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Abstract— We study the control of a nondeterministic discrete
event system (DES) subject to a control specification expressed
in the propositional mu-calculus, under complete observation
of events. Given a plant automaton model and a mu-calculus
specification we provide a set of rules that computes the “quo-
tient” of the specification against the plant, which is another
mu-calculus formula such that a supervisor exists if and only if
the quotiented formula is satisfiable. Thus the control problem
is reduced to one of mu-calculus satisfiability. We also present
a tableau-based satisfiability solving algorithm that identifies a
model for the quotiented formula. The resulting model serves as
a supervisor. The complexity of supervisor existence verification
as well as model synthesis is single exponential in the size of
the plant as well as the size of the specification formula.

I. INTRODUCTION

Supervisorycontrol problem for discrete event systems
involves computing a supervisor(if one exists) such that
when composedwith a given plant, the composedsystem
conformsto a desiredspeci cation. The frameavork of DES
controlwaspresentedn [9] in which the plantandthe speci-
cation were modeledasdeterministicautomataSincethen
extensionsto allow more generalnondeterministicmodels
of plantandmoregeneratemporal-logic/bisimulation-based
speci cationshave beenconsidered.

The problemof controlof adeterministigplantsubjectto a
mu-calculusspeci cationwas rst addressetly Arnold, Vin-
cent,andWalukiewicz in [2], wherethe authorsalsoallowed
time-varying uncontrollable actions and “projection-type”
partial obsenation function. We study the same problem
allowing nondeterminismin the plant modeland more gen-
eral state-basedncontrollableaventsbut assumea complete
obsenation of events.Also thereare similarities and differ-
encesbetweernthe two solutionapproachesThe similarities
are that we both employ the techniqueof “quotienting”,
and reducethe problemof control to that of a satis ability
problem.Thedifferencesare: (i) Quotientingis performedat
the level of mu-calculusformulasin our setting(this lets us
handlethe plantnondeterminisnin a simple manner) while
it is performedat the level of their alternatingtree automata
representationsn the setting of Arnold et al.; (i) We
absorbthe control-compatibilityrequirementsas part of the

The research was supported in part by the National Science Foundation
under the grants NSF-ECS-0218207, NSF-ECS-0244732, NSF-EPNES-
0323379, NSF-ECS-0424048, and NSF-ECS-0601570.

Samik Basu and Ratnesh Kumar are with lowa State University, Dept.
of Computer Science and Electrical & Computer Eng., respectively.
Email:f sbasu,rkumar g@iastate.edu

We are thankful to Prof. Andre Arnold who pointed out some errors in
an initial draft caused by an improper handling of the alternations in the
tableau-rules.

quotienting(this letsushandlestate-baseduchrequirements
in a straightforvard manner),while Arnold et al. impose
this as a requirementof the quotientedautomata.Riedwey
and Pinchinat[10], [8] alsopresentedan automata-theoretic
quotientingapproachfor supervisorsynthesisfor enforcing
mu-calculus speci cations. An extension of mu-calculus,
called quanti ed mu-calculus to expressthe existenceof a
supervisoras part of the speci cation logic wasintroduced.
We avoid capturingthe supervisorexistenceas part of the
speci cation logic and delegate that to the satis ability of
the quotientedproperty Furthermoreas with [2], the work
in [8] is limited to deterministicplants.

Our quotientingprocedureis closely relatedto the ones
describedin [1], [3], where quotientingof equationalmu-
calculusformula expressionsagainstlabeledtransition sys-
tems and CCS processess describedfor model checking
systemswith regular structures(e.g rings) and unbounded
subsystemgparameterizegdystemsyespectrely. In this pa-
per, we de ne the quotienting operation for mu-calculus
against labeled transition systemsin the domain of su-
pervisory controller problem taking into considerationthe
controllability requirementand also any nondeterminisnin
the plant model.

