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Abstract— We study the control of a nondeterministic discrete
event system (DES) subject to a control specification expressed
in the propositional mu-calculus, under complete observation
of events. Given a plant automaton model and a mu-calculus
specification we provide a set of rules that computes the “quo-
tient” of the specification against the plant, which is another
mu-calculus formula such that a supervisor exists if and only if
the quotiented formula is satisfiable. Thus the control problem
is reduced to one of mu-calculus satisfiability. We also present
a tableau-based satisfiability solving algorithm that identifies a
model for the quotiented formula. The resulting model serves as
a supervisor. The complexity of supervisor existence verification
as well as model synthesis is single exponential in the size of
the plant as well as the size of the specification formula.

I . INTRODUCTION

Supervisorycontrol problem for discreteevent systems
involves computing a supervisor(if one exists) such that
when composedwith a given plant, the composedsystem
conformsto a desiredspeci�cation.The framework of DES
controlwaspresentedin [9] in which theplantandthespeci-
�cation weremodeledasdeterministicautomata.Sincethen
extensionsto allow more generalnondeterministicmodels
of plant andmoregeneraltemporal-logic/bisimulation-based
speci�cationshave beenconsidered.

Theproblemof controlof adeterministicplantsubjectto a
mu-calculusspeci�cationwas�rst addressedby Arnold, Vin-
cent,andWalukiewicz in [2], wheretheauthorsalsoallowed
time-varying uncontrollable actions and “projection-type”
partial observation function. We study the sameproblem
allowing nondeterminismin the plant modelandmoregen-
eralstate-baseduncontrollableeventsbut assumea complete
observation of events.Also therearesimilaritiesanddiffer-
encesbetweenthe two solutionapproaches.The similarities
are that we both employ the techniqueof “quotienting”,
and reducethe problemof control to that of a satis�ability
problem.Thedifferencesare:(i) Quotientingis performedat
the level of mu-calculusformulasin our setting(this lets us
handletheplant nondeterminismin a simplemanner),while
it is performedat the level of their alternatingtreeautomata
representationsin the setting of Arnold et al.; (ii) We
absorbthe control-compatibilityrequirementsas part of the
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quotienting(this letsushandlestate-basedsuchrequirements
in a straightforward manner),while Arnold et al. impose
this as a requirementof the quotientedautomata.Riedweg
andPinchinat[10], [8] alsopresentedan automata-theoretic
quotientingapproachfor supervisorsynthesisfor enforcing
mu-calculus speci�cations. An extension of mu-calculus,
called quanti�ed mu-calculus, to expressthe existenceof a
supervisoraspart of the speci�cation logic was introduced.
We avoid capturingthe supervisorexistenceas part of the
speci�cation logic and delegate that to the satis�ability of
the quotientedproperty. Furthermore,as with [2], the work
in [8] is limited to deterministicplants.

Our quotientingprocedureis closely relatedto the ones
describedin [1], [3], where quotientingof equationalmu-
calculusformula expressionsagainstlabeledtransitionsys-
tems and CCS processesis describedfor model checking
systemswith regular structures(e.g rings) and unbounded
subsystems(parameterizedsystems)respectively. In this pa-
per, we de�ne the quotienting operation for mu-calculus
against labeled transition systemsin the domain of su-
pervisory controller problem taking into considerationthe
controllability requirementand also any nondeterminismin
the plant model.

In our settingthe satis�ability of the quotientedformula
is used for determiningcontroller existence,and a model
satisfying the quotientedformula serves as a controller. A
numberof workshave discussedtheproblemof satis�ability
checkingof mu-calculusformulas;they rely on reducingthe
satis�ability problem to emptinessproblem of alternating
treeautomata[4] or identifying a winning strategy in parity
games[11], [2]. In this paper, we describea tableau-based
mu-calculussatis�ability checkingand model identi�cation
techniquewhich is inspired from [6]. The authors in [6]
developedan equivalent disjunctive form of a mu-calculus
formula for which satis�ability is easilyveri�ed. In contrast,
our satis�ability checking and model identi�cation works
directly on a mu-calculusformula. The main reasonfor
presentingour own approachfor checkingsatis�ability and
model identi�cation is that it is self-containedin its treat-
ment: Carehasbeentaken to keeptrack of the appropriate
histories that allows constructionof the successortableau
nodesfrom the current tableaunodes,and also ensuresthe
�niteness of the tableauconstruction.

