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Abstract. Winfree (1998) showed that discrete Sierpinski triangles can
self-assemble in the Tile Assembly Model. A striking molecular realiza-
tion of this self-assembly, using DNA tiles a few nanometers long and
verifying the results by atomic-force microscopy, was achieved by Rothe-
mund, Papadakis, and Winfree (2004).

Precisely speaking, the above self-assemblies tile completely filled-in,
two-dimensional regions of the plane, with labeled subsets of these tiles
representing discrete Sierpinski triangles. This paper addresses the more
challenging problem of the strict self-assembly of discrete Sierpinski tri-
angles, i.e., the task of tiling a discrete Sierpinski triangle and nothing
else.

We first prove that the standard discrete Sierpinski triangle cannot strictly
self-assemble in the Tile Assembly Model. We then define the fibered
Sierpinski triangle, a discrete Sierpinski triangle with the same fractal
dimension as the standard one but with thin fibers that can carry data,
and show that the fibered Sierpinski triangle strictly self-assembles in
the Tile Assembly Model. In contrast with the simple XOR algorithm
of the earlier, non-strict self-assemblies, our strict self-assembly algo-
rithm makes extensive, recursive use of Winfree counters, coupled with
measured delay and corner-turning operations. We verify our strict self-
assembly using the local determinism method of Soloveichik and Winfree
(2005).

Key words: fractals, molecular computing, self-assembly, Sierpinski tri-

angles.

1 Introduction

Structures that self-assemble in naturally occurring biological systems are often
fractals of low dimension, by which we mean that they are usefully modeled
as fractals and that their fractal dimensions are less than the dimension of the



space or surface that they occupy. The advantages of such fractal geometries
for materials transport, heat exchange, information processing, and robustness
imply that structures engineered by nanoscale self-assembly in the near future
will also often be fractals of low dimension.

The simplest mathematical model of nanoscale self-assembly is the Tile As-
sembly Model (TAM), an extension of Wang tiling [11, 12] that was introduced
by Winfree [14] and refined by Rothemund and Winfree [6, 5]. (See also [1, 4, 9].)
This elegant model, which is described in the technical appendix, uses tiles with
various types and strengths of “glue” on their edges as abstractions of molecules
adsorbing to a growing structure. (The tiles are squares in the two-dimensional
TAM, which is most widely used, cubes in the three-dimensional TAM, etc.) De-
spite the model’s deliberate oversimplification of molecular geometry and bind-
ing, Winfree [14] proved that the TAM is computationally universal in two or
more dimensions. Self-assembly in the TAM can thus be directed algorithmically.

This paper concerns the self-assembly of fractal structures in the Tile As-
sembly Model. The typical test bed for a new research topic involving fractals
is the Sierpinski triangle, and this is certainly the case for fractal self-assembly.
Specifically, Winfree [14] showed that the standard discrete Sierpinski triangle
S, which is illustrated in Figure 1, self-assembles from a set of seven tile types in
the Tile Assembly Model. Formally, S is a set of points in the discrete Euclidean
plane Z2. The obvious and well-known resemblance between S and the Sierpinski
triangle in R? that is studied in fractal geometry [3] is a special case of a gen-
eral correspondence between “discrete fractals” and “continuous fractals” [13].
Continuous fractals are typically bounded (in fact, compact) and have intricate
structure at arbitrarily small scales, while discrete fractals like S are unbounded
and have intricate structure at arbitrarily large scales.

A striking molecular realization of Winfree’s self-assembly of S was reported
in 2004. Using DNA double-crossover molecules (which were first synthesized
in pioneering work of Seeman and his co-workers [8]) to construct tiles only
a few nanometers long, Rothemund, Papadakis and Winfree [7] implemented
the molecular self-assembly of S with low enough error rates to achieve correct
placement of 100 to 200 tiles, confirmed by atomic force microscopy (AFM).
This gives strong evidence that self-assembly can be algorithmically directed at
the nanoscale.

The abstract and laboratory self-assemblies of S described above are impres-
sive, but they are not (nor were they intended or claimed to be) true fractal self-
assemblies. Winfree’s abstract self-assembly of S actually tiles an entire quadrant
of the plane in such a way that five of the seven tile types occupy positions corre-
sponding to points in S. Similarly, the laboratory self-assemblies tile completely
filled-in, two-dimensional regions, with DNA tiles at positions corresponding to
points of S marked by inserting hairpin sequences for AFM contrast. To put the
matter figuratively, what self-assembles in these assemblies is not the fractal S
but rather a two-dimensional canvas on which S has been painted.

