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Abstract

We study the question of whether various polynomial-time reductions and the com-
pletenessnotions di®erin NP. We mertion known results and give someproof ideas.

1 Intro duction

Reductionstranslate instancesof oneproblem to instancesof another problem. The crucial notion of
completenesglependson reductions. Many well studied complexity classedave complete problems.
Complete problems capture the inherent dixcult y of a class. Informally, a languagelL is complete
for a classif L belongsto the classand every languagein the classis polynomial-time reducible to
L. Howewer, there is no unique notion of a polynomial-time reduction. Various typesof reductions
give rise to various notions of completeness.A comparisonof thesevarious notions of completeness
helps us understand the structure of a class.

Cook [12], in his paper on NP-completenessused Turing reductions, whereasKarp [20], and
Levin [22], in their paperson NP-completenessusedmany-onereductions. Informally, with Turing
reductions an instance of a problem can be solved by asking polynomially many queriesabout the
instancesof another problem. Moreover these queriescan be adaptive, i.e., a query can depend on
the answers to the previous queries. Many-one reductions are more restrictive. Here we require
instances of one problem to be mapped into instancesof the other. It is easyto seethat if L is
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complete under many-one reductions, then L is complete under Turing reductions. The interesting
guestion is whether the corverseis true.

In 1975 Ladner, Lynch and Selman [2]] started a systematic investigation by comparing the
strength of various polynomial-time reductions. They studied a wide spectrum of polynomial-time
reductions such as many-one reductions, bounded truth-table reductions, truth-table reductions,
and Turing reductions. For ead pair of reductions, they exhibited two languagesA and B such
that A is reducible to B via one of the reductions but not via the other reduction. In ead case,
the verifying setsbelongto E = DTIME(2 ©(M).

Ladner, Lynch and Selmanraised two natural questions:

i) Are the completenessnotions induced by thesereductions di®eren?
ii) Are thesereductions and the completenessnotions di®erin NP?

In the intervening years,many results have explainedthe behavior of polynomial-time reducibilities
within exponertial-time classesand have led to a complete understanding of the completeness
notions they induce. However, the progresson understanding the behavior of reducibilities within
NP has been painfully slow. One of the rst results is due to Selman[32] who shaved under a
reasonableassumption that Turing reductions and many-one reductions di®er in NP. In 1992,
Lutz and Mayordomo [26] achieved a major break through by separating completenessnotions
in NP under a strong but reasonablehypothesis. Sincethen seweral results appeared concerning
completenessotions in NP.

In this article, we survey someof the results. We discussse\eral hypothesesthat are usedto
separatevarious NP-completenessnotions. Our focuswill be on NP. We refer the readerto articles
by Homer [17, 18] and Buhrman and Torervliet [11] for a more thorough overview on exponertial
time classes.

2 Preliminaries

A is many-one reducibleto B, A - B, B, if there is a polynomial-time computable function f sud
that x belongsto A if and only if f(x) isin B. A is Turing reducibleto B, A - ? B, if A can
be decided by a polynomial-time bounded program that is allowed to make membership queries
to B. Note that the queriesto B can be adaptive. Truth-table reductions require the queriesto
be nonadaptive, i.e., the program generatesa list of all the queriesthat it wishesto ask before
making any queriesto B. A is truth-table reducibleto B, A - § B, if there exists a polynomial-time
boundedprogram that decidesA by making nonadaptive queriesto B. If the number of queriesare
bounded by a constart k, then A is k-truth-table reducibleto B. A is boundel truth-table reducible
to B, A - b, B, if there existsa constart k such that A is k-tt reducibleto B. It is easyto seethat

A-hB) A'E-ttB) A'E+1-nB) A'tptB) A-?B:

Given a complexity classCand a reduction - P, alanguagel is - P-completefor Cif L belongsto
Cand every languagein Cis - P-reducibleto L. In this article, we addressthe following questions:
Let - P and - § be two reductions.

i) Are there languagesA and B in NP such that A - P B but A6£B?

ii) Is there is languagethat is - P-complete for NP but not - 2-complete?



