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Abstract— Some discrete event systems such as software
are typically infinite state systems, and a commonly used
technique for performing formal analysis such as automated
verification is based on their finite abstractions. In this paper,
we consider a model for reactive untimed infinite state systems
called input-output extended finite automaton (I/O-EFA), which
is an automaton extended with discrete variables such as inputs,
outputs, and data. Using I/O-EFA as a model many value-
passing processes can be represented by finite graphs. We study
the problem of finding a finite abstraction that is bisimilar
to a given I/O-EFA. We present a sufficient condition under
which the underlying transition system of an I/O-EFA admits a
finite bisimilar quotient. This sufficient condition is existential
as it relies on the existence of a suitable partition of the
state space. We then identify a class of I/O-EFAs for which a
partition satisfying our sufficient condition can be constructed
by inspecting the structure of the given I/O-EFA.
Keywords: Extended automata, symbolic transition systems,
formal verification, bisimulation equivalence, software model-
ing, software abstraction, software verification.

I. INTRODUCTION

In recent years there has been extensive research on
symbolic modeling and automated verification of infinite
state systems. Examples of symbolic models for untimed
discrete event systems include symbolic transition graph
(STG) [6] and its extension STGA (STG with assignment)
[10], and extended finite state machines (EFSMs) [5]. These
models are extensions of automata through incorporation of
variables and possess an underlying infinite transition system
such as those categorized in [9]. Further these models can
be regarded as a special type of hybrid automata [8] with no
continuous dynamics (i.e., flow rate of each variable is zero).
Untimed infinite state systems deserve a separate attention
since a considerable class of software systems can be viewed
as consisting of a finite control component and infinite
(integer-valued) data component, such as communication
protocols, counters, queues, buffers, stacks, parameterized
systems (e.g., N -philosophers, N/M readers/writers), mo-
bile networks, etc. Such systems evolve data values from a
potentially infinite domain and as a result possess an infinite
number of different states.

Verification methods such as model-checking have been
invented for the analysis of finite state systems. An important
technique for verifying an infinite state system is its reduction
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to an equivalent finite state system through abstraction. An
abstraction is exact when the abstracted system is bisimula-
tion equivalent to the original system. Approaches to obtain
exact finite abstractions have been pursued for timed systems
[2], [4], for linear and nonlinear systems [13], [12], and for
hybrid systems [3].

In this paper, we consider a model for reactive untimed
infinite state systems, called input-output extended finite
automaton (I/O-EFA), which is an automaton extended with
discrete variables such as inputs, outputs, and data, and study
the problem of finding their exact finite abstractions. For
I/O-EFAs, besides the usual notion of bisimilarity, one can
define a stronger notion, namely that of “late”-bisimilarity
[6], [10]. (In [6], [10], the term “early-bisimilarity” is used
for what one would define to be bisimilarity for I/O-EFAs;
we avoid using “early-bisimilarity” as that can create an
illusion.) According to the usual notion of bisimilarity, a
system can use its knowledge about the current input in
choosing a transition to bisimulate a transition of another
system, whereas in the “late” setting the input is read only
after choosing a transition for bisimulating a transition of
another system. In general, the problem of finding a finite
quotient that is bisimilar to an I/O-EFA is undecidable. We
present a sufficient condition under which an I/O-EFA admits
a finite bisimilar quotient. The sufficient condition we present
is for the existence of a finite late-bisimilar quotient, and by
virtue of late-bisimilarity being stronger than bisimilarity,
it also serves as a sufficient condition for the existence
of a finite bisimilar quotient. The condition we present is
existential as it relies on the existence of a suitable partition
of the state space. Next we identify a class of I/O-EFAs for
which a partition satisfying our sufficient condition can be
constructed by inspecting the structure of the given I/O-EFA.

The problem of bisimulation-checking between infinite-
state systems modeled as STGAs has been studied in [6],
[10]. [10] computes a set of predicate equations whose
largest solution produces the condition under which the
two STGAs are bisimilar. However, such largest solutions
are not automatically computable in general. [11], [7] pro-
posed proof systems for model-checking value passing CCS
processes, which again are not decidable in general. The
main goal of these works is to develop semi-algorithmic ap-
proaches for bisimulation and/or model checking for infinite-
state systems and not to identify a restricted subclass for



which their algorithms are guaranteed to terminate. In con-
trast we present sufficient conditions under which an I/O-
EFA with an infinite state space possesses a finite bisimilar
quotient.