I I . PRELIMINARIES

A. PropositionalMu-calculusSpeci�cations

The Propositionalmu-calculus[7], [5] is an expressive
temporal logic with explicit greatestand least �x ed point



operators.Propertiesin temporallogicsLTL, CTL, andCTL*
can be encodedas mu-calculusformulas. The syntax of
mu-calculusformulasis de�ned over a domain(AP,X , A)
consisting of a set of atomic propositionsAP , a set of
formula variablesX , and a set of actionsA, and is given
by the following grammar:

φ→ tt | ff | p | X | φ ∧ φ | φ ∨ φ | 〈a〉φ | [a]φ | σX.φ

In the above, p ∈ AP,X ∈ X , a ∈ A; and tt and ff denote
theformulasthatarealways“True” and“False”respectively;
〈a〉 and[a] denotethe“diamond” and“box” operatorsrepre-
senting“existsa-successor”and“all a-successor”modalities
respectively. We also use the notation 〈[ ]〉 to denoteeither
〈 〉 or [ ]. σX.φ representsa �x ed point formula expression
and in this caseX is said to be bound in the �x ed point
formula expression.Here σ ∈ {µ, ν} and µ and ν denote
the leastandgreatest�x edpoint operationsrespectively. The
set of variablesin a formula that are not boundare called
free. The set of all mu-calculusformulas de�ned over the
domain(AP,X , A) is denoted�[ AP,X , A]. For a formula
ϕ, FV (ϕ) denotesits setof free-variables,Sub(ϕ) denotes
its set of sub-formulas,|ϕ|, called length of ϕ, denotesthe
numberof booleanand modal operatorsin ϕ, and ad(ϕ),
calledalternationdepthof ϕ, denotesthe numberof nesting
betweenµ andν in ϕ. ad(ϕ) is recursively de�ned as:

• ad(tt ) = ad(ff ) = ad(X) = 0
• ad(ϕ ∧ ψ) = ad(ϕ ∨ ψ) = max{ad(ϕ), ad(ψ)}
• ad([a]ϕ) = ad(〈a〉ϕ) = ad(ϕ)

• ad(σX.ϕ) = max













{1, ad(ϕ)}∪
{ad(σyY.ϕy) + 1 |

(σyY.ϕy ∈ Sub(ϕ))
∧(X free in ϕy)
∧(fp (X) 6= fp (Y ))}













where for σX.ϕ, fp (X) = σ. We use nd(ϕ) to
denote the nesting depth, i.e., the number of nestings
of �x ed point expressions in ϕ. The de�nition is
identical to that for ad(ϕ) except when ϕ = σX.ϕ.

nd(σX.ϕ) = max

(

{1, nd(ϕ)} ∪ {nd(σyY.ϕy) + 1 |
(σy .Y.ϕy ∈ Sub(ϕ))}

)

Thesemanticsof a mu-calculusformulaϕ is a setof states
of a labeledtransitionsystem(LTS) M wherethe formula
holdsundera givenenvironmente, andis denotedby [[ϕ]]Me .
Here the LTS M is a 5-tuple, (S,A, T,AP,L) whereS is
the set of states,T ⊆ S × A × S is the set of transitions
labeledby actionsin A andL : S → 2AP is the labeling
functionwhich mapsstatesto setsof propositions.e is a map
of the form, e : X → 2S that associateswith eachof the
formula variablesa setof statesandis usedfor de�ning the
semanticsof the variables.The LTS is typically understood
from the context and so insteadof writing [[ϕ]]Me , we only
write [[ϕ]]e, which is recursively de�ned in Fig. 1. In Fig. 1,
e[X 7→ Ŝ] denotesthe environmente with the substitution
thatassociatesthestateset Ŝ ⊆ S with thevariableX ∈ X .
In otherwordsfor Y ∈ X , e[X 7→ Ŝ](Y ) equalsŜ if Y = X ,
ande(Y ) otherwise.