We now de ne P-selectivwe sets introduced by Selman [31]. Part of the motivation for the
intro duction of P-selective setswasto investigatethe possibility of separatingcompletenessotions
in NP. A languagel is P-selective if there exists a polynomial-time computable function f
8" £ 8" ! 8" such that for all x andy, f(x;y) 2 fx;yg and if either x 2 L ory 2 L, then
f(x;y) 2 L. Wecall f aseletor for L. Informally, givenx andy, f outputs the string that is more
likely to bein L. If exactly oneof x, y belongsto L, then f outputs the string that belongsto L.
The well known examplesof P-selective setsare the left cut sets[31, 32]. Given an in nite binary
sequence, the standard left cut of r is the set

L(ry=fxjx<rg;

where < is the dictionary ordering of strings with O lessthan 1. It is obvious that every standard
left cut is P-selective with the selectorf (x;y) = min(x;y).

Given a string w, w[i] denotesthe ith bit of w, and wji denotesthe pre x w[OJw[1] ¢¢ewl[i j 1].
Let 8° = fzn0,, Where z, is the nth string in the lexicographic order. Given a languagelL, Ljn
is the partial characteristic sequencel (zg) ¢¢¢L (zn; 1), whereL(z) = 1if z 2 L and L(z) = O if
zZi zL.

We next review the notion of almost-everywhere hardness. An in nite languageis immune to
a complexity classC or is Gimmune, if no in nite subsetof L belongsto C. An in nite language
is C-bi-immune if both L and L are CGimmune. We write T (n)-bi-immune for DTIME( T(n))-bi-
immune. Balc§zar and Schéning [7] obsened that a languagelL is T (n)-bi-immune if and only if
every machine that correctly decidesL takesmore than T(n) time on all but nitely many strings.

Next we mention the hypothesesthat we usein this article.

Measure Hyp othesis: The p-measureof NP is not zero.
Genericit y Hyp othesis: NP hasa p-genericlanguage.
Bi-imm unit y Hyp othesis: NP hasa 2" -pi-immune language.

The measurehypothesisimplies the genericity hypothesisand the genericity hypothesisimplies
the bi-immunity hypothesis. Section 5 cortains a detailed discussionof these hypotheses.

3 Beyond NP

In this section we mertion the results that separate completenessnotions in exponertial time
complexity classes.We refer the readerto the survey articles by Homer [17, 18] for proof ideas.
Watanabe [35] shawed that nearly all completenessnotions for EXP are mutually di®erert.

Theorem 3.1 ([35]) (i) There exists a languagelL that is - g_tt -complete for EXP but not - P,-
complete.

(i) Fork, 1,-p,,.,-completenesss di®erent from - P_. -completenessfor EXP.

(i) Turing completenessis di®erent from truth-table completenessfor EXP.

The only question that was not answered by Watanabe is the di®erencebetween many-one
completesetsand 1-tt-complete sets. Somewhatsurprisingly, Homer, Kurtz, and Royer [19] showved
they coincide.

Theorem 3.2 ([19]) Any languagethat is - E_tt -complete for EXP is - P,-completefor EXP.

Watanabe's results partly depend on the fact that EXP is closedunder complemen. It is not
known whether NEXP is closedunder complemen. Howewver, Buhrman, Homer and Torervliet [10]
obtained analogousresults for NEXP.



Theorem 3.3 ([10]) (i) There exists a languageL that is - 5_, -complete for NEXP but not - P,-
complete.

(i) Fork, 1, -}, . -completenessis di®erent from - P_, -completenessfor NEXP.

(i) Turing completenessis di®erent from truth-table completenessfor NEXP.

Watanabe and Tang [36] consideredthe completenessotions for PSPACE.