Also [9] studies a class of systems called, symbolic
transition systems (STSs), and reports a semi-algorithm to
compute a finite-index bisimulation relation by recursively
performing a partition refinement. The semi-algorithm ter-
minates if and only of the STS possesses a finite bisimilar
quotient. A difference between our work and that reported
in [9] is that in [9] there is no notion of initial states and
hence all states are reachable. We do have a notion of initial
states, and so not all states may be reachable, and as a
result the conditions we provide is only sufficient since the
unreachable states do not have to satisfy any condition for a
finite bisimilar quotient to exist. [1] defines a class of infinite
state systems, called well-structured systems, for which a
finite simulation quotient exists.

Rest of the paper is organized as follows. In Section 2,
we define I/O-EFA model. In Section 3, we introduce the
notions of bisimilarity and quotient systems. In Section 4,
we present a sufficient condition under which an I/O-EFA
admits a finite bisimilar quotient. In Section 5, we identify a
subclass of I/O-EFAs possessing a finite bisimilar quotient.
The paper concludes in Section 6.

II. INPUT/OUTPUT EXTENDED FINITE AUTOMATA

An input/output extended finite automaton or state ma-
chine (I/O-EFA or I/O-EFSM) is a symbolic description of
reactive untimed infinite state systems in form of automata
extended with discrete variables such as inputs, outputs,
and data. Using I/O-EFA as a model many value-passing
processes can be represented by finite graphs. An I/O-EFA
consists of locations (L), data (D), inputs (U ), outputs
(Y ), transition labels (Σ ∪ {ε}), transitions (E), and initial
locations (L0) and data values (D0). Locations together with
data form the state-space of I/O-EFAs. Locations are finite
and form the vertices of the automaton graph. Edges of the
graph represent transitions between locations and are guarded
by data and inputs. Occurrence of a transition triggers a data
update and an output assignment. Transition labels are used
for inter-system synchronization. An ε label is used for a
transition if it is to occur asynchronously. An I/O-EFA is
formally defined as follows.

Definition 1: An input/output extended finite automaton
(I/O-EFA) is an eight-tuple

P = (L,D,U, Y,Σ, E, L0, D0),

where

• L is the set of locations,
• D = D1 × . . . × Dp is the set of p-dimensional data,
• U = U1 × . . . × Uq is the set of q-dimensional input,
• Y = Y1 × . . . × Yr is the set of r-dimensional output,
• Σ ∪ {ε} is the set of transition labels,
• E is the set of edges, and each e ∈ E is a 6-tuple,

e = (oe, te, σe, Ge, fe, he),

where
– oe ∈ L is the origin location,
– te ∈ L is the terminal location,
– σe ∈ Σ ∪ {ε} is the transition label,
– Ge ⊆ D × U is the enabling guard,
– fe : D × U → D is the data update function,
– he : D×U → Y is the output assignment function,

• L0 is the set of initial location, and
• D0 = D10 × . . . × Dp0 is the set of initial data values.

All variables range over countable sets and can be taken to
be the set of integers. We use ~u, ~y, and ~d to denote an input,
an output, and a data respectively. We use d(i) to denote
the ith component of ~d, i.e., ~d = (d(1), ..., d(p)), where p is
the number of data variables. ~d1 = ~d2 means component-
wise equality, i.e., (d1(i) = d2(i),∀i ∈ {1, . . . , p}). We
use fe(i)(~d, ~u) (resp., he(j)(~d, ~u)) to represent the update
function of the ith data (resp., assignment function of the
jth output). The edge enabling guard Ge(D,U) is a pred-
icate over data and inputs. Sometimes we write “(~d, ~u) ∈
Ge(D,U)” also as “Ge(~d, ~u)”. We define Ge(D, {~u}) :=
{~d ∈ D | (~d, ~u) ∈ Ge(D,U)} to be the predicate over data
such that for any data satisfying this predicate the edge e is
enabled on input ~u ∈ U . Functions fe and he can naturally
be extended to be defined over sets: ∀D̂ ⊆ D, Û ⊆ U :

fe(D̂, Û) := ∪~d∈D̂,~u∈Û
{fe(~d, ~u)};

he(D̂, Û) := ∪~d∈D̂,~u∈Û
{he(~d, ~u)}.

Note that there is no requirement that data update and output
assignment occur in the same transition (i.e., one or both
functions can be identity), and so the model is powerful
enough to capture both synchronous and asynchronous sys-
tems.

Remark 1: I/O-EFA model is more general than STG
[6] and its extension STGA [10]. For doing a comparison
here we follow our own notation. In a STGA, each edge
is associated with a tuple (G, f, α). G ⊆ D is a guard,
f : D → D is an update, and α ∈ {c?x, c!exp, τ} is
a transition label. c?x denotes an input of a value for a
variable x from a channel c, and can be represented as a
data update d(j)(= x) := u(i)(= c) in our model. c!exp
denotes an output of the value of the expression exp in a
channel c, and can be represented as an output assignment
y(i)(= c) := he(~d)(= exp) in our model. τ denotes an
“internal” transition (similar to transition labeled ε in our
setting). Also f 6= Id (Id denotes the identity function)
if and only if α = τ , i.e., a data update on a transition
not involving communication occurs only if the transition is
labeled by τ .