1. [[tt ]]e = S
2. [[ff ]]e = ∅
3. [[p]]e = {s | p ∈ L(s)}
4. [[X]]e = e(X)
5. [[ϕ1 ∧ ϕ2 ]]e = [[ϕ1 ]]e ∩ [[ϕ2 ]]e
6. [[ϕ1 ∨ ϕ2 ]]e = [[ϕ1 ]]e ∪ [[ϕ2 ]]e
7. [[〈a〉ϕ]]e = {s | ∃s

a
→ s0 ∧ s0 ∈ [[ϕ]]e}

8. [[[a]ϕ]]e = {s | ∀s
a
→ s0 ⇒ s0 ∈ [[ϕ]]e}

9. [[µX.ϕ]]e = ∩{Ŝ | [[ϕ]]e[X7! Ŝ] ⊆ Ŝ}

10. [[νX.ϕ]]e = ∪{Ŝ | Ŝ ⊆ [[ϕ]]e[X7! Ŝ]}

Fig. 1. Semantics of mu-calculus formula

We modela discreteevent systemto be controlled,called
a plant,aswell asa supervisor- for controlling it - asLTSs
with certaininitial or startstates,i.e., “initialized LTSs”. An
LTSM with initial statesS0 ⊆ S is saidto satisfya formula
ϕ if thereexists an environmente suchthatS0 ⊆ [[ϕ]]e.

B. SupervisoryControl

An uncontrolleddiscreteevent plant P is modeledas an
initialized LTS, P = (SP , A, δP , AP, LP , S0,P ), whereSP
is the �nite set of states;A is the �nite set of actionsor
events.At eachstates ∈ SP , the actionsset is partitioned
into a set of controllableactionsAc(s), and a set of un-
controllableactionsAu(s). δP ⊆ SP × A × SP is the set
of transitions;(s, a, s′) ∈ δP is said to be uncontrollableif
a ∈ Au(s), and otherwiseit is said to be controllable.AP
is a �nite set of atomic proposition;LP : SP → 2AP is a
labelingfunction; andS0,P ⊆ SP is the setof initial states.

A supervisorC = (SC , A, δC , AP, LC , S0,C), is de�ned
as another initialized LTS. Note that P and C sharethe
sets of actions (A) and atomic propositions (AP ). The
controlledplant is obtainedby the strict synchronouscom-
positionof P andC, denotedby P ||C, which is de�ned as:
(SPC , A, δP ||C , AP, LP ||C , S0,PC), whereSPC = SP ×SC
is the stateset;A andAP are the samesetsasgiven in P ;
δP ||C ⊆ SPC × A × SPC is the set of transitionsof P ||C
and is given by,

{((s, q), σ, (s′, q′)) | (s, σ, s′) ∈ δP ∧ (q, σ, q′) ∈ δC)},

LP ||C : SPC → 2AP is thelabelingfunctionfor P ||C, which
is de�ned asLP ||C(s, c) := LP (s) ∩ LC(c), andS0,PC =
S0,P × S0,C denotesthe setof initial statesof P ||C. In the
restof the paper, we will uses, s′, s′′, . . . to representstates
in theplant,q, q′, q′′, . . . to representstatesof supervisorand
(s, a, s′) ∈ δP (or (q, a, q′) ∈ δC) will be written ass a

→ s′

(or q a
→ q′).

Dueto thepresenceof uncontrollableactions,thesupervi-
sor is requiredto satisfy the following control compatibility
requirement:when controlling the transitionsde�ned at a
plant states, the supervisormustnot disableany uncontrol-
lable transitionsde�ned at s.

I I I . QUOTIENTING MU-CALCULUS SPECIFICATIONS

Givena discreteeventplantP , anda mu-calculusspeci�-
cationϕ◦, the control problemis to determinethe existence
of a control-compatiblesupervisorC enforcingthe speci�-
cation exists, and to �nd one when it exists. We view the
control problem as a speci�cation transformationproblem,
which transformsthe“obligation” ϕ◦ on thecontrolledplant
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Fig. 2. Quotienting Rules

P ||C to an obligationϕ÷ on thesupervisorC. Satis�ability
of ϕ÷ ensuresthe existenceof a supervisorC, while a
model for a satis�able ϕ÷ representsa desiredsupervisor.
This speci�cationtransformationis referredto asquotienting
and is similar in �a vor to that in [1], [3] where it is
appliedfor ef�cient modelcheckingof synchronoussystems
with replicatedsub-systems,andin�nite-state parameterized
systems.

We useFV ◦, Sub◦, nd◦ to denotethesetof freevariables,
the set of sub-formulas,and the nestingdepthrespectively,
of ϕ◦. The quotientingoperationinvolves introducingnew
variables,onefor eachelementin X×SP×N (N is thesetof
integers),which for X ∈ X , s ∈ SP , andk ∈ N is denoted
asX(s,k). ThesetX ×SP ×N itself is denotedasX(SP ×N).
In order to keeptrack of control compatibility requirement,
quotientingalsointroducesnew greatest�x edpoint variables
of the form Zs, one for eachs ∈ SP . The set of all such
variablesis denotedby Z . We useT , referredto as “tags”,
to denote2X( SP � N) ∪Z . ThetagsetT ∈ T maintainsa certain
historythatis neededfor quotientinga �x ed-pointformulaor
a �x ed-pointvariable(to beexplainedin moredetailbelow).
For eachs ∈ S, andT ∈ T , we de�ne a quotientingfunction
�

T
(s) : �[ AP,X , A] → �[ AP,X(SP ,N) ∪Z , A] (seeFig. 2).