Theorem 3.4 ([36]) If thereis a - BPP-complete set that is not - ¥ -complete for PSPACE, then
Turing completenesss di®erent from many-one completenessfor PSPACE.

Watanabe and Tang also shaved that Turing completenessis di®erert from many-one com-
pletenessfor PSPACE if PSPACE has a denseset with high generalizedKolmogorov complexity.

4  Within NP

4.1 Separation of Reducibilities

If there exist setsA and B in NP (other than the empty setand § ©) suc that A - $ B but A 64 B,
then, of course,P 6 NP follows immediately. Thus it is reasonableto conjecture that if P 6 NP,
then Turing reductions are di®erent from many-one reductions in NP. Unfortunately, we are far
away from proving such a result. Selman[32] useda stronger hypothesisto adchieve the separation.

Theorem 4.1 ([32]) If there is a tally languagein NP\ co-NP that does not belongto P, then
there exist setsA and B in NP suchthat A - } B but A 6§, B.

Assumefor every pair of languagesA and B in NP, if A - $ B, then A - b B. Let T bethe
given tally languagein NP\ co-NPj P. SinceT belongsto NP, if 0" belongsto T, then there
exists a witnessfor 0" 2 T, let a, be the lexicographically largest such witness. Similarly, since T
belongsto co-NP, if 0" doesnot belongto T, then there exists a witness for 0" 62T, let a, the
lexicographically largest such witness.

De ne a to be the in nite binary sequencea = aja, ¢¢¢ and considerthe left cut of a

L(a) =fxjx< ag:

We make few simple obsenations about L(a). L(a) is P-selective and belongsto NP. Given 0",
we can compute a, by using a binary seart algorithm that makesadaptive queriesto L(a). Thus
both T and T are Turing reducible to L (a). Sinceboth T and T arein NP, by our assumption T
is many-one reducible to L(a) via f, and T is many-one reducible to L(a) via g. Thus, given O"
exactly one of f (O"), g(0") belongsto L(a). SinceL(a) is p-selective, we can decidein polynomial
time which of f (O"), g(0") belongsto L(a). This implies T is in P which is a corntradiction.

Pavan and Selman[29] shaved ner separationsunder a di®erert hypothesis.

Theorem 4.2 ([29]) If thereis a tally languagein UP j P, then
(i) there exist setsA and B in NP suchthat A - § B but A 65, B,
(i) there exist setsA and B in NP suchthat A - § B but A 6 B.

We give the proof of the rst item. Let T be the tally languagein UP j P, and R be the
polynomial-time computable relation assaiated with T. Let

T, = fh0";yi j 9w R(0";w) andy - wg;



T, = th0";ii j 9w R(0"; w) and i-th bit of w is oneg:

If O" 2 T, then the witnessof O" is unique. Thus, Ty is truth-table reducibleto T,. Note that T, is
a sparseset. Ogiwara and Watanabe [27] called T, the left set of T. They showed that, for every
L in NP, if the left setof L is - p,-reducible to a sparseset, then L is in P. Hence, T1 64, To.

4.2 Separation of Completeness Notions

In this sectionwe addressthe question of whether Turing completenesss di®erent from many-one
completenessn NP. Again, any unconditional separation of completenessotions implies P 6 NP.
Thus the goal is to shaw that the completenesanotions di®er under a reasonableassumption. We
“rst mention a result due to Simon and Gill [33]that concernsNP-hardness. They shaved that if
P 6 NP, then there exist setsthat are hard for NP using Turing reductions that are not hard for
NP using many-one reductions. Howewer, the setsthey construct are not known to bein NP. One
of the rst results regarding completenessnotions is due to Longpre and Young [24] who shoved
that for every polynomial t, there exist a languageL that is Turing complete for NP but not many-
one complete under t(n)-time bounded reductions. Howewer, L is many-one complete if we allow
faster reductions. Thus the question of whether Turing completenessis di®erent from many-one
completenessfor NP remained open for a long time. In 1992, Lutz and Mayordomo [26] answered
this question using the measurehypothesis.

