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= What i1s a Decision Procedure?

An algorithm that checks whether a formula is valid in a given
.
| Why Do We Need New decidable theory.

Decision Procedures?
Combination?

Combination of Theories

I

I

| Uimitation satisfiable
: Our Contributions /
I

I

Our Approach
Outline

Previous Work on Queues ! —_— deC|S|0n procedure

Queues: Language, Structures

and Properties \
Decision Procedure for Queues u nsatl Sfl ab | e

Decision Procedure for Queues
with Integers

—eeamtse =t — - Always terminates with either a positive or a negative answer.

Thank You!

Relieve users from tedious interaction with theorem prover.
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~ Why Do We Need New Decision Procedures?

Decision procedures exist for speci ¢ theories
n Arithmetic: integers, reals, ...,
n Data types: lists, queues, arrays, sets, multisets, ...,

n Algebraic structures: linear dense orders ...,

But
n programming languages involve multiple theories.

n veri cation conditions do not belong to a single theory.

+ We need to reason about mixed constraints from multiple
theories.
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Introduction

| Decision Procedure n All existing combination techniques impose severe

| Why Do We Need New

Decision Procedures? restrictions on the theories to be combined.

| Combination?

n None of the techniques is applicable to multi-sorted theories
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| Our Approach
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Why should modular combinations always exists?
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=)

Concentrate on concrete problems instead of looking for
grand scheme.
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Our Contrib utions

n Integration of recursive data structures with integers
u Term algebras (tree-like objects) + integers
[ZSMO04a] IJCAR04, [ZSM04b] TPHOLs04,

u Queues (linear objects)+ integers
n Why? To automatically decide the validity of veri cation

conditions arising in the analysis of any property involving

data structures and size, for example
u buffer over o ws
u array out of bounds

u memory over ow

u
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S
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| Our Contributions
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Previous Work on Queues

n Quanti er-free theory.

Bjarner [Bj@98]

n Quanti ed theory.

Rybina and Voronkov [RV00] [RVO03]

n With Pre x Relation.

Benedikt, Libkin, Schwentick and Segou n [BLSS01]

n WS1S with cardinality constraints.

Klaedtke and Ruess [KR0O3
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= Queues (1)

Introduction Q hQ A ,C, Sl

Queues: Language, Structures
and Properties

1. A: Constants: a, b, ¢, ...

| Queues (2)

) G 2. Q: Sequences of constants. q: the empty queue.

| Primitive Words

| Conjugacy (1)

QP 3. C: Constructors:

| Conjugacy (3)

Decision Procedure for Queues Left |nsert|0n |a A Q | Q

Decision Procedure for Queues
with Integers Right Insertionra: A Q! Q,s.t.

Conclusion and Future Work

Thank You! |a(a’ Q) — ra(a1 Q) — m!
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= Queues (2)

4 S: Selectors:
Left Head |h : Q!
Right Head rh : Q!

A,LeftTail It : Q!

A ,RightTall rt : Q! Q, s.t.

Convention: use concatenation operator

a X b stands for ra(b;la(a; X)) or la(a ra(b; X)):
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orb( ) is the orbit of all words of the form  [1:i] (i < j) and
orb( ; k) is the subtrack of orb( ) ending with [1:K].

ext(; mk)= ™ [1:K];
orb( ; k) = 1[‘ext(; m;K) jm Og

orb( ) = orb( ; K):
k O

Example:

ext(abal; 2) = abaab
orb(abg0) = (ab3g ;
orb(abal) = (abg &;
orb(abga2) = (abg ah

FSTTCS 2005 - p. 15/50
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= Primitive Words

A word is primitive if , " (n 1) for any proper pre x  of

, and is strongly primitive if in addition < orb( ).

Example:
abab non-primitive
aba primitive
abb  strongly-primitive

FSTTCS 2005 - p. 16/50
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Conjugac y (1)

Two words , are conjugate if there exist words u, v (v, )
suchthat =uvand = vu.

In other words, Is obtained from by circular shift, and vice
versa. We say that is k-conjugate with if juj = k.