Discussion. The quotientingoperation,(ϕ�
T
s), generatesa

formulaψ suchthata controlledplantstate(s, q) satis�esϕ
if andonly if the supervisorstateq satis�esψ.

Rule 1 in Fig. 2 statesthat, regardlessof the controlled
plant state(s, q) (the propositionalconstanttt is satis�ed
by every state(s, q)), the supervisorstateq shouldsatisfy
control compatibility. This is representedusing a greatest
�x ed point formula over Zs which requires that for all
uncontrollabletransitionss a

→ s′ there exists a transition

q
a
→ q′ suchthat q′ is itself control compatiblewith respect

to actionsin Au(s′). Furtherthecontrollableactionsin Ac(s)
may or may not be permitted (implied by the presence
of box-modalitywhich can be satis�ed by the presenceor
absenceof box-modalaction).In orderto beableto terminate
the recursive quotienting,the tag setkeepstrack of whether
or not tt has alreadybeenquotientedagainstthe states.
If yes, the recursive quotientingterminateswith the result
equalto the corresponding�x ed-pointvariableZs.

Rule 2 statesthat the controlledplant state(s, q) satis�es
ff if and only if the supervisorstate q satis�es ff . This
is a tautology. Rule 3 statesthat for the controlled plant
state(s, q) to satisfy the atomic propositionp, p must be
satis�ed by s (otherwiseno q stateexists)andthesupervisor
state q must also satisfy p. In addition, the supervisor
state should satisfy the control compatibility requirement
((tt �T s)). Rules4 and 5 statesthat quotientingcommutes
with conjunctionanddisjunction.

Rule 6 correspondsto the modal formula 〈a〉ϕ. A con-
trolled plant state(s, q) satis�es 〈a〉ϕ if and only if there
exists a successorstate (s′, q′) on action “a” such that
(s′, q′) satis�es ϕ; or equivalently, thereexists a successor
(s′, q′) such that q′ satis�es (ϕ�

T
s′). Proceedingfurther,

(s, q) satis�es 〈a〉ϕ if andonly if thereexistsa-successors′

and q satis�es the formula 〈a〉
∨

s0:s
a
→s0(ϕ�T s

′). Note that
the quotientedformula includesthe extra conjunct(tt �

T
s)

to accountfor the control compatibility requirement.Rule 7
is a dual of Rule 6 andcanbe understoodin a similar way.

Rules8 and9 areusedfor quotienting�x edpoint formula
and�x ed-pointvariablerespectively. Dueto (i) themultiplic-
ity of the plant states,(ii) the multiplicity of the variables
that a certain�x ed-pointformula embeds,and (iii) the fact
that quotientingis performedby recursively descendingthe
parse-treeof the sub-formulas,the quotientingof a �x ed-
point formula can occur in associationwith different states
and multiple times with eachstate.The tag set keepstrack
for each�x ed-pointformula,andfor eachstate,the number
of times the �x ed-point formula hasbeenquotiented(with
respectto the state).The count is incrementedby oneeach
timesuchaquotientingis performed.Wearguethatthecount
remainsbounded.As a resultthesizeof tagsetitself remains
bounded(seeTheorem1).

Rule 8 statesthat the quotient of a �x ed point formula
is the �x ed point of the quotient formula, where the �x ed
point variableX(s,j) appearingin the quotientedformula
is a function of (a) the variableX of the formula being
quotiented,(b) the state s against which the quotient is
being performed, and (c) the number of times, j, such
quotienthasbeenperformedin past.Notethateachrepeated
quotientingoperationon thesame�x edpoint formulaagainst
the samestateincrementsthe count of quotientingand the
correspondingvariableis storedin the tag setT .

Rule 9 statesthat the quotient of a �x ed point variable
is sameas the quotient of the corresponding�x ed point
formula when that variable has not beenquotientedin the
pastas indicatedby the tag set; otherwisethe result is the
corresponding�x ed point variable obtained from the tag



set. The latter casecausesthe terminationof the recursive
computation.Note that, if the variable being quotientedis
a free variable,the quotientingoperationsgeneratesa new
free variableas the result.