In order to achieve the advantages of fractal geometries mentioned in the first
paragraph of this paper, we need self-assemblies that construct fractal shapes



and nothing more. Accordingly, we say that a set F [Z% strictly self-assembles
in the Tile Assembly Model if there is a (finite) tile system that eventually places
a tile on each point of F and never places a tile on any point of the complement,
72 —F.

The specific topic of this paper is the strict self-assembly of discrete Sierpinski
triangles in the Tile Assembly Model. We present two main results on this topic,
one negative and one positive.

Our negative result is that the standard discrete Sierpinski triangle S cannot
strictly self-assemble in the Tile Assembly Model. That is, there is no tile system
that places tiles on all the points of S and on none of the points of Z2 — S. This
theorem appears in section 3. The key to its proof is an extension of the theorem
of Adleman, Cheng, Goel, Huang, Kempe, Moisset de Espanés, and Rothemund
[2] on the number of tile types required for a finite tree to self-assemble from a
single seed tile at its root.

Our positive result is that a slight modification of S, the fibered Sierpinski
triangle T illustrated in Figure 2, strictly self-assembles in the Tile Assembly
Model. Intuitively, the fibered Sierpinski triangle T (defined precisely in section
4) is constructed by following the recursive construction of S but also adding a
thin fiber to the left and bottom edges of each stage in the construction. These
fibers, which carry data in an algorithmically directed self-assembly of T, have
thicknesses that are logarithmic in the sizes of the corresponding stages of T.
Intuitively, this means that T is visually indistinguishable from S at su [ciehtly
large scales. Mathematically, it implies that T has the same fractal dimension
as S.

Since our strict self-assembly must tile the set T “from within,” the algorithm
that directs it is perforce more involved than the simple XOR algorithm that
directs Winfree’s seven-tile-type, non-strict self-assembly of S. Our algorithm,
which is described in section 5, makes extensive, recursive use of Winfree counters
[14], coupled with measured delay and corner-turning operations. It uses 69 tile
types, but these are naturally positioned into small functional groups, so that
we can use Soloveichik and Winfree’s local determinism method [10] to prove
that T strictly self assembles in our tile system.

2 Preliminaries

We work in the n-dimensional discrete Euclidean space Z", where n is a positive
integer. (In fact, we are primarily concerned with the discrete Euclidean plane
72.) We write U, for the set of all unit vectors, i.e., vectors of length 1, in Z".
We regard the 2n elements of U, as (names of the cardinal) directions in Z".

We write [X]? for the set of all 2-element subsets of a set X. All graphs
here are undirected graphs, i.e., ordered pairs G = (V, E), where V is the set of
vertices and E [C]V1]? is the set of edges.

An n-dimensional grid graph is a graph G = (V,E) in which V [ZI' and
every edge {a, b} [CH has the property that a —b [UlL,. The full grid graph on



asetV is the graph G? = (V, E) in which E contains every {a,b} ]V ]?
such that a — b .

We now give a brief and intuitive sketch of the Tile Assembly Model that
is adequate for reading this paper. More formal details and discussion may be
found in [14, 6, 5].

Intuitively, a tile type t is a unit square that can be translated, but not
rotated, so it has a well-defined “side u” for each u [CUb. Each side u is covered
with a “glue” of “color” col¢(u) and “strength” str¢(u) specified by its type t.
If two tiles are placed with their centers at adjacent points a,a—u [ZF, where
u [0y, and if their abutting sides have glues that match in both color and
strength, then they form a bond with this common strength. If the glue does
not so match, then no bond is formed between these tiles. In this paper, all
glues have strength 0, 1, or 2. When drawing a tile as a square, each side’s glue
strength is indicated by whether the side is a dotted line (0), a solid line (1), or
a double line (2). Each side’s “color” is indicated by an alphanumeric label.

Given a set T of tile types, an assembly is a partial function a : T [OI11Z?
that is stable in the sense that it cannot be “broken” into smaller assemblies
without breaking bonds of total strength at least T, where T = 2 is this paper.

Self-assembly begins with a seed assembly o and proceeds asynchronously and
nondeterministically, with tiles adsorbing one at a time to the existing assembly
in any manner that preserves stability at all times. A tile assembly system (TAS)
is an ordered triple T = (T, 0, 1), where T is a finite set of tile types, o is a seed
assembly with finite domain, and T = 2 is the temperature. A generalized tile
assembly system (GTAS) is defined similarly, but without the finiteness require-
ments. An assembly a is terminal, and we write a CAJA][T ], if no tile can be
stably added to it. A GTAS T is definitive, or produces a unique assembly, if it
has exactly one terminal assembly.