Theorem 4.3 ([26]) If the p-measure of NP is not zem, then NP contains a Turing complete
languagethat is not many-one complete.

Lutz and Mayordomo actually achieved a ner separation. They exhibited a 3-tt completelanguage
that is not many-one complete. Ambos-Spiesand Bentzien [4] extended this result signi cantly.
They usedthe genericity hypothesisto separatenearly all NP-completenesaotions for the bounded
truth-table reductions.

Theorem 4.4 ([4]) If NP hasa p-generic language,then
i) for k > 2, k + 1-truth-table completenessis di®erent from k-truth-table completeness,
i) truth-table completenessis di®erent from bounded truth-table completenessfor NP.

Building on the work of Lutz and Mayordomo and Ambos-Spiesand Bentzien, Pavan and
Selman[30] showed that the separation can be shavn under the weaker bi-immunity hypothesis.

Theorem 4.5 ([30]) If NP has a 2?"-bi-immune language,then Turing completenessis di®erent
from many-one completenessfor NP.

We will give someproof ideas. Let L be the 22"-bi-immune language. SinceL belongsto NP,
L can be decidedin time 2" for somek. Let t = 2, tjs; = t, and

Lo = L\ fxjjxj=tj; i oddg;
Le = L\ fxjjxj=t;; i eveng;
PadSAT SAT \ fxjjxj=tj; i eveng:

Obsene that Le and L, are in NP, and PadSAT is NP-complete. We now de ne our Turing
complete language.
S=Le©(Le[ PadSAT) © (Le\ PadSAT);



where © denotesthe disjoint union. It is easyto seethat S is Turing complete: To determine
whether a string x belongsto PadSAT, rst query whether x 2 Le. If X 2 Lg, then x 2 PadSAT if
andonly if x 2 (Le\ PadSAT), and, if x 62 ¢, then x 2 PadSAT if and only if x 2 (L[ PadSAT).
Note that this is actually a 3-tt reduction. HenceS is 3-tt-complete for NP.
We claim that L, is not many-one reducible to S, this shaws that S is not many-one complete.
Let

E
o

fX|jjxj=tj; i eveng;
fxjjxj=ti; i oddg:

To keepthis exposition short, we just shaw that L, is not many-one reducible to Le. Similar
ideasare usedto prove L, is not many-one reducible to S.
We make the following obsenation.

Observ ation 4.1 Since L is 22"-bi-immune, any algorithm that decides L , shouldtake more than
22" time on all but "nitely many strings from O. Similarly any algorithm that decides L should
take more than 22" time on all but "nitely many strings from E.

SupposelL o is many-one reducibleto L via f. We will study the behavior of f on strings from
O, since any string not in O can not be in L,. We rst show that f(x) 2 E for all but nitely
many strings x from O. Assumethere exist in nitely strings from O, suc that f (x) 2 O. A string
belongsto L only if it belongsto E. This implies that f (x) doesnot belongto Le and sox does
not belongto L. Thusthere is an algorithm that decidesL, in polynomial-time on in nitely many
strings from O. This corntradicts Obsenation 4.1. Thus, f (x) 2 E for all but nitely strings x from
0.

Next we compare the length of x to the length of f (x). Previous argument also shaws that
jxj 6 jf(x)j for strings from O. Assume there exist in nitely many strings from O suc that
if (X)j < jxj. In this casewe argue that the length of f (x) is signi cantly smaller than the length
of x. Sincex 2 O, jxj = t;, i odd, and sincef (x) 2 E, jf (x)j = t;, ] even. Thus

Jf (X)J = t] . tii 1= t|1:k — ij]_:k:

Sincef is a many-one reduction from L, to L, for all sud strings (strings for which jf (x)j < jxj),
we can decide whether x belongsto L, by deciding whether f (x) belongsto Le. Sincele 2
DTIME(2 "), deciding the membership of f (x) in Le takes 2 0 . 2Xi time. This gives an
algorithm for L, that runs in polynomial-time on in nitely many strings (strings for which jf (x)j <
jXj). This contradicts Obsenation 4.1.