Remark1: The �rst quotientingrule is to accommodate
the state-dependentcontrollability constraint.It is possible
to modify this rule to accommodateany generalconstraint
ψs that a controller statemust satisfy when the plant is in
states by simply de�ning Rule 1 as(tt �

T
s) = ψs.

We have the following theoremsestablishingthe termi-
nation of the quotientingof a �x ed-point formula and the
correctnessof the reductionof the control problem to the
satis�ability of the quotientedformula.

Theorem1: GivenP = (SP , A, δP , AP, LP , S0,P ) anda
control speci�cation formula ϕ◦, the maximum numberof
timesa �x ed point expressionσY.ϕy, a sub-formulaof ϕ◦,
is quotientedby any states ∈ SP is O(|SP |nd

�
).

Proof: For a formula ϕ with nd(ϕ) = 1, the above
theoremcanbe proved immediately.

Assumethatfor ϕ with nd(ϕ) = n, themaximumnumber
of times a �x ed point expressionis quotientedby a state
is f (n) (inductionhypothesis).We addan outer �x ed point
formulaσX.ϕx expressionsuchthatϕ is asub-formulain ϕx
andnd(σX.ϕx) = n+ 1. If σX.ϕx is quotientedonce,then
�x ed point expressionsin its sub-formulaϕ with nd(ϕ) =
n can be quotientedf (n) times by a state(from induction
hypothesis).SinceX is theoutermost�x edpoint variable,it
canbequotiented|SP | times.Proceedingfurther, �x edpoint
expressionsin its sub-formulaϕ can be quotientedf (n) ×
|SP | timesby astate,i.e.,f (n+ 1) = f (n)×|SP |. Therefore,
∀i ≥ 1.f (i) = |SP |

i.
Theorem2: Considera plant P = (SP , A, δP , AP, LP ,

S0,P ) anda controlspeci�cationϕ◦. Thenfor any supervisor
C = (SC , A, δC , AP, LC , S0,C), a controlled state (s, q)
satis�esϕ◦ if f the supervisorstateq satis�es (ϕ◦�

;
s).

Proof: Follows from the discussionof the quotienting
rulesandTheorem1.

IV. SATISFIABILITY CHECKING AND MODEL DISCOVERY

Having reducedthe problem of control to one of mu-
calculussatis�ability, we presenta techniquefor checking
thesatis�ability of a mu-calculusformulaϕ� ∈ �[ AP,X , A]
and identifying a modelwitnessingthe satis�ability.
Preliminaries. To distinguish betweengreatestand least
�x ed point variablesat variousalternationdepths,we assign
an identi�er, id to eachvariable:

id(X) :=
{

2× ad(σX.ϕx) if σ = ν
2× ad(σX.ϕx) − 1 otherwise

Note that the id of a �x ed point variableis an odd number
if andonly if it is of the least�x ed point nature,and is the
largestfor the outermost �x ed point variable.

A. Tableau-basedApproach

We usea set of rules to constructa tableaufrom which
satis�ability of a mu-calculusformula can be established
and an appropriatemodel can be identi�ed. Each tableau

rule is of the form:
C0

H 0 M0

C1
H 1 M1 C2

H 2 M2 ... Cn
H n Mn where

eachC is a setwith elementsof the form (ϕ,
−→
X,

−→
N ). Here

ϕ ∈ �[ AP,X , A] is a formula expression,
−→
X ∈ X ∗ is

a sequenceof �x ed point variables,and
−→
N ∈ N∗ is a

sequenceof integers.ThehistoryannotationH is of theform
{(Cj , sj)}, whereeachsj is a state-symbol.

For i > 0, each Ci,Hi is determinedas a function
of C0 and H0, whereasM0 is de�ned as a function of
M1,M2, . . . ,Mn, C0 andH0. FurthereachM i is a model
expressionwhich satis�es the conjunction of the formula
expressionsin Ci. Therearetwo constantmodelexpressions:
Mtt is simply a single state (representinga true-model)
while Mff representsa modelwith no state(a false-model).
AdditionallyM cantake theform, s∗[

∧

i(ai : Mi)], meaning
M is rootedat states possessingfor eachi an ai-transition
to theroot of modelMi. In caseMi = Mff for somei, then
s ∗ [

∧

i(ai : Mi)] is equivalent to Mff.
Each pair “CiHi M i” is referred to as a node of the

tableau. We also say that the pair “C0
H0 M0” is the

numeratornode of a tableaurule while “C iHi M i” (1 ≤
i ≤ n) pairsarereferredto asthedenominatornodes.Fig. 3
presentsthe tableaurules.