In our settingthe satis ability of the quotientedformula
is usedfor determiningcontroller existence,and a model
satisfying the quotientedformula senes as a controller A
numberof works have discussedhe problemof satis ability
checkingof mu-calculusformulas;they rely on reducingthe
satis ability problem to emptinessproblem of alternating
tree automatg4] or identifying a winning strategy in parity
games[11], [2]. In this paper we describea tableau-based
mu-calculussatis ability checkingand modelidenti cation
techniquewhich is inspired from [6]. The authorsin [6]
developedan equivalent disjunctive form of a mu-calculus
formulafor which satis ability is easilyveri ed. In contrast,
our satis ability checking and model identi cation works
directly on a mu-calculusformula. The main reasonfor
presentingour own approachfor checkingsatis ability and
model identi cation is that it is self-containedin its treat-
ment: Care hasbeentaken to keeptrack of the appropriate
historiesthat allows constructionof the successotableau
nodesfrom the currenttableaunodes,and also ensureshe
niteness of the tableauconstruction.

Il. PRELIMINARIES

A. PropositionalMu-calculusSpeci cations

The Propositionalmu-calculus[7], [5] is an expressie
temporallogic with explicit greatestand least x ed point



operatorsPropertiesn temporalogicsLTL, CTL, andCTL*
can be encodedas mu-calculusformulas. The syntax of
mu-calculusformulasis de ned over a domain(AP, X', A)
consistingof a set of atomic propositions AP, a set of
formula variablesX’, and a set of actions A, andis given
by the following grammar:

p—t |f [p|X|oAg[oVe|{a)g]lalg|oX.0

In theabore,p € AP, X € X,a € A; andtt andff denote
theformulasthatarealways“True” and“False”respectiely;
(a) and[a] denotethe “diamond” and“box” operatorgepre-
senting‘exists a-successorand“all a-successortnodalities
respectiely. We also use the notation ) to denoteeither
() or[]. cX.¢ representa x ed point formula expression
and in this case X is saidto be boundin the x ed point
formula expression.Here o € {u,v} and ;. and v denote
theleastandgreatestx edpoint operationgespectiely. The
set of variablesin a formula that are not bound are called
free The setof all mu-calculusformulas de ned over the
domain(AP, X, A) is denoted[ AP, X, A]. For a formula
o, FV(p) denotesdts setof free-variables,Sub(p) denotes
its setof sub-formulas)y|, calledlengthof ¢, denotesthe
numberof booleanand modal operatorsin ¢, and ad(y),
calledalternationdepthof ¢, denoteghe numberof nesting
betweenu andv in . ad(y) is recursvely de ned as:

e ad(tt ) = ad(ff ) = ad(X) =0

e ad(p AY) = ad(p V) = maxad(y), ad(¥)}

e ad([aly) = ad({a)y) = ad(y)
{1, ad(¢) tu
{ad(o,Y.0 ) + 1]

(oyY.py € Sub(y))

AN(X free in py)

Atp (X) 7 o (V) }
where for oX.p, p(X) = o. We use nd(y) to
denote the nesting depth, i.e., the number of nestings
of xed point expressionsin ¢. The de nition is
identical to that for ad(yp) except when ¢ = oX..

{1, nd(¢)} U {nd(o,Y.p,)+ 1| )
(0y.Y.0y € Sub(p))}

The semanticof amu-calculuFormulay is a setof states
of a labeledtransitionsystem(LTS) M wherethe formula
holdsundera givenervironmente, andis denotedby |[<p]|iw.
Herethe LTS M is a 5-tuple, (S, A, T, AP, L) whereS is
the set of states,7” C S x A x S is the set of transitions
labeledby actionsin A and L : S — 247 is the labeling
functionwhich mapsstatego setsof propositionse is amap
of the form, e : X — 2% that associatesvith eachof the
formulavariablesa setof statesandis usedfor de ning the
semanticof the variables.The LTS is typically understood
from the context and so insteadof writing [¢]', we only
write [¢] ., which is recursvely de ned in Fig. 1. In Fig. 1,
e[X — 8] denotesthe environmente with the substitution
thatassociateshe stateset § C S with thevariableX € X.
In otherwordsfor Y € X, e[X — 8](Y) equalsSif Y = X,
ande(Y) otherwise.

e ad(cX.p) = max

nd(cX.p) = max(

1. [tt ], = S

2 Ml = ¢

3, [pl, = {s|peL(s)}

4. [x]. = eX)

5  [eiAe2]. = [ei]. N e2].

