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Abstract

Cai and Selman [CS96] proposed a general definition of average
computation time that, when applied to polynomials, results in a mod-
ification of Levin’s [Lev86] notion of average-polynomial-time. The
effect of the modification is to control the rate of convergence of the
expressions that define average computation time. With this modifi-
cation, they proved a hierarchy theorem for average-time complexity
that is as tight as the Hartmanis-Stearns [HS65] hierarchy theorem for
worst-case deterministic time. They also proved that under a fairly
reasonable condition on distributions, called condition W, a distribu-
tional problem is solvable in average-polynomial-time under the mod-
ification exactly when it is solvable in average-polynomial-time under
Levin’s definition.

Various notions of reductions, as defined by Levin [Lev86] and
others, play a central role in the study of average-case complexity.
However, the class of distributional problems that are solvable in
average-polynomial-time under the modification is not closed under
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the standard reductions. In particular, we prove that there is a dis-
tributional problem that is not solvable in average-polynomial-time
under the modification but is reducible, by the identity function, to
a distributional problem that is, and whose distribution even satisfies
condition W.

1 Introduction

Average-case analyses of algorithms often provide more useful information
than worst-case analyses. For example, quick-sort is a useful algorithm be-
cause it runs in O(nlogn) time on average under a uniform distribution,
even though its worse-case complexity is ©(n?). More to the point of this
paper, there are NP-hard problems whose expected running time is polyno-
mial. For example, the Hamiltonian path problem can be solved in expected
linear time under commonly used distributions on random graphs [GS87].

A distributional problem is a decision problem paired with a probability
distribution on instances. Given a distributional problem, it is an important
issue to either find an expected polynomial-time algorithm that solves the
problem or prove that such an algorithm does not exist. Levin [Lev86] pro-
vided two central notions for studying this issue. One is analogous to the
class P, and provides an easinessnotion; the other is analogous to the class
of NP-complete sets, and provides a hardnessnotion. For the first, Levin de-
fined a robust notion on what it means for the running time of an algorithm to
be polynomial on average. (In this case, we say that the problem is in AP.)
For the second, Levin defined reductions between distributional problems.
These reductions are transitive and if a distributional problem is reducible
to a second distributional problem that is in AP, then the original distribu-
tional problem is also in AP. With this machinery in place, a distributional
problem is average-@se NP-complete if the decision problem component be-
longs to NP and every distributional problem consisting of an NP problem
and a reasonable distribution ! is reducible to it. Levin showed that distri-
butional tiling with a simple distribution is average-case NP-complete and
since then, several additional average-case NP-complete problems have been
found [BG95, Gur91, VL88, VR92, WB95, Wan95|.

1By reasonable distribution we mean a distribution that is polynomial-time computable
or is dominated by a distribution that is. See section 2 for definition.



Levin’s definitions concern only the distinction between polynomial on
average and super-polynomial on average. Ben-David et al. [BCGL92] pro-
posed a straightforward generalization and gave a definition of T" on average
for an arbitrary time bound 7. Under their definition, when a distribution
puts most of the weight on a few instances, so the weights on the rest of
the instances are negligible, a function larger than T' everywhere could still
be T on average. To avoid this, Cai and Selman [CS96] formulated a defi-
nition of 7" on average that requires, for every n, that the expectation over
the set A, = fz : jzj ng, with respect to the conditional distribution
over Ap, be less than or equal to 1. The effect of this is to restrict the rate
of convergence of the average sum. It follows from their definition that if
t(z) > T(x) for almost all (i.e., all but finitely many) instances x, then ¢
cannot be T on average. This allows them to obtain an hierarchy theorem
for arbitrary average-case time-bounds that is independent of distributions
and is as tight as the Hartmanis-Stearns hierarchy theorem for worst-case
deterministic time [HS65].