Discussion.Givena formulaϕ� whosesatis�ability needsto
be determined,a tableau-tree(or simply a tableau)rootedat
the node“{(ϕ�, ε, ε)}∅ M ” is iteratively createdby �ring a
tableau-rulewhosenumeratormatchesa nodeof theexisting
tableau-tree,andin which casesuccessortableau-treenodes
correspondingto the denominatorare created. Note no
successoris createdfor a tableau-rulewhosedenominator
is empty (denotedas a “•”). When the iteration creating
the tableau-treeterminatesthe modelexpressionsof the leaf
nodespossessde�nite valuations,whichareusedto associate
de�nite valuationswith the model expressionsof all other
nodes,including the root. At this point ϕ� is satis�able if
andonly if the modelexpressionM of the root nodeis not
Mff (seeTheorem3).

Rule 1 statesthat M satis�es a conjunctionof formula
expressionsone of which is tt if and only if it satis�es
the conjunctionwithout the conjunct tt . On the other hand
Rule 2 statesthat M satis�es a conjunction of formula
expressionsone of which is ff if and only if M equals
Mff. Rule3 statesthatM satis�esa conjunctionof formula
expressionsone of which is an atomic propositionp if and
only if M is rootedat a states labeledp (p ∈ L(s)) andalso
M satis�es the conjunctionwithout the conjunctp. The fact
thatM is rootedat s hasbeenrepresentedasM = s ∗ B,
whereB is of the form

∧

i(ai : Mi).
Rule 4 statesthat the true-model (or equivalently any

model) satis�es a conjunction of empty set of formula
expressions.Rule 5 statesthat M satis�es a conjunctive
formula if and only if it satis�es each of the conjuncts,
whereasRules 6 and 7 statethat M satis�es a disjunctive
formula if andonly if it satis�esoneof thedisjuncts.Rule8
statesthat M satis�es a �x ed point formula σX.ϕ if and
only if it satis�esϕ.

Rule 9 statesthat M satis�es a conjunctionof formula
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−→
N )} ∪ C]H M

8.
[{(σX.ϕ,

−→
X,

−→
N )} ∪ C]H M

[{ϕ,
−→
X,

−→
N )} ∪ C]H M

9.
[{(X,

−→
X,

−→
N )} ∪ C]H M

CH M
where X 2 FV �

10.
[{(X,

−→
X,

−→
N )} ∪ C]H M

[{(σX.ϕ,(X.
−→
X ),

−→
N )} ∪ C]H M

σX.ϕ 2 Sub�

11.
[([a]ϕ,

−→
X,

−→
N )∪C]H M

[(([a]ϕ∧〈a〉tt),
−→
X ,

−→
N )∪C]H M

12.
[([a]ϕ,

−→
X,

−→
N )∪C]H M

CH M

if C = f (h[ai ]i ϕi,
�!
X i,

�!
N i)g,

69(C′ = f ([a]ϕ,
�!
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�!
N ′)g [ f (h[ai ]i ϕi,

�!
X′

i ,
�!
N ′

i)g, s) 2 H and

69(hai ϕj ,
�!
Xj ,

�!
Nj) 2 C

13. CH M

C
a,1
H 0 Ma,1 ... C

a,n

H 0 Ma,n

if C = f (h[ai]i ϕi,
�!
X i,

�!
N i)g, 69(C′ = f (h[ai ]i ϕi,

�!
X′

i ,
�!
N ′

i)g, s) 2 H
and 8([a]ϕi,

�!
Xi,

�!
Ni) 2 C.9(hai ϕj ,

�!
Xj ,

�!
Nj) 2 C, in which case,

M := sC �
V

a,j a :Ma,j

Ca,j := f (ϕi,
�!
X i, i.

�!
N i) j ([a]ϕi,

�!
X i,

�!
N i) 2 Cg [ f (ϕj ,

�!
X j , j.

�!
N j)g,

such that (hai ϕj ,
�!
X j ,

�!
N j) 2 C

H ′ := H [ f (C〈[]〉 , sC)g, where

C〈[]〉 := f (h[a]i ϕi ,
�!
X i, i.