6. [e1Verl. = [e1l. Ulezl.

7o Kl = {51355 sns0 € ol }
8. [lalel, = {s |AV5 L 0= e L[Wﬂe}
9. [nXele = 0{S|lelqxn & €5}
10. [vX.el, = U{SISCIlel xn &t

Fig. 1. Semantics of mu-calculus formula

We modela discreteevent systemto be controlled,called
a plant,aswell asa supervisor- for controllingit - asLTSs
with certaininitial or startstatesj.e., “initialized LTSs”. An
LTS M with initial statesSy C S is saidto satisfya formula
 if thereexists an ervironmente suchthat Sy C [«]..

B. SupervisoryContmwol

An uncontrolleddiscreteevent plant P is modeledas an
initialized LTS, P = (Sp, A,dp, AP, Lp, Sy p), WhereSp
is the nite set of states;A is the nite setof actionsor
events.At eachstates € Sp, the actionssetis partitioned
into a set of controllable actions A.(s), and a set of un-
controllableactions A, (s). 6p C Sp x A x Sp is the set
of transitions;(s, a, s’) € dp is saidto be uncontrollableif
a € A,(s), andotherwiseit is saidto be controllable. AP
is a nite setof atomic proposition;Lp : Sp — 247 is a
labelingfunction; and .Sy p C Sp is the setof initial states.

A supervisorC = (Sc, A, éc, AP, Lc, So.c), is de ned
as anotherinitialized LTS. Note that P and C sharethe
sets of actions (A) and atomic propositions (AP). The
controlled plant is obtainedby the strict synchronousom-
positionof P andC, denotedby P||C, whichis de ned as:
(Spc, A7 5p||c, AP, LPHCa SO,PC); WhereSpc = Sp xSc
is the stateset; A and AP arethe samesetsasgivenin P;
dpjjc € Spc x A x Spc is the setof transitionsof P||C
andis given by,

{((S7Q)a0u (S/aq/)) | (8707 8/) S 6P A (Q7U7 q/) S 60)}7

Lpjc : Spc — 247 isthelabelingfunctionfor P||C, which
is de ned as Lp|c(s,c) := Lp(s) N Lo(c), and So pc =
So,p % So,c denoteshe setof initial statesof P||C. In the
restof the paper we will uses, s’,s”, ... to represenstates
in theplant,q, q¢’, ¢, ... to represenstatesof supervisorand
(s,a,s") € 6p (or (¢,a,q') € 6c) will bewritten ass = s
(or g = ¢).

Dueto the presencef uncontrollableactions the supervi-
sor is requiredto satisfythe following control compatibility
requirement:when controlling the transitionsde ned at a
plant states, the supervisomustnot disableary uncontrol-
lable transitionsde ned at s.

I11. QUOTIENTING MU-CALCULUS SPECIFICATIONS

Givenadiscreteeventplant P, anda mu-calculusspeci -
cation ¢°, the control problemis to determinethe existence
of a control-compatiblesupervisorC' enforcingthe speci -
cation exists, andto nd onewhenit exists. We view the
control problem as a speci cation transformationproblem,
which transformsthe “obligation” ¢° on the controlledplant
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Fig. 2. Quotienting Rules

P||C to anobligationy™ on the supervisorC'. Satis ability
of ¢+ ensuresthe existenceof a supervisorC, while a
model for a satis able ™ represents desiredsupervisor
This speci cationtransformatioris referredto asquotienting
and is similar in avor to that in [1], [3] whereit is
appliedfor ef cient modelcheckingof synchronousystems
with replicatedsub-systemsandin nite-state parameterized
systems.