Thus the only remaining possibility is, for all but nitely many strings from O, it should be the
casethat jf (x)j > jxj. We claim that this alsoleadsto a contradiction. By similar argumerts, we
canshaw that the length of f (x) should be signi cantly larger than the length of x, i.e., jf (X)j . jxj*.
Recall that f (x) 2 E for all x in O. Thus

8" x [x2 O;f(x) =y 2 E; andjyj, jxj*]:

This implies

9'y[y2E;9x 2 O;f(x) = y; and jyj , jxj"]:
Thus for in"nitely many strings y in E there existsx 2 O, f (x) = y, and jxj - jyj*™*. Sincef isa
many-one reduction from L, to L, for all such y we can decidewhether y belongsL ¢ by deciding



whether x belongsto Lo. Giveny, st seard for x, jxj - jyji™, such that f (x) = y and decide
whether x belongsto L,. Searding for x takesat most 2IY/ time. We can decidewhether x belongs
to Lo in time 2XI . 2¥. Thus, the total time to decidethe membership of y in L is bounded by
22¥1, Thus for in"nitely many strings from E we can decidetheir membership in L, in time 22",
This again contradicts Obsenation 4.1.

Thus we concludethat there is no many-one reduction from L, to Le. Using similar, but more
complicated, argumerts we can shaw that there is no many-one reduction from L, to S.

NP has 2”k, k , 1, bi-immune setsif and only if NP has 2”2, 0< 2. 1, bi-immune sets[6, 30].
Thus the weakest known hypothesis that separatessome pair of completenessnotions is the bi-
immunity hypothesis.

Theorem 4.6 ([30]) If NP has a 2" -bi-immune language, then - §_, -completenessis di®erent
from many-one completenessfor NP.

The weakest known hypothesisthat separates- },, ., -completenessfrom - {_, -completeness,
k > 2, for NP is the genericity hypothesis. Thus the only remaining caseis the separation of
Turing completenessrom truth-table completeness.We addressthis question next.

4.2.1 Turing Completeness Versus Truth-table Completeness

We have seenthat under strong but reasonableassumptions, all completenessnotions for NP
can be separatedwith the exception of Turing completenessfrom truth-table completeness. The
techniquesthat are usedto separateother completenessotions do not seemto apply here. Pavan
and Selman[30] achieved this separation under a stronger hypothesis.

Theorem 4.7 If UP\ co-UP hasa 2" -bi-immune language,then Turing completenessfor NP is
di®erent from truth-table completeness.

The proof usesP-selective sets. Let L be the given 2" -pi-immune language. SincelL belongsto
UP\ co-UP, for every n there is a unique witness a, that either provesor disprovesthe membership
of 0" in L. The following obsenation is crucial.

Observ ation 4.2 Any algorithm that computes a, takes more than 2" time for all but “nitely
many n.

This is because,if we can compute a, for in nitely many n in 2" time, then we can decide the
membership in L for in nitely many strings of the form 0", and this cortradicts the bi-immunity
of L.

Let a= aja, ¢¢¢ We de ne two languages.

L1 = fhx;ani j jXj = n; and x 2 SAT g;
Lo=L(a)=fxjx< ag:

Let L = L1 © L, be the disjoint union of L1 and L».

SAT is Turing reducible to L via the following algorithm: Given x, the reduction usesa binary
seard algorithm that queriesL, to nd a,. Then the reduction querieswhether hx; a,i belongsto
L;. ThusL is Turing complete.

To shaw L is not truth-table complete, we de ne the following set.