III. BISIMULATION, TRANSITION AND QUOTIENT

SYSTEMS

The section defines bisimilarity and late-bisimilarity for
I/O-EFAs, the underlying transition system of an I/O-EFA,
and a quotient system of a transition system. We assume,
without loss of generality, that none of the transitions are
labeled by ε. We introduce the following notations.



∀l, l′ ∈ L, ~d, ~d′ ∈ D, e ∈ E, σ ∈ Σ ∪ {ε}, ~u ∈ U, ~y ∈ Y :

[l
e

−→ l′] ⇔ [oe = l] ∧ [te = l′],

[(l, ~d)
σ,~u,~y
−→ (l′, ~d′)] ⇔ [∃e = (l, l′, σ,G, f, h) ∈ E |

G(~d, ~u), ~d′ = f(~d, ~u), ~y = h(~d, ~u)].

Definition 2: Given an I/O-EFA P , a simulation relation
over its states is a binary relation Φ ⊆ (L × D) × (L × D)
such that ((l1, ~d1), (l2, ~d2)) ∈ Φ implies

∀e1,∀~u,∃e2 : σe2
= σe1

:= σ and

[(l1, ~d1)
σ,~u,~y
−→ (l′1,

~d′1), l1
e1−→ l′1] ⇒

∃[(l2, ~d2)
σ,~u,~y
−→ (l′2,

~d′2), l2
e2−→ l′2] s.t.

((l′1,
~d′1), (l

′
2,

~d′2)) ∈ Φ.

On the other hand, a late-simulation relation over states of
P is a binary relation Φ ⊆ (L × D) × (L × D) such that
((l1, ~d1), (l2, ~d2)) ∈ Φ implies

∀e1,∃e2 : σe2
= σe1

:= σ and

∀~u, [(l1, ~d1)
σ,~u,~y
−→ (l′1,

~d′1), l1
e1−→ l′1] ⇒

∃[(l2, ~d2)
σ,~u,~y
−→ (l′2,

~d′2), l2
e2−→ l′2] s.t.

((l′1,
~d′1), (l

′
2,

~d′2)) ∈ Φ.

A symmetric simulation (resp., late-simulation) relation is
called bisimulation (resp., late-bisimulation) relation. Two
states (l1, ~d1), (l2, ~d2) ∈ L × D are bisimilar (resp., late-
bisimilar), denoted (l1, ~d1) ' (l2, ~d2) (resp., (l1, ~d1) 'l

(l2, ~d2)), if exists a bisimulation (resp., late-bisimulation)
relation Φ such that ((l1, ~d1), (l2, ~d2)) ∈ Φ. Two systems P1

and P2 are said to be bisimilar (resp., late-bisimilar) if exists
a bisimulation (resp., late-bisimulation) relation Φ such that
for each (l10, ~d10) ∈ L10×D10 exists (l20, ~d20) ∈ L20×D20

such that [(l10, ~d10), (l20, ~d20)] ∈ Φ.
Remark 2: The notion of late-bisimulation is strictly finer

than bisimulation [6], [10]. It follows that if a system
possesses a finite late-bisimulation quotient, it also possesses
a finite bisimulation quotient. For this reason we concentrate
mainly on the late-bisimulation relation.

The next two definitions define underlying transition sys-
tems and quotient systems.

Definition 3: Given an I/O-EFA P =
(L,D,U, Y,Σ, E, L0, D0), its underlying transition system
P is a 6-tuple P = (S,U, Y,Σ, E , S0), where S := L × D

is its states, E := {((l1, ~d1), σ, ~u, ~y, (l2, ~d2)) | (l1, ~d1)
σ,~u,~y
−→

(l2, ~d2)} is its set of edges (transitions), S0 := L0 × D0 is
its initial states, and the remaining components in the tuple
are the same as those in P .

Recall that a partition of a set S is a set C ⊆ 2S of non-
empty subsets of S such that all members of C are disjoint
and C covers S. Also recall that an equivalence induces a
partition. Given a partition of the set of states, one can obtain
a quotient system as follows.

Definition 4: Given an I/O-EFA P and a partition C of the
state set L×D, the quotient system of P with respect to the

partition C is the transition system PC = (C, U, Y,Σ, EC , C0),
where

EC = {(C1, σ, ~u, ~y, C2) | ∃(li, ~di) ∈ Ci ∈ C, i = 1, 2, s.t.