WeuseFV°, Sub®, nd® to denotethe setof freevariables,
the set of sub-formulasand the nestingdepthrespectiely,
of ¢°. The quotientingoperationinvolves introducing new
variablespnefor eachelementin X x Sp xN (N is the setof
integers),which for X € X, s € Sp, andk € N is denoted
as X, i) ThesetX x Sp x N itself is denotedas X g, «n)-
In orderto keeptrack of control compatibility requirement,
guotientingalsointroducesew greatestx edpointvariables
of the form Z,, onefor eachs € Sp. The setof all such
variablesis denotedby Z. We use7, referredto as“tags”,
to denote2*s» WYZ ThetagsetT € T maintainsa certain
historythatis neededor quotientinga x ed-pointformulaor
a x ed-pointvariable(to be explainedin moredetail below).
Foreachs € S, andT € 7, we de ne aquotientingfunction
/() [ AP, X, Al — [ AP, X(s,n)UZ, A] (seeFig. 2).

Discussion. The quotientingoperation,(¢, /. s), generatesi
formula suchthata controlledplant state(s, ¢) satis es¢
if andonly if the supervisorstateq satis es .

Rule 1 in Fig. 2 statesthat, regardlessof the controlled
plant state (s, ¢) (the propositionalconstanttt is satis ed
by every state(s, q)), the supervisorstateq should satisfy
control compatibility This is representedising a greatest
x ed point formula over Z, which requiresthat for all
uncontrollabletransitionss % s’ there exists a transition

q % ¢’ suchthat ¢’ is itself control compatiblewith respect
to actionsin A, (s’). Furtherthecontrollableactionsin A.(s)
may or may not be permitted (implied by the presence
of box-modality which can be satis ed by the presenceor
absencef box-modalaction).In orderto beableto terminate
the recursve quotienting,the tag setkeepstrack of whether
or not tt has alreadybeen quotientedagainstthe state s.
If yes, the recursve quotientingterminateswith the result
equalto the correspondingx ed-pointvariable Z,.

Rule 2 statesthat the controlledplant state(s, ¢) satis es
ff if and only if the supervisorstate ¢ satis es ff . This
is a tautology Rule 3 statesthat for the controlled plant
state(s, ¢q) to satisfy the atomic propositionp, p must be
satis ed by s (otherwiseno ¢ stateexists) andthe supervisor
state ¢ must also satisfy p. In addition, the supervisor
state should satisfy the control compatibility requirement
((tt 4.s)). Rules4 and5 statesthat quotientingcommutes
with conjunctionanddisjunction.

Rule 6 corresponddo the modal formula (a)p. A con-
trolled plant state(s, ¢q) satis es (a)p if and only if there
exists a successorstate (s, ¢’) on action “a” such that
(s',q") satis es ¢; or equialently, there exists a successor
(s',¢") suchthat ¢’ satises (¢, 4s"). Proceedingfurther,
(s, q) satis es(a)yp if andonly if thereexists a-successos’
and ¢ satis es the formula (a) \/ .« (¢4 s). Note that
the quotientedformula includesthe extra conjunct(it ,7.s)
to accountfor the control compatibility requirementRule 7
is a dual of Rule 6 and canbe understoodn a similar way:.

Rules8 and9 areusedfor quotienting x ed point formula
and x ed-pointvariablerespectrely. Dueto (i) the multiplic-
ity of the plant states,(ii) the multiplicity of the variables
that a certain x ed-pointformula embedsand (iii) the fact
that quotientingis performedby recursvely descendinghe
parse-treeof the sub-formulas,the quotientingof a x ed-
point formula can occurin associatiorwith different states
and multiple times with eachstate.The tag setkeepstrack
for each x ed-pointformula, andfor eachstate,the number
of timesthe x ed-pointformula hasbeenquotiented(with
respectto the state).The countis incrementedby oneeach
time sucha quotientingis performed We arguethatthe count
remainsboundedAs aresultthe sizeof tag setitself remains
bounded(seeTheorem1l).

Rule 8 statesthat the quotientof a x ed point formula
is the x ed point of the quotientformula, wherethe x ed
point variable X, ;) appearingin the quotientedformula
is a function of (a) the variable X of the formula being
guotiented, (b) the state s againstwhich the quotient is
being performed, and (c) the number of times, j, such
guotienthasbeenperformedin past.Note thateachrepeated
guotientingoperationonthesame x edpointformulaagainst
the samestateincrementsthe count of quotientingand the
correspondingzariableis storedin the tag setT'.