S = fho";ii j the i-th bit of a, = 1g;
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Obsene that S encalesa, for eady n. Thus deciding S is equivalent to computing a,. We claim S
is not truth-table reducibleto L. We give a sketch of the proof. AssumesS is truth-table reducible
to L. We make useof the truth-table reduction to compute a, in a small amount of time, and thus
contradict Obsenation 4.2. Collect all the queriesgeneratedby the truth-table on strings HO";ii,
1. i- janj. There are two typesof queries,queriesto L; and queriesto L,. We rst discusshow
to decide answers of queriesto L.

Any query to L1 should be of the form hx; yi. We can easily chek whethery = a; for somet,
if not then the query doesnot belongto L;. Assumey = a; for somet. Recall that a; is generated
by a polynomial-time process,the truth-table reduction. Since, by Obsenation 4.2, there is no
excient algorithm to generateay, it must be the casethat t should be very small comparedto n,
to bespecict- n’. Thushxyi = ; ai 2 Ly if jxj =t and x 2 SAT. Sincejxj - n°, we can
decidethe membership of x in SAT in 2" time. Thus we can compute answersto queriesto L; in
relatively small amourt of time.

Now if for ead query to L,, we can decide the membership in L», then we can decide the
membership of O";ii, 1- i - janj, in S, which can be usedto compute a,. Now we can use the
fact that L, is P-selective to compute a,. We omit the details here.

This completesour discussionon separation of NP-completenessnotions.

4.3 Distributional Problems

Until now we have beenworking in the realm of worst-casecomplexity. Now weturn our attention to
average-caseomplexity classes.We intro duce a few necessaryconceptsof average-caseomplexity.
For a more extensive overview on average-caseomplexity, the reader is refereedto the article by
Wang [34]. An average-caseomplexity classconsistsof pairs (L; ) called distributional problems
where L is a languageand ! is a distribution over 8°. A distributional problem (L;*) belongs
to DistNP, if L isin NP and ! is a polynomial-time computable distribution. Levin [23] de ned
reductions betweendistributional problems.

Let (A;1A) and(B;1g) betwo distributional problems. Then (A;? A) is polynomial-time many-
onereducible to (B;1g), (A;ta) - b (B;t ), if there existsa polynomial-time computable function
f and a constart k, 0 sud that

1. f many-onereducesA to B,

L P
2. for every y 2 range(f), *§MIVIK . sar i 1) " R(X):

The latter condition is called the domination condition. Similarly one can de ne truth-table reduc-
tions and Turing reductions among distributional problems|[9].

How do various reductions among distributional problems compare? Most of the results that
hold regarding the di®erencesn reductions betweenlanguageshold for the di®erencesn reductions
between distribution problems [28]. However, when we consider the question of whether these
reductions di®er in DistNP, we have a pleasarily surprising answer. Aida, Sduler, Tsukiji, and
Watanabe [1] showved the following result.

Theorem 4.8 ([1]) If P 6 NP, then there exist distributional problems(A;1 ) and (A;1g) in
DistNP suchthat (A; 1 a) is truth-table reducibleto (B;*g) butis not many-one reducible.

Though we do not know how to separate Turing reductions from many-one reductions in NP,
under the assumption P 6 NP, the separation can be achieved when we consider DistNP. Note
that the domination condition sewerely restricts the power of reduction. Aida et al. exploit this



requiremert to achieve the separation. We mertion the ideas behind their proof. They de ne a
languagelL and distributions * and® such that any many-onereduction from (L; *) to (L; °) should
be length decreasing.

Let S 2 NP j P. Without loss of generality, assumethat there exists a polynomial-time
computable relation R such that

X2S, 9 jxj=jyi;R(Xy) =1

Let
L = fhx;y;ii jOw;y - w- y+ 2 R(x;w) = 1g;
and (
Lt 1 2. i njxj=jyj=n
1% y;ii) = Hxyp on'i + >
e yiii) (L 2 5iT)3 i=01

Where ¥Xx; y) is the uniform distribution over hx; yi. We de ne the seconddistribution ° such that
Lqh y;ii) = °Qhcysi ).