((l1, ~d1), σ, ~u, ~y, (l2, ~d2)) ∈ E}

and C0 = {C ∈ C | C∩(L0×D0) 6= ∅}. The quotient system
of P with respect to the partition induced by an equivalence
“eq” over L × D is denoted Peq .

IV. CONDITION FOR FINITE BISIMILAR QUOTIENT

An I/O-EFA possibly has infinitely many states and its
reachability set can also be infinite (see for example the
I/O-EFA shown in Figure 1). In order to be able to apply
existing finite state system verification methods to a system
modeled as an I/O-EFA, its underlying transition system
should possess a finite bisimilar quotient. In general, the
problem of finding a finite bisimilar quotient is undecidable.
In this section, we present a sufficient condition under which
P admits a finite bisimilar quotient.

Given an I/O-EFA, we can always partition its data space
into a finite number of bounded and unbounded regions.
Due to the countable nature of the data space, each bounded
region contains a bounded number of data values. Our idea is
to have a partition such that each unbounded region and each
data value in a bounded region is its own late-bisimulation
equivalence class. This will then ensure that the given I/O-
EFA possesses a finite late-bisimilar quotient. For a finite
partition of the data space to satisfy the above mentioned
property, it should hold that for any input the data update
(resp., output assignment) along any enabled edge map an
unbounded region to either another unbounded region or
to some fixed data value (resp., be identical over an entire
unbounded region). This is stated and proved in the following
theorem.

Theorem 1: Given an I/O-EFA P , it admits a finite
late-bisimilar quotient if the data space D can be parti-
tioned into a finite number of regions, Π1, . . . ,Πn ⊆ D
(where Π1, . . . ,Πm are unbounded, and Πm+1, . . . ,Πn are
bounded) such that

∀i ≤ m,∀e,∀~u : [Ge(D, {~u}) ∩ Πi 6= ∅ ⇒

1. Πi ⊆ Ge(D, {~u}), and

2. (∃j ≤ m : fe(Πi, ~u) ⊆ Πj) ∨
(

∀~d ∈ Πi, fe(Πi, ~u) = {fe(~d, ~u)}
)

, and

3. ∀~d ∈ Πi, he(Πi, ~u){he(~d, ~u)}
]

.

Proof: We define a finite partition of the state space L×D
of P based on the given partition of the data space, and
show that each member of the partition is a late-bisimulation
equivalence class. Consider,

C := C1 ∪ C2;

C1 := {{l} × Πi | l ∈ L, i ≤ m};

C2 := {{l, ~d} | l ∈ L, ~d ∈ Πi,m < i ≤ n}.

We show that each C ∈ C is a late-bisimulation equivalence
class. For this we define a relation Φ ⊆ (L×D)× (L×D)



as follows,

Φ := {((l1, ~d1), (l2, ~d2)) ∈ C × C | C ∈ C}.

We claim that Φ is a late-bisimulation relation. Clearly Φ is
symmetric, and so it suffices to show that it is a simulation
relation. Pick ((l1, ~d1), (l2, ~d2)) ∈ Φ, then by definition of
C, l1 = l2 := l. Further if (l, ~d1), (l, ~d2) ∈ C ∈ C2, then
~d1 = ~d2, and so obviously (l, ~d1) simulates (l, ~d2). Consider
next the case when (l, ~d1), (l, ~d2) ∈ C1. Pick any e1 ∈ E.
We claim that we can choose e2 = e1 := e to satisfy the
definition of a simulation relation. Obviously σe2

= σe1
=:

σe. We need to further show that for all ~u ∈ U ,

[(l, ~d1)
σe,~u,~y
−→ (l′1,

~d′1), l
e
→ l′1] ⇒

∃[(l, ~d2)
σe,~u,~y
−→ (l′2,

~d′2), l
e
→ l′2] s.t.

((l′1,
~d′1), (l

′
2,

~d′2)) ∈ Φ.

First note that l′1 = te = l′2, i.e., l′1 = l′2 := l′. Next note that

[(l, ~d1)
σe,~u,~y
−→ (l′, ~d′1)] ⇒ [l = oe, ~d1 ∈ Ge(D, {~u}),

~d′1 = fe(~d1, ~u), ~y = he(~d1, ~u)].

Since ~d1, ~d2 ∈ C ∈ C1, exists i ≤ m such that ~d1, ~d2 ∈ Πi.
Since ~d1 ∈ Ge(D, {~u}), it follows that Πi∩Ge(D, {~u}) 6= ∅,
and so from the first part of our sufficient condition, Πi ⊆
Ge(D, {~u}). So we have, ~d2 ∈ Πi ⊆ Ge(D, {~u}), i.e., e is
enabled at (~d2, ~u). We claim that if we let ~d′2 := fe(~d2, ~u),
then

[(l, ~d2)
σe,~u,~y
−→ (l′, ~d′2), l

e
→ l′] is such that

((l′, ~d′1), (l
′, ~d′2)) ∈ Φ.