Rule 9 statesthat the quotientof a x ed point variable
is sameas the quotient of the correspondingx ed point
formula when that variable has not beenquotientedin the
pastas indicatedby the tag set; otherwisethe resultis the
corresponding x ed point variable obtained from the tag



set. The latter casecausesthe terminationof the recursive
computation.Note that, if the variable being quotientedis
a free variable,the quotientingoperationsgenerates new
free variableasthe result.

Remarkl: The rst quotientingrule is to accommodate
the state-dependentontrollability constraint.It is possible
to modify this rule to accommodatery generalconstraint
1, that a controller statemust satisfy when the plant is in
states by simply de ning Rule 1 as(it 7.s) = ;.

We have the following theoremsestablishingthe termi-
nation of the quotientingof a x ed-pointformula and the
correctnesof the reductionof the control problemto the
satis ability of the quotientedformula.

Theoem1l1: Given P = (Sp,A,0p, AP, Lp,Sp,p) anda
control speci cation formula ¢°, the maximum number of
timesa x ed point expressionoY.¢,, a sub-formulaof ¢°,
is quotientedoy ary states € Sp is O(|Sp|™? ).

Proof: For a formula ¢ with nd(y) = 1, the above
theoremcan be proved immediately

Assumethatfor ¢ with nd(y) = n, themaximumnumber
of times a x ed point expressionis quotientedby a state
is f(n) (inductionhypothesis)We add an outer x ed point
formulac X., expressiorsuchthaty is asub-formulan ¢,
andnd(cX.p;) = n+ L If 0X.p, is quotientedonce,then
x ed point expressiondn its sub-formulay with nd(y) =
n can be quotientedf(n) timesby a state(from induction
hypothesis)Since X is the outermostx ed point variable,it
canbe quotiented Sp| times.Proceedindurther, x edpoint
expressiondn its sub-formulay canbe quotientedf(n) x
|Sp| timesby astateji.e., f(n+ 1) = f(n)x|Sp|. Therefore,
Vi > 1.f(i) = |Sp[. [

Theoem?2: Considera plant P = (Sp, A,dp, AP, Lp,
So,p) andacontrolspeci cationy°. Thenfor ary supervisor
C = (S¢,A,0c,AP,L¢c,So,c), a controlled state (s, q)
satis es ¢° iff the supervisorstateq satis es (¢°,/ s).

Proof: Follows from the discussionof the quotienting
rulesand Theorem1. ]

IV. SATISFIABILITY CHECKING AND MODEL DISCOVERY

Having reducedthe problem of control to one of mu-
calculussatis ability, we presenta techniquefor checking
the satis ability of amu-calculuformulay® € [ AP, X, A]
andidentifying a modelwitnessingthe satis ability.
Preliminaries. To distinguish betweengreatestand least
X ed point variablesat variousalternationdepths,we assign
anidenti er, id to eachvariable:

id(X) = { 2x ad(cX.pz)

2xad(cX.p;) —1
Note thatthe id of a x ed point variableis an odd number
if andonly if it is of the least x ed point nature,andis the
largestfor the outer most x ed point variable.

if o=v
otherwise

A. Tableau-based\pproach

We usea setof rulesto constructa tableaufrom which
satis ability of a mu-calculusformula can be established
and an appropriatemodel can be identi ed. Each tableau

Cho M°
(e Ch, M2 ... Cﬁl)M_";
eachC is a setwith elementsof the form (<p,)_(>, N). Here
p € [ AP, X, A] is a formula expressioE;X e X*is
a sequenceof x ed point variables,and N € N* is a
sequencef integers.The historyannotatiorf is of theform
{(C7,s7)}, whereeachs’ is a state-symbol.

For i > 0, each C*, H’ is determinedas a function
of €% and H°, whereasM?® is de ned as a function of
MY, M2 ..., M™, CY andHC. FurthereachM? is a model
expressionwhich satis es the conjunction of the formula
expressionsn C*. Therearetwo constanimodelexpressions:
M is simply a single state (representinga true-model)
while M;+ represents modelwith no state(a false-model).
Additionally M cantake theform, sx[A,(a; : M;)], meaning
M is rootedat states possessindor eachi an a;-transition
to theroot of model ;. In caseM; = M;+¢ for somes, then
s* [A;(a; : M;)] is equivalentto My .