Example:

BNKIL —BNNIL

NML  BNKIL

FSTTCS 2005 - p. 17/50
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Conjugac y (2)

Existence:

Two words and are conjugate if and only if

©) =
Moreover, and are k-conjugate if and only if

B8 ) = $ 2orb(; K)]:

If X = X has a solution, then
Qui;Uus[ = uux M = UpUyq];
and all solutions are of the form

(Ugu2) ug:

FSTTCS 2005 - p. 18/50
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J_E-
& Conjugacy (3)

Mutual Exclusion:

A conjunction of literals of the form

Am A\n
X2orb( ;) " X <orb( ;)
i=1 =1

can be simpli ed such that

m=0_ (m=1" n=0):

Example:

X 2orb(ah”™ X 2 orb(abg 7! X 2 fa; aly abay

X 2orb(ah”™ X <orb(abg 7! X 2 orb(ab * X <fa; al aba

FSTTCS 2005 - p. 19/50



http://step-cs.stanford.edu/

Introduction

Queues: Language, Structures
and Properties

Decision Procedure for Queues

| Decision Procedure for
Queues (Bjurner)
I Normal Form in Q

Decision Procedure for Queues
with Integers

Conclusion and Future Work

Thank You!

STeP Group, December 21, 2005

Decision Procedure for Queues

FSTTCS 2005 - p. 20/50



http://step-cs.stanford.edu/

Introduction

Queues: Language, Structures
and Properties

Decision Procedure for Queues

| Decision Procedure for
Queues (Bjurner)

I Normal Form in Q

Decision Procedure for Queues
with Integers

Conclusion and Future Work

Thank You!

STeP Group, December 21, 2005

By T
o - .
~ Decision Procedure for Queues (Bjgrner)

Input: E[] D.

1. Normalize

2. Return FAIL, if inconsistency is discovered,

to

0-E°T DO

Return SUCCESS.

FSTTCS 2005 - p. 21/50
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Normal Form in Q

A queue constraint g is in normal form if
n all equalities are in triangular form,

n for each X there exists at most one literal X 2 orb( ; K),
n if X 2 orb(; K) occurs, then no X <orb( %Kk° occurs, and
n disequalities are intheform X, Y forX . Y.

Example:

P y=bzA Z=ba”r X2orah1) A X, Yab

Y=DbzZ" Z=ba”™ X2orbakgl) * X <orbaba0)
Y=bz" Z=ba”" X2orbagl) » X 2 orbbgl)
Y=bZ™ Z=Dba”™ X2orbahl) » Xa, Yab
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Queues with Integers

Presburger arithmetic (PA): L 2, PA.

Two-sorted language ol zI[ fiig

1. ! signature of queues.

2. z:signature of Presburger arithmetic.

3.]]: Q! N,thelength function.
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Length Constraint Completion (LCC)

A formula

Informally,

(X) is an LCC for
formulae are valid:

o(X) "
(2) !

z(X)!
(9X : Q)

o(X) "

(9z2:2)
o(X)

o(X)

)"

z(X)"

TOREE

(X)

2 (X), if the following

Xj=Z:

+  (X) fully characterizes o(X) "

7 (X).

+ We reduce the combined constraint to the integer domain!
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LCC (2)

Let .+ Dbe the formula that (when in place of

@)™ Xj=1z:

) satis es
)N z(X)! (9Z:2)

+ IS sound:

j ] maps a satisfying ¢ in Q to a satisfying 7 in PA.

Let be the formula that (when in place of

@' ©X:Q o))" ()" Xj=2Z

IS complete:

) satis es

any satisfying z in PA is an image under | ] of a satisfying ¢

In Q.
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LCC (3)

ldentify constraints with the corresponding solution set.

+ Is an over-approximation of

IS an under-approximation of

IS unigue up to equivalence:
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Cut Length

1. o canbe satis ed by suf ciently long queues.
2. There exists a cut length  such that any solution (l;), with

l; IS realizable.

3. But is not the smallest max( i),gsuch that

Qz Fo

An
o " Xij =
i=1

Example: fX = q;Y = @gis a solution for

Xba, abY N Xab, baY”™ Xaa, baY " Xab, aaY

while there is no solution

suchthatj (X)j=] (Y)j = 1.

FSTTCS 2005 - p. 33/50




Introduction

Queues: Language, Structures
and Properties

Decision Procedure for Queues

Decision Procedure for Queues
with Integers
Queues+tintegers

|
| Problem |
| LCC
| LCC (2)
| LCC (3)
| Example
| Main Theorem
| Generic Decision Procedure
| Problem I
| Cut Length
| Example
| Computation of LCC
I Normal Form in Qz
| Quanti®er Elimination

Conclusion and Future Work

Thank You!