For convenience, if the time-bound 7' is a polynomial, then we will say
that a function is (modi e d) polynomial on averageif it is 7" on average
in accordance with the definition of Cai and Selman. In this manner we
distinguish their formulation from Levin’s original notion of p on average. If
a distributional problem can be solved by a deterministic algorithm whose
running time is (modified) p on average for some polynomial p, we say that
the problem is in AVP. (Recall that AP denotes the class of problems that
are polynomial on average using Levin’s definition.) It is straightforward
that AVP is a subset of AP, and Cai and Selman showed that the inclusion is
proper. They also proved that if a distributional problem has a distribution
that satisfies a reasonable condition that they called condition W, then the
problem is in AVP exactly when it is in AP.

Now consider reductions on distributional problems. The simplest of
these is Levin’s deterministic polynomial-time many-one reduction, which
satisfies the important property that if distributional problem (A, pa) is re-
ducible to distributional problem (B, ug) and (B, ug) belongs to AP, then
(A, ua) belongs to AP. It follows from this closure property of the reductions
that a complete problem is in AP if and only if every NP problem under
every reasonable distribution is in AP.

Observe that if ua and pg both satisfy condition W, (A, ua) is reducible
to (B, us), and (B, ug) belongs to AVP, then (A, ua) belongs to AVP—
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because in this case membership in AVP and AP are identical. The main
result of this paper shows that AVP fails to satisfy this closure property
unless such a restriction is made on the class of admissible distributions.
Specifically, we demonstrate distributional problems (A, 1) and (A, p2) such
that the identity function reduces (A, u1) to (A, u2), (A, pz) belongs to AVP,
L2 even satisfies condition W, but (A, u1) does not belong to AVP. Since AVP
is closed under standard reductions when distributions satisfy condition W,
it would be interesting to know to what extent the lack of a general closure
property for AVP matters.

2 Definitions and Background

Let ¥ = f0,1g. We assume that all languages are subsets of >*. Let pu
denote a probability distribution (distribution, in short) over ¥*, i.e., for all ,
pu(z) 0and Yoy pu(r) = 1. Its distribution function p*(x) = >y <« p(y) is the
cumulative distribution of p up to x, where is the standard lexicographical
order. The following definitions are due to Levin [Lev86]. A function ¢ is
linear on u-average if the expected value of ¢(x)/jzj with respect to u is
bounded, i.e. if 3, ¢(x)jzj tu(z) < 1 . A function ¢ is polynomial on u-
averageif ¢t is a polynomial of a linear on p-average function. This can be
rephrased as follows.

Definition 1 ([Lev86]) Let p be a distribution on ¥*, and let ¢ : ¥* I IN.
Then t is polynomial on p-average if there exists a positive integer k& such
that Yo, t¥%(2)jzj " tu(x) < 1.

Several authors have explained the motivations and justifications of this
definition, and have explained why seemingly more obvious formulations fail
[Lev86, Gur89, Gur9l, Ven91, Imp95, Wan97].

Let AP denote the class of all distributional decision problems (A, u)
such that A can be solved by a deterministic algorithm whose running time
is polynomial on p-average.

Let o and v be two distributions. Then p is dominated by v, denoted by
i v, if there is a polynomial p such that for all z, u(z)  p(jzj)v(z).

Let pua and pg be two distributions and let f : ¥* I ¥*. Recall, for
every distribution v on ¥*, that f induces a distribution f(v) on ¥* that is
defined by f(v)(y) = Xf(x)=y (), for all y 2 ¥*. Then, we say that pa is
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dominated by ug with respct to f, denoted by pua ¢ ug, if there exists a
distribution v such that pua v and for all y 2 range(f), us (v) = f(v)(y).

Levin [Lev86] first defined polynomial-time many-one reducibility, we
will use the form given by Gurevich [Gur91]. In what it follows, we will use
“p-time” to denote “polynomial-time”.

Definition 2 Let (A, ua) and (B, ug ) be two distributional problems. Then
(A, ua) is p-time many{one reducibleto (B, ug), denoted by (A, ua) %
(B, ug), if there exists a p-time computable function f: ¥* ! 3* such that
A is many—one reducible to B via f and pa ¢ us-

The following properties are important. Gurevich [Gur91] and Wang
[Wan97] provide proofs.