Each pair “C3,, M™ is referredto as a node of the
tableau. We also say that the pair “C?, M is the
numeratornode of a tableaurule while “C;,; M*™ (1 <
1 < n) pairsarereferredto asthe denominatomodes.Fig. 3
presentghe tableaurules.

Discussion.Givenaformulap® whosesatis ability needgo

be determineda tableau-tredor simply a tableau)rootedat
the node“{(°,¢,€)}g M" is iteratively createdby ring a
tableau-rulavhosenumeratomatchesa nodeof the existing

tableau-treeandin which casesuccessotableau-treanodes
correspondingto the denominatorare created. Note no

successois createdfor a tableau-rulewhose denominator
is empty (denotedas a “e”). When the iteration creating
the tableau-tregerminateghe modelexpressionof the leaf

nodespossessle nite valuationswhich areusedto associate
de nite valuationswith the model expressionsof all other
nodes,including the root. At this point ¢ is satis able if

andonly if the modelexpressionM of the root nodeis not

M;s; (seeTheorem3).

Rule 1 statesthat M satis es a conjunctionof formula
expressionsone of which is tt if and only if it satises
the conjunctionwithout the conjuncttt . On the otherhand
Rule 2 statesthat M satis es a conjunction of formula
expressionsone of which is # if and only if M equals
Ms+ . Rule 3 stateghat M satis esa conjunctionof formula
expressionsone of which is an atomic propositionp if and
only if M is rootedat a states labeledp (p € L(s)) andalso
M satis esthe conjunctionwithout the conjunctp. The fact
that M is rootedat s hasbeenrepresente@s M = s * B,
where B is of the form A\;(a; : M;).

Rule 4 statesthat the true-model (or equialently ary
model) satis es a conjunction of empty set of formula
expressions.Rule 5 statesthat M satis es a conjunctve
formula if and only if it satis es each of the conjuncts,
whereasRules 6 and 7 statethat M satis es a disjunctive
formulaif andonly if it satis esoneof thedisjuncts.Rule 8
statesthat M satis es a x ed point formula ¢ X.¢ if and
only if it satis es .

Rule 9 statesthat M satis es a conjunctionof formula

rule is of the form: where

M1



{tt, XN} uCly M

9 {(ff,X,N)} U Cly M=DM;
: °

Ch M
3 [{(p,X,gH)}uAgZ*BM:s*B where p2 L(s)

g Un M= {erp, X N)} UCl M

' ° " [{(,X,N),($,X,N)} U Cla M

6 LV XN} Ul M [{(eve. X.N)} U Clu M
" {e,X,N)} uClu M @, X,N)} uClw M
8 H(oX.0,X,N)} U Cly M

' [{QO,X,N)} U C]H M

{(X,X.N)} U CJn
Ch M

M \where X 2 Fve

{XX.N)} U Clu M
(e X, (X.X),N)} U Cln

v, ocX.p 2 Sub®

[(Jalp, X, N)UC]a M
Cy M

[([a)o. X, N)UClu M

W @lentaytt), X, M)oCle M

12.

Lo
ifC:f(ﬂai}isoz‘f)l(z'f{Vz‘)g, .
®(C’ =f(,[a}s0',X’7N')g[ f (Ha:d i, X/, N{)g,5) 2 H and
@(MiSDJﬁXj’Nj) 2C

Chy M

1 a,n
Mael. Clg

13.

Clo Mamn
Lo 1ol
if ¢ =1f(Haifpi, X, Ni)g,@(C’ = (Haif i, X, Nj)g, s) 2 H
and 8([apy, Xi, N;) 2 C.9(haip;, X, Nj) 2 C, in which case,
\%

M :=s¢ a,ja:Ma’j

Cod =1 (0, X1,V | (lalipi, X oo N0 2 €O Ty, X503V )0,
such that (hai ij,{Xj7!JVj) 2C
H :=H[ f(CD, sc)g, where
cO := f (Hal Lpz,')(Z,Z']VZ)J (Haj zpi,!Xi, INZ) 2 Cg
14 C _ M