STeP Group, December 21, 2005

Computation of Cut Length

PRE :the setofallwords s.t. Xor Iisapropertermin .

d : the shortest strongly primitive word d such that
(8 2PRE )d<orb( ):
Lg: the length of d .

L.: the smallest number of letters to create a unique identifying

word, called a color, for each queue variable in .
L¢: Le + Lg.

We claim that L;

FSTTCS 2005 - p. 34/50




Introduction

Queues: Language, Structures
and Properties

Decision Procedure for Queues

Decision Procedure for Queues
with Integers

| Queues+Integers

| Problem |

| LCC

| LCC (2)

| LCC (3)

| Example

| Main Theorem

| Generic Decision Procedure
| Problem I

| Cut Length

| Computation of Cut Length
| Example

| Computation of LCC

I Normal Form in Qz

| Quanti®er Elimination

Conclusion and Future Work

Thank You!

STeP Group, December 21, 2005

Example

Consider

Xba, abY " Xab, baY” Xaa, baY " Xab, aa¥Y

Then

1. PRE = falgbgaa

2. Ld:3;d

3. Lc =1, g includes two queue variables.

= aab

SolLi=Lc+ Lg=4
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Computation of LCC

Input: o” z innormal form of Q.
Initially set = s.Addto

nojty = Jto), ifty, taortg =ty

n | Xj+] J=) Xj=jX J,if X or X occurs;
n |X] k(modj j), if X 2 orb(; K).

n JXj=1(forsomei < L;)orjX] L;foreach X in
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Introduction

o Is In normal form in Qz if

Queues: Language, Structures
and Properties

Decision Procedure for Queues 1 Q |S |n normal form |n Q,

Decision Procedure for Queues

with ntegers 2. o lIs equality complete;

Queues+tintegers

o 3. if X, Y occurs with either X 2 orb( %k) or Y 2 orb( %1),
PN then 0;

LCC (3)
Example

i Main Theorem 4. X, Y does notoccur with both X 2 orb( %K) and

Generic Decision Procedure
Problem II Y 2 Orb( O, I)
Cut Length

Computation of Cut Length
Example

Computation of LCC

q Is equality complete if
| Quanti®er Elimination
t1, 122 g precisely whenjty=jt;)2 7.

Conclusion and Future Work

Thank You!
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ke o New Normalization. To deal with parameters Y.
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season proceae or uenes B1IOCKWISE Elimination. Remove a block of quanti ers in one

Decision Procedure for Queues Ste p .
with Integers
Queues+tintegers O
e (OX1;::0:9%n) (X i XYoo Ym) 7! (Y1, 22 Ym)
LCC (2)
LCC (3)
Example

Main Theorem

Problem Il

Cut Length

Computation of Cut Length
Example

Computation of LCC
Normal Form in Qz

| Quanti®er Elimination

Conclusion and Future Work

|
|
|
|
|
|
|
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|
|
|
|
|
|
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Conclusion

Decision procedures for the combination of queues with
Integer constraints

n Express memory safety property.

n Essential for practical program veri cation.

Exploit algebraic properties of concrete domains.
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Future Work (1)

n Implementation and experimentation.

n More expressive languages.

u Term algebras with subterm relation

u Queues with subsequence relations, namely,

pre X

0, Subqueue

and suf x

S
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Future Work (1)

n Implementation and experimentation.
n More expressive languages.

u Term algebras with subterm relation

u Queues with subsequence relations, namely,
prex ,, subqueue andsufx s

With our decision procedures for

QZ"’ p+ and QZ"' st

the nextstepis |Qz+ p+ | !
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Future Work (2)

Qz+ pt sis avery expressive theory.

1. Equivalent to the theory of concatenation with integers.
(Open problem since 80's, Buchi and Senger [BS88])

uv? = vuv * juj < jvj
2. Interpret the theory of arrays.
qij=a$ 9p(pa pq " jpgd =1i)
3. Interpret Presburger arithmetic with divisibility predicate.
X=y+2" y|X
4. Augmentable to theory of unbounded bit-vectors.

u v=w”" uv=ww
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Conclusion and Future Work

Thank You!

| Normalization in Q (1)

| Normalization in Q (2)

| Normalization in Qz (1)
| Normalization in Qz (2)
|
I
I

Normalization in Qz (3)
Normalization in Qz (4)
Normalization in Qz (5)
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Normalization in Q (1)

Introduction Input Q E[ D .