�!
N i) j (h[a]i ϕi ,

�!
X i,

�!
N i) 2 Cg

14. CH M
•

if C = f (h[ai ]i ϕi,
�!
X i,

�!
N i)g, 9(C′ = f (h[ai ]i ϕi,

�!
X′

i ,
�!
N ′

i)g, s) 2 H
in which case,

M :=

�
Mff if lfp (C, C′)

s otherwise , where

lfp (C, C′) is a Boolean expression that holds iff

9i0 , i1 , . . . , in = i0 : (8j 2 [0, n � 1] :
� �!
N ′

ij
2 suff (

� � � !
Nij+1 ),

maxf id(X)jX 2
� � � !
Xij+1 /

� � !
X′

ij
, j 2 [0, n � 1]g is odd

Fig. 3. Tableau for satisfiability and model identification for ϕ�

expressionsone of which is a free variableX ∈ FV � if
and only if it satis�es the conjunctionwithout the conjunct
X . (This is so becausethe satis�ability of a free variable
can always be guaranteedby selectingan appropriateenvi-
ronment.)Rule 10 is similar but appliesto a conjunctionof
formula expressionsone of which is a �x ed-pointvariable.
In this caseM satis�es the conjunction if and only if
it satis�es the conjunction with the �x ed-point variable
conjunctreplacedby its �x ed point formula expression.At
thesametime the �x ed-pointvariableX is prependedto the
sequence

−→
X of thecorrespondingtuple.This is to keeptrack

of the sequenceof �x ed-pointvariablesvisited thus far.

Rules11, 12, 13 and 14 apply when all the formula ex-
pressionsin thenumeratorC aremodalformulaexpressions.
Rules11 and12 areappliedwhenthereexists a box-modal

formula on an actiona with no diamond-modalformula on
the sameaction.Togethertheserules statethat [a]ϕ can be
satis�ed if andonly if eithersomea-transitionsexist andall
its successorssatisfyϕ (Rule 11) or thereis no a-transition
(Rule 12).

Rule 13 is applied where every box-modal action has
a correspondingdiamond modal obligation. It statesthat
for any action a, a set of formula expressionof the form
{〈[a]〉ϕ} is satis�able by a model stateif and only if each
diamondobligationis satis�edby somea-successorandeach
a-successorsatis�es all of the box obligations.Accordingly
for eachactiona, a denominatornodeaggregatesall thebox-
obligations and one diamond obligation (see de�nition of
Ca,j in Rule 13 of Fig. 3). Finally the history is augmented
to record (i) C, modi�ed to include the ancestornode tag
by prepending

−→
Ni with i, and (ii) the model statesC that

satis�esthe formulaexpressionsin C. Suchaugmentationis
performedto recordthefactthatC wasvisited.NotethataC
containingonly themodalformulaexpressionsis recordedin
thehistoryset.This is becauseonly for suchaC, a transition
in the modelstateoccurs(on the associatedmodalactions).

Rule 14 applies when the modal formula expressions
in the numeratorC are also presentin an elementC ′ of
the history set, implying that such formula expressionsare
beingrevisitedowing to the expansionof certain�x ed point
variables(Rule10).Thesetof �x edpoint variablesexpanded
is given by

−−−→
Xij+1 /

−→
X ′
ij
, j ∈ [0, n − 1], where the notation

“
−→
X1/

−→
X2” removesthesuf�x

−→
X2 from thesequence

−→
X1. The

predicatelfp (C,C ′) holdsif andonly if theoutermost�x ed
point variable(onehaving the largestid) expandedis of the
least�x ed point nature(i.e. its id is odd). If lfp evaluates
to true, then the modelM is set to Mff; otherwiseit is set
equalto the states correspondingto the elementC ′ in H.

Theorem3: A mu-calculusformula ϕ� is satis�able if f
there exists a tableauwith root node “{(ϕ�, ε, ε)}∅ M ”,
suchthatM is assignedto a non false-model.

Proof: Follows from the above discussion.

B. Complexity

We considera nondeterministicplant with stateset SP ,
maximum branchingdegreeda on any action a (da=1 for
a deterministicP ), maximum branchingdegreed over all
actions,anda control speci�cationϕ◦.