! ! [
if ¢ =f(Hailpi, Xi, N:)g,9(C" =1 (Ha;l s, X[, N/)g,s) 2 H
in which case,
Moo= M

if Ifp (C,C")
s otherwise , Where
Ifp (C,C’) is a Boolean expression that hqlds iff \
9ig,41,...,in =0 : (852 [0,n 1] : N;j 2 suff (Nijy )s
| |

max id(X)jX 2 X, /X';j,j 2 [0,n 1]gis odd
Fig. 3. Tableau for satisfiability and model identification for ¢

expressionsone of which is a free variable X € FV*° if
andonly if it satis esthe conjunctionwithout the conjunct
X. (This is so becausehe satis ability of a free variable
can always be guaranteedy selectingan appropriateervi-
ronment.)Rule 10 is similar but appliesto a conjunctionof
formula expressionsone of which is a x ed-pointvariable.
In this case M satis es the conjunction if and only if
it satis es the conjunction with the x ed-point variable
conjunctreplacedby its x ed point formula expression.At
the sameti_methe x ed-pointvariable X is prependedo the
sequenceX of thecorrespondinduple. This is to keeptrack
of the sequencef x ed-pointvariablesvisited thusfar.

Rules11, 12, 13 and 14 apply whenall the formula ex-
pressionsn the numeratorC aremodalformulaexpressions.
Rules11 and 12 are appliedwhenthereexists a box-modal

formula on an action a with no diamond-modaformula on
the sameaction. Togethertheserules statethat [a]o canbe
satis edif andonly if eithersomea-transitionsexist andall
its successorsatisfy o (Rule 11) or thereis no a-transition
(Rule 12).

Rule 13 is applied where every box-modal action has
a correspondingdiamond modal obligation. It statesthat
for ary action a, a set of formula expressionof the form
{{a) ¢} is satis able by a model stateif and only if each
diamondobligationis satis ed by somea-successoandeach
a-successosatis es all of the box obligations.Accordingly
for eachactiona, adenominatonodeaggrejatesall the box-
obligations and one diamond obligation (see de nition of
C%J in Rule 13 of Fig. 3). Finally the history is augmented
to record (i) C,_r}nodi ed to include the ancestomode tag
by prependingN; with ¢, and (i) the model states that
satis esthe formulaexpressionsn C. Suchaugmentatioris
performedo recordthefactthatC' wasvisited.Notethata C'
containingonly the modalformulaexpressionss recordedn
the historyset.This is becaus®nly for sucha C, atransition
in the model stateoccurs(on the associateanodalactions).

Rule 14 applies when the modal formula expressions
in the numeratorC' are also presentin an elementC’ of
the history set, implying that suchformula expressionsare
beingrevisited owing to the expansionof certain x ed point
variablegRule 10).mesetof x edpointvariablesexpanded

is given by )K/X{ﬁj € [0,n — 1], where the notation
—  — — —

“X,/X5" removesthesufx X, from the sequenceX;. The
predicatdfp (C,C") holdsif andonly if the outermostx ed
point variable(one having the largestid) expandeds of the
least x ed point nature(i.e. its id is odd). If Ifp evaluates
to true, thenthe model M is setto Mss; otherwiseit is set
equalto the states correspondingo the elementC’ in H.

Theoem3: A mu-calculusformula ¢° is satis able iff
there exists a tableauwith root node “{(¢°,€,€)}g M",
suchthat M is assignedo a non false-model.

Proof: Follows from the abore discussion. [ |

B. Compleity

We considera nondeterministicplant with stateset Sp,
maximum branchingdegree d* on ary action a (d*=1 for
a deterministic P), maximum branchingdegree d over all
actions,and a control speci cation ¢°.