Queues: Language, Structures

and Properties 1. Reduce literals of the form X = % & X |, 0Oy 0
Decision Procedure for Queues Exam p | e

Decision Procedure for Queues

o abXcd= abc\d 7! false:
abXcd, abcM 7! Xc, c¥

Thank You!

| Normalization in Q (1)

| Normalization in Q (2)

| Normalization in Qz (1) 2. Eliminate equalities of the form X =Y with X . Y.
| Normalization in Qz (2)

[ For jXj <j J,

|

Normalization in Qz (5)

X=Y 7" X=T[ij Xji+13ji ™~ Y= [1ii X
For JXj ]|,
X=Y 7" X=X% ny= X%
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Normalization in Q (2)

introducion 3 Eliminate equalities of the form X = X .
Quenes Languege, Sauctes If , are not conjugate,
Decision Procedure for Queues X — X 7| false

Decision Procedure for Queues
with Integers

If , are k-conjugate,

Conclusion and Future Work

Thank You! X — X 7' X 2 Orb(, k)

| Normalization in Q (1)

| Normalization in Q (2)

| Normalization in Qz (1)

| Normalizationin Q7 (2 4 Eliminate disequalities of the form X, X
| Normalization in Qz (3) If ’ are nOt COnJUgate,

| Normalization in Qz (4)
I Normalization in Qz (5)

X, X 7!true
If , are k-conjugate,

X, X 7 X<orb(; K):
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| Normalization in Q (1)

| Normalization in Q (2)

| Normalization in Qz (2)
| Normalization in Qz (3)
| Normalization in Qz (4)
I Normalization in Qz (5)
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Normalization in Qz (1)

1 Normalize ¢ asinQ.

2 For all disequalities X, Y withjXj<jjorjYj<j j,

replace X and Y by instantiations.

In the remaining steps, we assume jX|

] jand Y]

J )
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Normalization in Qz (2)

introduction 3 Consider each subconstraint of the form

Queues: Language, Structures

and Properties X , Y N X 2 Orb( O’ k) N Y 2 Orb( 01 I) (1)

Decision Procedure for Queues

Decision Procedure for Queues

e Assuming isasufx of Xand isaprex ofY,

Conclusion and Future Work

- X, Y 7' X%2o0rb( %K) A YO2 0orb( @19 A XO, YO
I Normalization in Q (1)

| Normalization in Q (2) Wh e re

| Normalization in Qz (1)

| Normalization in Q; (3) kO: k+J OJ (J ijdj OJ) mOdJ OJ,

| Normalization in Qz (4)
0= oG jmodj )+ 13 9 913G jmodij 9);

I Normalization in Qz (5)

°= 1+j9 ( jmodj Y modj Y:

If 9= 99 then (1) is false.
If O, 9 then (1) reducesto a nite set of solutions.
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| Normalization in Qz (1)
| Normalization in Qz (2)
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I Normalization in Qz (5)
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Normalization In Qz (3)

Example 1: Consider

abX, Yba” X 2orb(algl) ™ Y 2 orb(aly 1):

abX, Yba7! X°2 orb(a1) » Y°2orb(am1) » X°, Y©

7! false:

Example 2: Consider

abX, Yba”™ X 2 orb(abhl) Y 2 orb(al 0):

abX, Yba7! X°2 orb(abh2) » Y°2 orb(a0) » X°, Y

7' X% ab Y9, ab
7' X, abba Y, abab
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| Normalization in Q (1)
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| Normalization in Qz (2)
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| Normalization in Qz (4)
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Normalization in Qz (4)

4 Consider each subconstraint of the form

Guess aword ©such thatj %= j.

li 00

Otherwise,

X, Y 7ys=

X, Y ™ X2orb( %K)

OGYO

X, Y 7"Y= YO~ X, VYO
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Normalization In Qz (5)

introduction 5 Consider each subconstraint of the form

Queues: Language, Structures

and Properties X ’ Y N Y 2 Orb( O’ |)

Decision Procedure for Queues

Decision Procedure for Queues Assumlng |S a pre X Of Y,

with Integers

Conclusion and Future Work X , Y 7| YO 2 Orb( Oq |O) N X ’ YO,

Thank You!

Normalization in Q (1)

Normalization in Q (2) Wh e re

|
|
| Normalization in Qz (1)
| Normalization in Qz (2)
|
I

Nomalzatonin Qs 9 O= 9@ jmodj P+ 15 9 Y1:G jmodj YI;

Normalization in Qz (4)

- °= 1+ % ( jmodj % modj 9:
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