Since he(~d1, ~u) = ~y, from the third part of our sufficient con-
dition he(Πi, ~u) = {~y}. Since d2 ∈ Πi, this further implies

that he(~d2, ~u) = ~y. Thus indeed it holds that, [(l, ~d2)
σe,~u,~y
−→

(l′, ~d′2)]. It remains to be shown that ((l′, ~d′1), (l
′, ~d′2)) ∈

Φ. By the second part of our sufficiency condition, either
~d′1 = fe(~d1, ~u), ~d′2 = fe(~d2, ~u) ∈ Πj for some j ≤ m or
~d′1 = fe(~d1, ~u) = ~d′2 = fe(~d2, ~u) ∈ Πj for some j ≤ n. It
follows that in both cases, ((l′, ~d′1), (l

′, ~d′2)) ∈ Φ.
The following example illustrates Theorem 1.
Example 1: Consider the I/O-EFA P shown in Figure 1.

P has an infinite reachability set, a portion of which is shown
in Figure 2. Figure 2 also shows a partition of the data space
D satisfying the condition of Theorem 1, where the members
of the partition are as follows:

Π1 = [2d(1) + d(2) > 2] ∧ [d(1) > 1],

Π2 = [2d(1) + d(2) > 2] ∧ [d(1) = 1],

Π3 = [2d(1) + d(2) > 2] ∧ [d(1) = 0],

Π4 = [2d(1) + d(2) > 2] ∧ [d(1) < 0]

Π5 = [2d(1) + d(2) = 2] ∧ [d(1) < 0],

Π6 = [2d(1) + d(2) < 2] ∧ [d(1) < 0],

Π7 = [2d(1) + d(2) < 2] ∧ [d(1) = 0],

Π8 = [2d(1) + d(2) < 2] ∧ [d(1) = 1],

Π9 = [2d(1) + d(2) < 2] ∧ [d(1) > 1],

Π10 = [2d(1) + d(2) = 2] ∧ [d(1) > 1],

Π11 = [2d(1) + d(2) = 2] ∧ [d(1) = 1],

Π12 = [2d(1) + d(2) = 2] ∧ [d(1) = 0].

Let e1, e2 and e3 denote the edges from A to B, B to
C and C to A, respectively. It can be seen from Table I
that the sufficient condition of Theorem 1 holds (the entry
“T ” in column for hei

indicates that the third part of the
sufficient condition holds True). It follows that P admits a
finite late-bisimilar quotient; it is shown in Figure 1, with
the unreachable states omitted.

V. I/O-EFA SUBCLASS WITH FINITE BISIMILAR

QUOTIENT

The condition of Theorem 1 for the existence of a
finite late-bisimilar quotient is existential as it relies on the
existence of a certain partition. In this section, we identify
a subclass of I/O-EFAs for which a partition satisfying the
sufficient condition of Theorem 1 can be constructed by
inspecting the structure of a given I/O-EFA of the subclass.
The subclass is obtained by imposing two conditions on the
class of the I/O-EFAs. The first condition restricts the manner
in which the transition guards are formed, and is specified
by the following grammar.

Condition 1: G(D,U) −→ G(U) | d(i) ≤ c | d(i) ≥ c |
¬G(D,U) | G1(D,U) ∧ G2(D,U),
where c is an integer constant (it can also be a rational
constant but there is no loss of generality in restricting it to
the domain of integers). According to the above grammar, an
“atomic” guard is either a predicate over only the inputs, or
it is a predicate over only the data and in which case it can
be written as a single inequality constraint over one of the
data components. A generic guard is a boolean combination
of the atomic guards.

When guards are formed using the above grammar, there
exists a natural partition of the data space into a finite
number of regions. In order to define such a partition, we let
d(i)max and d(i)min denote the largest and smallest integer
against which the ith data variable is compared over all the
guards. Then the domain of ith data component is naturally
partitioned into up to three regions: One where d(i) is below
d(i)min, another where it is in between d(i)min and d(i)max,
and the last one where d(i) exceeds d(i)max. This (≤ 3)-way
partition of the domain of the ith data component naturally
yields a (≤ 3p)-way partition of the entire data space (recall
p is the dimension of data space), only at most one of which
is bounded.