Thelengthof the quotientedformula ™ canbe estimated
by rst estimatingits nestingdepthand next estimatingthe
numberof booleanand modal operatorsappearingat each
level of the nesting. The nesting depth of the quotiented
formulais O(|Sp|™? ) (from Theorem1). Now to estimate
the numberof booleanand modal operatorsat ary level of
the nesting,we considerthe “ampli cation factor” due to
eachquotientingrule (with respectto the existing number
of booleanand modal operatorsin ¢°, which is |¢°]), and
aggrejate them to get the overall ampli cation. All but
Rules1, 6, and 7 have the unity ampli cation factor The
ampli cation factor of Rule 1 is O(|Sp| x d) since the
number of booleanoperatorsin each greatest x ed point
formula is O(d) and the number of greatest x ed point



Fig. 4. (a) Maze for cat and mouse. (b) Models for cat and mouse. (c)
Supervisor: Each state denotes cat and mouse position.

formula introducedat a nestinglevel is O(|Sp|). Rules6
and 7 have the ampli cation factorof O(max,d®*) < O(d).
So the overall ampli cation factoris O(1 + (|Sp| x d) +
d). Multiplying this by the numberof booleanand modal
operatorsin ¢°, i.e., |¢°|, yields the secondestimateas
O([1+ (|Sp|+ 1) xd] x |¢°[). Sothelengthof the quotiented
formulais O([1 + (|Sp|+ 1) x d] x |¢°| x |Sp[™? ).

Note that when the controllability constraintis state-
independentRule 1 canbe simpli ed as:

(¢ /25)= { v sea iz e 102)
In this casethelengthof thequotientedormulay™ becomes
O([(L+ d) x |°|+ |A]] x |Sp|™® ). A similar simpli cation
is applicablefor any other state-independertontrollability
constraint.

We next considerthe compleity of satis ability checking
and model identi cation for the quotientedformula o,
which considersat each of its nestinglevel, all possible
subsetof the subformulaeof ™. At eachnestinglevel the
numberof possiblesubsetof the subformulagy™ examined
is O[1+USpI+)xdlxle [y So the overall compleity is
givenby O(|Sp|"? x 2[1+(Sel+1)xdlxle 1) "n light of the
discussiorof the previous paragraphthe compleity simpli-
es to O(|Sp|™? x 201+d)xle |+14ly whenthe controllability
is state-independentiNote that this is polynomial in the
numberof plant statesSp.

if s2 So,p
otherwise

V. CASE STUDY

Considerthe mazeof 5 roomsshavn in Fig. 4(a) where
a cat and a mousemove. The roomsare labeled0 through
4 and are interconnectedria a numberof doorways. Each
doorway is assigned directionand hasan exclusive acces-
sibility eitherfor the mouseor the cat: doorway accessible
by the mouseis denotedby m; while that accessibléoy the
cat is denotedc;. All doorways with the exception of c;
are controllable.Initially the cat and the mouseare in the
rooms 2 and 4 respectiely. The behaiors of the cat and

the mouseareshaw in Fig. 4(b); their productgenerateshe
plant model.

The objective is to nd a supervisorwhich does not
allow the cat and the mouseto occupy the sameroom
simultaneouslyThe speci cation of the controlled plant is
representedby greatestx ed point formulavX.(p A [-]X)
where p represents propositionwhich is true only when
the cat and the mouseare not in the sameroom. We usea
short-hanchotation[—] to represenainy action. The formula
representghe stateswhere p holds and this continuesto
remaintrue after ary action.

The speci cationis quotientedagainsthe plantmodeland
amodel(representing candidatecontroller)for the quotient
is generatedThe supervisomodelis presentedn Fig. 4(c).
In the gure, we denotestatesin the supervisowith the cor-
respondingoomsin which thecatandthe mousearepresent.
Note that, when the cat and the mousearein rooms0 and
4 respectiely, the supervisorcanallow the cat-move ¢;. As
thisis a non-deterministit¢ransitionfor the cat,the successor
controllerstatedesignateshatthe catcanbeeitherin room1
or 3. Prototypeimplementatiorof our techniqueis available
at http://www.cs.iastate.edu/ "sbasu/control-quo t.

VI. CONCLUSION

We presentedh techniquefor supervisorycontrol of non-
deterministic discrete event plants under complete obser
vation of events subjectto speci cation expressedin the
propositionalmu-calculusCentralto our methodis a direct-
guotientingof the mu-calculusspeci cationagainstthe plant
model.A control-compatiblesupervisorexistsif andonly if
the quotientedformula is satis able, and further a model
witnessingthe satis ability canbe usedasa supervisor
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