The lengthof thequotientedformulaϕ÷ canbeestimated
by �rst estimatingits nestingdepthandnext estimatingthe
numberof booleanand modal operatorsappearingat each
level of the nesting.The nesting depth of the quotiented
formula is O(|SP |nd

�
) (from Theorem1). Now to estimate

the numberof booleanand modal operatorsat any level of
the nesting,we considerthe “ampli�cation factor” due to
eachquotientingrule (with respectto the existing number
of booleanand modal operatorsin ϕ◦, which is |ϕ◦|), and
aggregate them to get the overall ampli�cation. All but
Rules 1, 6, and 7 have the unity ampli�cation factor. The
ampli�cation factor of Rule 1 is O(|SP | × d) since the
number of booleanoperatorsin each greatest�x ed point
formula is O(d) and the number of greatest�x ed point
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Fig. 4. (a) Maze for cat and mouse. (b) Models for cat and mouse. (c)
Supervisor: Each state denotes cat and mouse position.

formula introducedat a nesting level is O(|SP |). Rules 6
and7 have the ampli�cation factorof O(maxada) ≤ O(d).
So the overall ampli�cation factor is O(1 + (|SP | × d) +
d). Multiplying this by the numberof booleanand modal
operatorsin ϕ◦, i.e., |ϕ◦|, yields the secondestimateas
O([1+ (|SP |+ 1)×d]×|ϕ◦|). Sothelengthof thequotiented
formula is O([1 + (|SP | + 1) × d] × |ϕ◦| × |SP |

nd�
).

Note that when the controllability constraint is state-
independent,Rule 1 canbe simpli�ed as:

(tt �T s) =
{

νZ.(
V

a∈Au
hai Z

V
b∈Ac

[b]Z) if s 2 S0,P

tt otherwise

In thiscase,thelengthof thequotientedformulaϕ÷ becomes
O([(1 + d) ×|ϕ◦|+ |A|]×|SP |

nd�
). A similar simpli�cation

is applicablefor any other state-independentcontrollability
constraint.

We next considerthecomplexity of satis�ability checking
and model identi�cation for the quotientedformula ϕ÷,
which considersat each of its nesting level, all possible
subsetsof the subformulaeof ϕ÷. At eachnestinglevel the
numberof possiblesubsetsof thesubformulaeϕ÷ examined
is O(2[1+(|SP |+1)×d]×|ϕ� |). So the overall complexity is
given by O(|SP |nd

�
× 2[1+(|SP |+1)×d]×|ϕ� |). In light of the

discussionof thepreviousparagraph,thecomplexity simpli-
�es toO(|SP |nd

�
×2(1+d)×|ϕ� |+|A|) whenthecontrollability

is state-independent.Note that this is polynomial in the
numberof plant statesSP .

V. CASE STUDY

Considerthe mazeof 5 roomsshown in Fig. 4(a) where
a cat and a mousemove. The roomsare labeled0 through
4 and are interconnectedvia a numberof doorways. Each
doorway is assigneda directionandhasan exclusive acces-
sibility either for the mouseor the cat: doorway accessible
by the mouseis denotedby mi while that accessibleby the
cat is denotedci. All doorways with the exception of c7
are controllable.Initially the cat and the mouseare in the
rooms 2 and 4 respectively. The behaviors of the cat and

the mouseareshow in Fig. 4(b); their productgeneratesthe
plant model.

The objective is to �nd a supervisorwhich does not
allow the cat and the mouse to occupy the same room
simultaneously. The speci�cation of the controlled plant is
representedby greatest�x ed point formula νX.(p ∧ [−]X)
where p representsa propositionwhich is true only when
the cat and the mouseare not in the sameroom. We usea
short-handnotation[−] to representanyaction.The formula
representsthe stateswhere p holds and this continuesto
remaintrue after any action.

Thespeci�cationis quotientedagainsttheplantmodeland
a model(representinga candidatecontroller)for thequotient
is generated.The supervisormodelis presentedin Fig. 4(c).
In the �gure, we denotestatesin thesupervisorwith thecor-
respondingroomsin which thecatandthemousearepresent.
Note that, when the cat and the mouseare in rooms0 and
4 respectively, the supervisorcanallow the cat-move c1. As
this is a non-deterministictransitionfor thecat,thesuccessor
controllerstatedesignatesthatthecatcanbeeitherin room1
or 3. Prototypeimplementationof our techniqueis available
at http://www.cs.iastate.edu/˜sbasu/control-quo t .

VI . CONCLUSION

We presenteda techniquefor supervisorycontrol of non-
deterministic discrete event plants under complete obser-
vation of events subject to speci�cation expressedin the
propositionalmu-calculus.Centralto our methodis a direct-
quotientingof themu-calculusspeci�cationagainsttheplant
model.A control-compatiblesupervisorexists if andonly if
the quotientedformula is satis�able, and further a model
witnessingthe satis�ability canbe usedasa supervisor.
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