A set X [Z% weakly self-assembles if there exist a TAS T = (T,0,1) and a
set B [Tlsuch that a~1(B) = X holds for every terminal assembly a. The set
X strictly self-assembles if there is a TAS T for which every terminal assembly
has domain X.

An assembly sequence in a TAS T = (T,0,T) is an infinite sequence a =
(ap, a1, 0z, ...) of assemblies in which ap = ¢ and each aj+; is obtained from
a; by the addition of a single tile. In general, even a definitive TAS may have a
very large (perhaps uncountably infinite) number of di [erkent assembly sequences
leading to a terminal assembly. This seems to make it very di [culit to prove that
a TAS is definitive. Fortunately, Soloveichick and Winfree [10] have recently
defined a property, local determinism, of assembly sequences and proven the
remarkable fact that, if a TAS T has any assembly sequence that is locally
deterministic, then T is definitive.

We briefly review the standard discrete Sierpinski triangle and the calculation
of its zeta-dimension.

Let V = {(1,0), (0, 1)}. Define the sets Sg, S1, Sz, - [Z% by the recursion



So = {(Ol__Llo)}, O (2.1)
Si+1 =S; % +2'V

where A+cB = {a+cb|a [CAland b [CBI}. Then the standard discrete Sierpinski

triangle is the set
1
S= 5
i=0
which is illustrated in Figure 1. It iE;i{?Hnown that S is the set of all (k, ) ¥

such that the binomial coe [cieht is odd. For this reason, the set S is also
called Pascal’s triangle modulo 2.

k

7

Fig. 1. Standard Sierpinski Triangle S

3 Impossibility of Strict Self-Assembly of S

This section presents our first main theorem, which says that the standard dis-
crete Sierpinski triangle S does not strictly self-assemble in the Tile Assembly
Model. In order to prove this theorem, we first develop a lower bound on the
number of tile types required for the self-assembly of a set X in terms of the



depths of finite trees that occur in a certain way as subtrees of the full grid graph
G¥% of X.
Intuitively, given a set D of vertices of G%, we define a D-subtree of G} to

be any rooted tree in G that consists of all vertices of G}, that lie at or on the
far side of the root from D. For simplicity, we state the definition in an arbitrary
graph G.

Definition 1. Let G = (V,E) be a graph, and let D V1

1. For each r [V, the D-r-rooted subgraph of G is the graph Gp r = (Vp.r, Ep 1),
where

Vp,r = {v V1] every path from v to (any vertex in) D in G goes through r}

and
ED'r = E n [VD'r]2 .

(Note that r [V  in any case.)
2. A D-subtree of G is a rooted tree B with root r [V such that B = Gp .
3. A branch of a D-subtree B of G is a simple path m = (vp, Vs, ...) that starts
at the root of B and either ends at a leaf of B or is infinitely long.

We use the following quantity in our lower bound theorem.

Definition 2. Let G = (V,E) be a graph and let D V1 The finite-tree depth
of G relative to D is

ft-depthp (G) = sup {depth(B)|B is a finite D-subtree of G}.

We emphasize that the above supremum is only taken over finite D-subtrees.
It is easy to construct an example in which G has a D-subtree of infinite depth,
but ft-depthp (G) < oo.

Our lower bound result is the following.

Theorem 1. Let X [ZP. If X strictly self-assembles in an n-GTAS T =
(T,0,1), then |T| = ft-depthyom o (G%)-

We note that Adleman, Cheng, Goel, Huang, Kempe, Moisset de Espanés,
and Rothemund [2] proved the special case of Theorem 1 in which fo is itself

a finite tree and dom o = {r}, where r is the root of G;"f.
We now show that the standard discrete Sierpinski triangle S has infinite
finite-tree depth.

Lemma 1. For every finite set D [S]) ft—depthD(G?) = oo,
We now have the machinery to prove our first main theorem.

Theorem 2. S does not strictly self-assemble in the Tile Assembly Model.



4 The Fibered Sierpinski Triangle T

We now define the fibered Sierpinski triangle and show that it has the same
fractal-dimension as the standard discrete Sierpinski triangle.