Given hx; y;ii, the Turing reduction from (L; 1) to (L; °) askstwo queries: hx;y;i i 1i and
h;y+ 21 1:i 1i and acceptsif at least one of the answersis \y es". It can be veri ed that the
domination condition is satis ed.

Suppose(L; ) is many-one reducible to (L;°) via f. Let f (hx;y;ii) = x%y%ji. The crucial
obsenation is, to satisfy the domination condition, it must be the casethat j < i. This gives
the following polynomial time algorithm to decide S: To decide x, apply f to hx; 0";ni n times
to obtain a tuple of the form x%y® 1i. Note that we can easily decide whether a tuple of form
x%yC 1i belongsto L, and x 2 S if and only if x®y%1i 2 L. This cortradicts S 62P.

This gives a separation of 2-tt reductions from many-one reductions in DistNP. We do not
know how to extend this result to separateother reducibilities or to separatecompletenesaotions
in DistNP.

5 Measure, Genericit y, and Bi-imm unit y

The hypothesesthat are usedto separatevarious NP-completenessnotions are the measurehy-
pothesis,the genericity hypothesis,and the bi-immunity hypothesis. Thesehypothesesare di®eren
from traditional hypothesessuch asP 6 NP, NP 6 co-NP, or the PH isin nite. To help the reader
understand the power of these hypothesis, we de ne the notions of measure, genericity and bi-
immunity under a uniform framework using predictors.

Informally, for a languagelL, a prediction algorithm takes x and Ljx (partial characteristic
sequence)as input and tries to predict the membership of x in L. The predictor may output a
probability distribution over f0; 1g. Formally, a predictor is function ¥2: 8°£ § | f0;1g sudc that
for every word w, ¥{w;0) + ¥w;1) = 1. We can think of ¥{Ljx; 1) as the predictor's con dence
that x belongsto L.

Given a predictor Ysand a languageL, we would like to judge the performanceof %on L. If
the predictor speci es a probability p< 1to x 2 L and if x 2 L, we would like to charge the
predictor for not being able to predict that x 2 L with con dence 1. One can considervarious ways
of assigningthis charge. We usethe notion of LogLoss If the predictor assignsa probability p to
x 2 L andif x 2 L, then the LogLossof Yis log1=p. Formally, lossat w is

iwjgi 1
i) = :
LogLoss(¥w) . log VO Wi

9



Thus given w, LogLoss(¥; Ljw) measuresthe cumulativ e loss of the predictor up to w.

Obsenethat if ¥{wji; 0) = Y{wji; 1) = 1=2,1- i - jwj, then the LogLossis jwj. If the predictor
always givesprobability 1 to the correct evert, i.e., Y{wji; w[i]) = 1,1 i - jwj, then the LogLoss
is zero, whereasif Y{wji; w[i]) = 0, for somei, then the LogLossis in nite.

Lutz [25] developed resource-lbunded measuretheory, analogousto classicalLebesguemeasure,
to study the quartitativ e structure of complexity classes. Lutz originally de ned measureusing
martingales. We presernt an equivalert de nition via predictors. This equivalert de nition is due
to Hitchcock [16].

Let t(n) be a polynomial. A languagel is t(n)-random if for every predictor Yathat runs in
time t(n) there exists a constart ¢ suc that for every n,

LogLoss(¥Ljn) > nj c:

Informally, alanguageis t(n)-random if any predictor can make only constart number of predictions
with absolute con dence. A classC has p-measure nonzemw if for every polynomial t(n), C hasa
t(n) random language.

