Orders

Let sum =
∑k

i=1 uw
i =
∑k

i=1 vw
i and rem =

∑k
i=2 uw

i =
∑k

i=2 vw
i . Let type(u1) = αp and type(v1) =

αp′ .
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�u ≺k;w
n �v �→

∨
n1+n2+n3=n

n2>0

(
�u ≺k;pl

n1
1̄k;w

(sum,uw
1 )
≺k;w

n2
0̄k;w

(sum,vw
1 )
≺k;pl

n3
�v
)

(343)

�u ≺k;p
n �v �→

∨
n1+n2+n3=n

n2>0

(
�u ≺k;l

n1
1̄k;p

(sum,uw
1 ,p)
≺k;p

n2
0̄k;p

(sum,vw
1 ,p
′)
≺k;l

n3
�v
)

(344)

�u ≺k;l
n �v �→

∨
n1+n2+n3=n

n3>0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

〈u2, . . . ,uk〉 ≺k−1;kb
n1

1̄k−1;kb
(rem)

∧
0̄k−1;kb

(rem) ≺
k−1;kb
n2

〈v2, . . . , vk〉

∧

∨
(m1+1)(m2−1)≥(n3−1)

m2>0,m1 ,m2<n3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0̄k−1;kb
(rem) ≺

k−1;kb
m1

1̄k−1;kb
(rem)

∧
u1 ≺l

m2
v1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(345)

C.15 Reductions of Open Rigid Tuple Gap Orders

Let sum =
∑k

i=1 uw
i =
∑k

i=1 vw
i and rem =

∑k
i=2 uw

i =
∑k

i=2 vw
i . Let type(u1) = αp and type(v1) =

αp′ .

�u �k;w
n �v �→

∨
n1+n2+n3=n

n2>0

(
�u �k;pl

n1
1̄k;w

(sum,uw
1 )
�k;w

n2
0̄k;w

(sum,vw
1 )
�k;pl

n3
�v
)

(346)

�u �k;p
n �v �→

∨
n1+n2+n3=n

n2>0

(
�u �k;l

n1
1̄k;p

(sum,uw
1 ,p)
�k;p

n2
0̄k;p

(sum,vw
1 ,p
′)
�k;l

n3
�v
)

(347)

�u �k;l
n �v �→

∨
n1+n2+n3=n

n3>0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

〈u2, . . . ,uk〉 �k−1;kb
n1

1̄k−1;kb
(rem)

∧
0̄k−1;kb

(rem) �
k−1;kb
n2

〈v2, . . . , vk〉

∧

∨
(m1+1)(m2−1)=(n3−1)

m2>0,m1 ,m2<n3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0̄k−1;kb
(rem) �

k−1;kb
m1

1̄k−1;kb
(rem)

∧
u1 �l

m2
v1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(348)
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