Since each element within a bounded region is to be its
own late-bisimulation equivalence class, for each ~d ∈ D we
define its equivalence class, [~d] ⊆ D as in the following
definition. We first define index sets Imax(~d) and Imin(~d)
containing indices i ≤ p for which d(i) is above d(i)max and
below d(i)min respectively. We let I := {1, . . . , p} denote
the set of data components.

Definition 5: Given an I/O-EFA satisfying Condition 1,
for ~d ∈ D define Imax(~d), Imin(~d) ⊆ I = {1, . . . , p} as:

[i ∈ Imax(~d)] ⇔ [d(i) > d(i)max],
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Π6 No ∅ N/A N/A ∅ N/A N/A ∅ N/A N/A
Π7 No Π7 ⊆ Π2 T ∅ N/A N/A ∅ N/A N/A
Π8 No Π8 ⊆ Π1 T ∅ N/A N/A Π8 ⊆ Π1 T
Π9 No Π9 ⊆ Π1 T ∅ N/A N/A Π9 ⊆ Π1 T
Π10 No Π10 ⊆ Π1 T Π10 ⊆ Π1 T Π10 ⊆ Π1 T
Π11 Yes N/A N/A N/A N/A N/A N/A N/A N/A N/A
Π12 Yes N/A N/A N/A N/A N/A N/A N/A N/A N/A

TABLE I

VERIFYING SATISFIABILITY OF SUFFICIENT CONDITION OF THEOREM 1



[i ∈ Imin(~d)] ⇔ [d(i) < d(i)min].

Define an equivalence class of ~d ∈ D, denoted [~d] ⊆ D, as:

[~d] :=
{

~d′ ∈ D | [Imax(~d′) = Imax(~d) := Imax]

∧ [Imin(~d′) = Imin(~d) := Imin]

∧ [d′(i) = d(i),∀i ∈ I − Imax − Imin]
}

.

Note that for any ~d ∈ D, Imax(~d) ∩ Imin(~d) = ∅,
or equivalently, Imax(~d) ⊆ I − Imin(~d), or equivalently,
Imin(~d) ⊆ I − Imax(~d).

The following lemma states that the equivalence class of
~d is well defined. Due to space consideration, its proof is
omitted.

Lemma 1: Consider the definition of equivalence class [~d]
for ~d ∈ D given in Definition 5. Then for any ~d, ~d′ ∈ D,

[~d′ ∈ [~d]] ⇒ [[~d′] ⊆ [~d]](⇔ [~d′′ ∈ [~d′] ⇒ ~d′′ ∈ [~d]]).
Remark 3: It can be verified that the total number of

equivalence classes, i.e., |{[~d] | ~d ∈ D}| is given by,
∑

I1⊆I,I2⊆I−I1

∏

i∈I−I1−I2

(d(i)max − d(i)min + 1).

Also note that an equivalence class [~d] is unbounded if
for some i either d(i) > d(i)max or d(i) < d(i)min, or
equivalently if Imax(d)∪Imin(d) 6= ∅. So there are a total of
∏

i∈I(d(i)max−d(i)min+1) number of bounded equivalence
classes, each one of which is a singleton. The remaining
equivalence classes are all unbounded. We denote the set of
all equivalence classes by D, and the subset of unbounded
and bounded ones by Du and Db respectively.

The second condition given below imposes restriction on
the data update functions and output assignment functions
depending on the region of the partition where they are
defined. It requires that if the ith data component is above
d(i)max (resp., below d(i)min), then an update of the ith data
component be either an increment (resp., a decrement) or be
independent of the data component j that does not lie in the
range d(j)min and d(j)max. Further, the output assignment is
required to be independent of the data component j that does
not lie in the range d(j)min and d(j)max. This is formally
stated as follows.

Condition 2: ∀~d,∀e,∀~u:
[

(~d, ~u) ∈ Ge(D,U) ⇒

1. ∀i ∈ Imax(~d) :
(

fe(i)(~d, ~u) ≥ d(i)
)

∨
(

∀~d′ ∈ [~d] : fe(i)([~d], ~u) = {fe(i)(~d
′, ~u)}

)

2. ∀i ∈ Imin(~d) :
(

fe(i)(~d, ~u) ≤ d(i)
)

∨
(

∀~d′ ∈ [~d] : fe(i)([~d], ~u) = {fe(i)(~d
′, ~u)}

)

3. he(~d, ~u) is constant function of d(i),∀i ∈ Imax(~d)∪

Imin(~d)
]

.

The condition “∀i ∈ Imax(~d) : [fe(i)(~d, ~u) ≥ d(i)]” can be
read as: In regions where d(i) is above d(i)max, it can only be
incremented. The condition “∀i ∈ Imin(~d) : [fe(i)(~d, ~u) ≤

d(i)]” is dual and can be understood similarly. The condition
“[∀~d′ ∈ [~d] : fe(i)([~d], ~u) = {fe(i)(~d

′, ~u)}]” states that the
update of d(i) is uniform over all elements in the equivalence
class of ~d, which is the same thing as saying that the update
of d(i) is constant with respect to all d(j), j ∈ Imax(~d) ∪
Imin(~d).