Ambos-Spies[3] introduced the notion of genericity. We give an equivalert de nition of gener-
icity using predictors [29]. A predictor %is 3-valud if for every w, ¥{w;0) is either 0, 1/2, or 1.
Let t(n) be any polynomial. A languagel is t(n)-generic, if for every 3-valued predictor Yathat
runs in time t(n), there exists a constart ¢ such that for every n,

LogLoss(¥%Ljn) > nj c:

A predictor Y4is an oblivious predictor if ¥{x; b) = Y{y;b) whenewer jxj = jyj. An oblivious
predictor does not take advantage of the partial characteristic sequence.We can characterize bi-
immunity using oblivious predictors. A languageis t(2")-bi-immune if for every 3-valued oblivious
predictor Yathat runs in time t(n), there exists a constart ¢ such that for every n,

LogLoss(¥%Ljn) > nj c:
Now the following implications follow easily.

L is t(n)-random

)

L is t(n)-generic
)

L is t(2")-bi-immune
)

L 2 DTIME( t(2"))

It is known that none of the corverseshold. Lutz [25] shaved that the p-measureof EXP is
one. Thus EXP corntains t(n)-random languagesfor every polynomial t(n). Thus EXP cortains
t(n)-generic and t(2")-bi-immune languages.

It is now clear that the measurehypothesis implies the genericity hypothesis, the genericity
hypothesisimplies the bi-immunity hypothesis, and the bi-immunity hypothesisimplies P 6 NP.
The only way that we know to construct languagesthat are not in P is by diagonalization. Thus we
canview the hypothesisP 6 NP as\abilit y to diagonalizewithin NP". In the sametoken, the mea-
sure, the genericity, and the bi-immunity hypothesesprovide a very strong form of diagonalization
within NP.
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6 Other Topics

In this sectionwe brie°y merntion a few other areaswhere the di®erencebetweenvarious reducibil-
ities are studied.

Given a reduction - P, the r-degreeof A, deg(A), is the collection of all setsthat are - P-
equivalent to A. Relationships between various completenessnotions are related to the question
of relationships among the degreesof a set. It can be easily seenthat the relationships between
various completenessotions for EXP can be stated asfollows: If A is many-one completefor EXP,
then

degn(A) = degi- (A) Y2 deg-i (A) Y2 degi-i (A) Y2 deg: (A) Y2 degr (A):

The more subtle question is whether there exist sets for which all degreesare the same. Given
two reductions - P and - 2, a set A is r-s collapsing if deg (A) = deg(A). Is there any nontrivial
set 3 that is m-T collapsing? Surprisingly, we do not know answer to this question. We mention
somepartial results. Selman[31] showved that no tally setis m-T collapsing. Sinceevery many-one
complete set for EXP is 1-t complete, all many-one complete setsfor EXP are m-1tt collapsing.
Ambos-Spieqg2] hasshown that there is T-1tt collapsingset. More recertly Ambos-SpiesBentzien,
Fejer, Merkle and Stephan [5] showed that there is m-btt collapsing set. Beigel and Forthow [§]
constructed an oracle relative to which there is a m-T collapsing set.

The di®erencedetweenvarious notions of reductions are also studied in the context of random
self reducibility and coherence.Feigerbaum, Fortnow, Lund and Spielman [13] showed that there
is a function that is adaptively random self reducible but not nonadaptively random self reducible.
Hemaspaandra,Naik, Ogihara and Selman[15] showed that if NE 6uBPE, then there is a language
in NP that is random self reducible but not nonadaptively self reducible. Feigerbaum, Fortnow,
Laplante and Naik [14] exhibited a set that is adaptively coheren but not nonadaptively coheren
even with polynomial advice.

7 Open Problems

We mention someinteresting open problemsin this area.

2 Can we showv Turing reductions are di®erent from many-one reductions in NP under the
hypothesis\there is a tally languagein NP j P"?

2 All the known hypothesesthat separatecompletenessotion within NP assumethe existence
of an almost-everywherehard languagein NP. Canwe weakenthe assumptionto the existence
of a languagethat is hard on average?

2 |s many-one completenesshe sameas 1-tt-completenessor NP ?

2 |s there an oraclerelative to which P 6 NP and Turing completenesds the sameas many-one
completenesdor NP?
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