As in Section 2, let V. = {(1,0),(0,1)}. Our objective is to define sets
To,T1,To, -~ [ZF, sets Fg, F1,Fy,--- [ZF, and functions |, f,t: N - N with
the following intuitive meanings.

1. T; is the it" stage of our construction of the fibered Sierpinski triangle.

2. F; is the fiber associated with T;j. It is the smallest set whose union with
Ti has a vertical left edge and a horizontal bottom edge, together with one
additional layer added to these two now-straight edges.

3. I(i) is the length (number of tiles in) the left (or bottom) edge of T; CH].
4. £(i) = |Fil.

5. t(i) = |Til.

These five entities are defined recursively by the equations

To = S, (stage 2 in the construction of S),

Fo=({-1}={-1,0,1,2,3}) d-1,0,1,2,3} x {—1}),

10) = 5,
£(0) = 9 = (0),

Ti+1 = T; CQ@T; CED +I1G0)V), (4.1)
Fivs = F CO—i— 13 % {—i—1,—0,-- (i + 1) — i — 2})
CH=i—1,—i,- i+ 1) —i—2}x{=i—1}),

I(i + 1) = 21(0) + 1,
fi+1)=Ff@)+2(3(+1)—1,
t(i + 1) = 3t(i) + 2F(i).

Comparing the recursions (2.1) and (4.1) shows that the sets To, T1, T2, -+ are
constructed exactly like the sets Sg,S;,S2, -, except that the fibers F; are
inserted into the construction of the sets Tj. A routine induction verifies that
this recursion achieves conditions 2, 3, 4, and 5 above. The fibered Sierpinski
triangle is the set

1

T= Ti,

i=0
which is illustrated in Figure 2. The resemblance between S and T is clear from
the illustrations. We now verify that S and T have the same fractal-dimension.

Lemma 2. Dimg(T) = Dimg(S).



Proof. Solving the recurrences for I, f, and t, in that order, gives the formulas
I(i)=3.-2"*1—1,
f(i) =323 —i—5),
30 i . L]
ti) =3 32" 4 2i+ 11,

which can be routinely verified by induction. It follows readily that

. L logt(n)

Dimz (T) = Ilmsolip og 1(n)

We note that the thickness i+1 of a fiber F; is O(log I(i)), i.e., logarithmic in

the side length of T;. Hence the dilerknce between S; and T; is asymptotically

negligible as i — oo. Nevertheless, we show in the next section that T, unlike S,
strictly self-assembles in the Tile Assembly Model.

=log3 =Dimz (S).

Fig. 2. Fibered Sierpinski Triangle T

5 Strict Self-Assembly of T

In this section, we present our second main result, which is the following.

Theorem 3. T strictly self-assembles in the Tile Assembly Model.



To show this, we use four modified versions of Winfree’s binary counter that
produce output ports (points at which structures may attach to the modified
counter) which are used to grow additional modified counters at right angles.
Recursively applying this procedure to the new counters yields the fibered Sier-
pinski triangle, as shown in Figure 2. Our singly-seeded tile set that produces
the fibered Sierpinski triangle in this manner contains 69 tile types, and can be
shown to be definitive using the method of local determinism [10].

We first construct a vertical log-width modified counter having the property
that every natural number, other than 0, is counted once and then is copied as
many times as there are least significant zero bits. We use shifters embedded in
the counter to insert such spacing rows. Although log-width counters are infinite,
the width of any row is fixed, and is logarithmic in value of the number that it
represents. It is easy to verify that the number of rows in a particular stage of
width w of our log-width counter is I(w — 2), where the function | was defined
in section 4. As such, we use log-width counters to self-assemble the two axes of
T.

Self-assembly of the “internal structure” of T is accomplished via fixed-width
modified counters, which are constructed directly from, and are in fact subsets
of, log-width modified counters. A fixed-width counter of width w will attach
to a contiguous sequence of w spacing rows of an oppositely oriented modified
counter. Counting starts at 2% + 1 and stops when the count overflows to 0. One
can easily verify that the number of rows in a fixed-width modified counter of
width w is I(w — 2) —w.

The following figure illustrates a finite snapshot of a natural, infinite assembly
sequence for T using our modified counters.

Fig. 3. Assembly sequence for T

The darkest squares in Figure 3 represent tile types that are exclusive to log-
width modified counters. It is these tile types that allow log-width counters to
never stop counting. The lightest squares represent rows in which an increment
operation occurs. All other squares represent the spacing rows, which not only
delay the count by the appropriate amount but also provide the locations to
which oppositely oriented modified counters ultimately attach.
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