The next theorem shows that under Conditions 1 & 2, the
partition induced by the equivalence over data defined by
Definition 5 satisfies the sufficient condition of Theorem 1.

Theorem 2: Consider an I/O-EFA P satisfying Condi-
tions 1 and 2, and the partition {[~d] | ~d ∈ D} of the data
space. Then it holds that,

∀[~d] ∈ Du,∀e,∀~u :
[

~d ∈ Ge(D,U) ⇒

1. [~d] ⊆ Ge(D,U), and

2.
(

∃[~d′] ∈ Du : fe([~d], ~u) ⊆ [~d′]
)

∨
(

fe([~d], ~u) = {fe(~d, ~u)}
)

, and

3. he([~d], ~u) = {he(~d, ~u)}
]

.

Proof: By Condition 1, every guard Ge(D,U) is a boolean
combination of atomic guards of the type, Ge(U), [d(i) ≤
c], [d(i) ≥ c]. Now suppose the boolean combination of
atomic guards is written in disjunctive normal form (DNF),
then for the guard to be satisfied, one of the disjuncts in
the DNF must be satisfied. Since each disjunct in a DNF
is a conjunct of atomic guards (or their negations), for a
disjunct in a DNF to be satisfied, each atomic guard (or its
negation) in the disjunct must be satisfied. So in order to
show that whenever ~d satisfies a guard Ge(D,U), it implies
that [~d′] ⊆ Ge(D,U), it suffices to show that whenever ~d
satisfies an atomic guard, all elements of the equivalence
class [~d] satisfies an atomic guard. Clearly this holds when
the atomic guard is predicate over only the inputs. So now
consider an atomic guard of the type, [d(i) ≤ c]. Then
by definitions of d(i)min and d(i)max, we have d(i)min ≤
c ≤ d(i)max. So ~d satisfies [d(i) ≤ c] if and only if either
[d(i) < d(i)min ≤ c] or [d(i)min ≤ d(i) ≤ c ≤ d(i)max].
In the first case, i ∈ Imin(~d), whereas in the second case
i ∈ I − Imax(~d) − Imax(~d). If former, then it follows from
definition of equivalence class that i ∈ Imin(~d′) for all ~d′ ∈
[~d]; whereas if latter, then again it follows from the definition
of equivalence class that i ∈ I − Imax(~d′) − Imin(~d′) for
all ~d′ ∈ [~d]. Thus an atomic guard of the type [d(i) ≤
c] is satisfied by ~d if and only if that guard is satisfied
by each element in [~d]. From an analogous argument, the
same property is enjoyed by an atomic guard of the form
[d(i) ≥ c]. This establishes the first condition appearing in
the theorem.

Now to prove the second condition appearing in the
theorem, we need to show that either first disjunct of the
condition holds or the second disjunct of the condition holds.
The first two parts of Condition 2 can be combined and
rewritten as:

[

(∀i ∈ Imax(~d) : fe(i)(~d, ~u) ≥ d(i))∧



(∀i ∈ Imin(~d) : [fe(i)(~d, ~u) ≤ d(i))
]

∨
[

∀i ∈ Imax(~d) ∪ Imin(~d),∀~d′ ∈ [~d] :

fe(i)([~d], ~u) = {fe(i)(~d
′, ~u)}

]

.

If in the above the first disjunct holds, then every data in [~d]
is updated to an equivalence class [~d′] such that Imax(~d′) ⊇
Imax(~d) and Imin(~d′) ⊇ Imin(~d). It follows that if [~d] ∈ Du,
then [~d′] ∈ Du. So the first disjunct of the second condition
appearing in the theorem holds.

On the other hand, if in the above the second disjunct
holds, then an update of the ith data component is identical
for all data in [~d] for all i ∈ Imax(~d) ∪ Imin(~d). Since for
every data in [~d] it holds that the ith component is identical
for all i ∈ I − Imax(~d) − Imin(~d), it can be concluded that
the second disjunct of the second condition appearing in the
theorem holds.

A similar argument as the one in the previous paragraph
can be constructed to show that the third part of Condition 2
implies the third condition appearing in the theorem. This
completes the proof.

The following corollary follows from Theorems 1 and 2.
Corollary 1: Given an I/O-EFA P satisfying Conditions 1

and 2, P admits a finite late-bisimilar quotient.
Remark 4: It follows from the development above that

each state in a finite late-bisimilar quotient of P satisfying
Conditions 1 and 2 is of the form {l} × [~d], where [~d] ⊆ D
is defined in Definition 5. Thus the number of states in a
finite late-bisimilar quotient of P is given by,

|L| ×





∑

I1⊆I,I2⊆I−I1

∏

i∈I−I1−I2

(d(i)max − d(i)min + 1)



 .

Remark 5: If there are no inputs and outputs (i.e., the case
of closed systems), then Conditions 1 and 2 can be simplified
as follows.

C1: G(D) −→ d(i) ≤ c | d(i) ≥ c | ¬G(D) | G1(D) ∧
G2(D), and

C2: ∀~d,∀e: [~d ∈ Ge(D) ⇒

1. ∀i ∈ Imax(~d) :
(

fe(i)(~d) ≥ d(i)
)

∨
(

∀~d′ ∈ [~d] : fe(i)([~d]) = {fe(i)(~d
′)}

)

2. ∀i ∈ Imin(~d) :
(

fe(i)(~d) ≤ d(i)
)

∨

(∀~d′ ∈ [~d] : fe(i)([~d]) = {fe(i)(~d
′)})

]

.

Then from Corollary 1 an EFA P = (L,D,Σ, E, L0, D0)
admits a finite late-bisimilar quotient if the two conditions
stated above in this remark hold.

Example 2: Consider an EFA P shown in Figure 3. One
can see by inspection that all guards satisfy Condition 1 of
Remark 5, and d(1)min = d(2)min = 0 and d(1)max =
d(2)max = 2. Let e1, e2 and e3 denote edges from A to B,
B to C and C to A, respectively. We next verify whether
Condition 2 of Remark 5 also holds, as follows.

1) {~d | Imax(~d) = {1}} = {~d | d(1) > 2} =: R1.

e = e1: Ge(D)∩R1 = {d(1) > 2, d(2) ≥ 0} 6= ∅;
fe(1) = d(1) + 1 ≥ d(1).

e = e2: Ge(D)∩R1 = {d(1) > 2, d(2) > 2} 6= ∅;
fe(1) = d(1) ≥ d(1).

e = e3: Ge(D)∩R1 = {d(1) > 2, d(2) ≥ 1} 6= ∅;
fe(1) = d(1) ≥ d(1).

2) {~d | Imax(~d) = {2}} = {~d | d(2) > 2} =: R2.

e = e1: Ge(D)∩R2 = {d(1) ≥ 0, d(2) > 2} 6= ∅;
fe(2) = d(2) ≥ d(2).

e = e2: Ge(D)∩R2 = {d(1) ≥ 1, d(2) > 2} 6= ∅;
fe(2) = 1.

e = e3: Ge(D)∩R2 = {d(1) ≥ 2, d(2) > 2} 6= ∅;
fe(2) = d(1) + d(2) ≥ 2 + d(2) ≥ d(2).

3) {~d | Imin(~d) = {1}} = {~d | d(1) < 0} =: R3.

e = e1: Ge(D) ∩ R3 = ∅.
e = e2: Ge(D) ∩ R3 = ∅.
e = e3: Ge(D) ∩ R3 = ∅.

4) {~d | Imin(~d) = {2}} = {~d | d(2) < 0} =: R4.

e = e1: Ge(D) ∩ R4 = ∅.
e = e2: Ge(D) ∩ R4 = ∅.
e = e3: Ge(D) ∩ R4 = ∅.

We have verified that desired conditions hold and so
P admits a finite late-bisimilar quotient even though the
reachability set of P is infinite. The equivalence classes
representing the states of a finite late-bisimilar quotient and
some of the reachable states are shown in Figure 4. The finite
late-bisimilar quotient system is shown in Figure 3, with the
unreachable states omitted.

VI. CONCLUSION

We considered a model of reactive untimed infinite state
systems, called I/O-EFA, which is an automaton extended
with discrete variables such as inputs, outputs, and data, and
presented a sufficient condition under which such a model
admits a finite late-bisimilar quotient (and hence also a finite
bisimilar quotient as late-bisimilarity implies bisimilarity).
This sufficient condition is existential as it relies on the
existence of a suitable partition of the state space. We then
identify a class of I/O-EFAs for which a partition satisfying
our sufficient condition can be constructed by inspecting the
structure of the given I/O-EFA.

If a given I/O-EFA fails to satisfy the Condition 1 or 2,
then starting from the initial partition {[~d] | ~d ∈ D} one can
apply a partition refinement algorithm, where the refinement
will be done with the goal of satisfying the conditions
of Theorem 1. Also relaxed versions of Theorems 1 and
Corollary 1 may be developed to seek a finite bisimilar
quotient of a given I/O-EFA.
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