Lemma 1 1. Let (A, ua) and (B, ug ) be two distributional problemssuch
that (A,[I,A) P (B,ILLB) If (B,ILLB) 2 AP, then (A,ILLA) 2 AP.

m

2. Polynomial-time many-onereductions are transitive.

Other reductions [VL88, Gur91l, BCGL92] between distributional prob-
lems have been defined and used to prove average-case completeness results.
These reductions are weaker than p-time many-one reductions in that p-time
reductions imply the other types of reductions. We will restrict our attention
in this paper to p-time many-one reductions.

A real-valued function r : ¥* ! [0, 1] is p-time computable if there exists
a deterministic algorithm A such that for every string z and every positive
integer k, A outputs a finite binary fraction y such that jr(x) yj 27% and
the running time of A is polynomially bounded in jzj and k [Ko83]. If p* is
p-time computable, then so is p, but Blass showed that the converse is not
true unless P = NP [Gur91]. With this fact in mind, we assume throughout
that when we say that p is p-time computable, both p and p* are p-time
computable.

Levin [Joh84] hypothesized that any natural distribution p satisfies the
following property: u is either p-time computable or is dominated by a dis-
tribution that is. Let DistNP be the class of distributional problems (A, u)
such that A 2 NP and p satisfies this property. Then DistNP should include
all natural distributional NP problems. A distributional problem is averge-
casemany-onecompletefor NP if it is in DistNP and every other problem in
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DistNP is P -reducible to it. In this case, we will say, more simply, that the
problem is average-@aseNP-complete Levin [Lev86] showed that a distribu-
tional tiling problem with a simple distribution on instances is average-case
NP-complete. Since then, several other average-case NP-complete problems
have been found.

Levin’s definition intends only to distinguish between “hard on average”
and “easy on average” distributional problems. To make finer distinctions,
Ben-David et al. [BCGL92| suggested a straightforward generalization and
defined a function t to be T on average if t(x) = T'(¢(x)) for some linear
on average function ¢. Letting T~1(n) = minfm : T(m) ng, this can be
rephrased as follows:

Definition 3 ([BCGL92]) Let p be a distribution on ¥*, and let 7" : IN !
IN. Then function ¢ : ¥* ! IN is T on p-avergeif >, T (t(z))jzj *u(z) <
1.

Denote by ADTime(7'(n)) the class of all distributional decision problems
that can be decided by a deterministic algorithm in time 7" on average.

The definition of linear on average does not distinguish between n on
average and cn on average for any constant ¢, so T'(n) on average is the
same as T'(cn) on average for any function 7. This sets a limit on how
fine a separation of the classes ADTime(7'(n)) can be achieved, although
hierarchy theorems for ADTime(7'(n)) [BW95, SY96] can still be obtained.
Such hierarchy results are bound to be weaker than Hartmanis-Stearns’ hi-
erarchy for worst-case deterministic time. On the other hand, it is possi-
ble to get a hierarchy theorem as strong as Hartmanis-Stearns’ when re-
stricted to certain types of polynomially bounded functions. In particular,
Cai and Selman [CS96] showed the following result. Let ¢,7 : IN'! IN be
logarithmico-exmnential functions? such that ¢ is bounded above by a poly-
nomial and T is fully time constructible. If t(n)logt(n) = o(T'(n)), then
ADTime(t(n)) G ADTime(T'(n)).

2Hardy [Har11] first defined and studied logarithmico-exponential functions to provide
a “scale of infinities”. He showed, among other things, that a logarithmico-exponential
function cannot increase more slowly than every iterated logarithm function, nor faster
than every iterated exponential function, and moreover any logarithmico-exponential func-
tion is either eventually positive or eventually negative or identically zero. Despite these
restrictions, they include many standard functions.
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However, as noted by Cai and Selman [CS96], ADTime(4") =
ADTime(2"). We also note that by the almost everywhere hierarchy theorem
[GHS87], there exists a language L such that L is not in DTIME(2") almost
everywhere, but L 2 DTIME(4"), which implies that (L, ) 2 ADTime(4")
for every distribution p. Hence, (L,p) 2 ADTime(2"). A language that
requires more than 7'(n) time to compute almost everywhere should also
require T'(n) time to compute on average. In order to ensure that a func-
tion that is greater than 7'(n) almost everywhere is not considered to be
T on average, we would like to distinguish between cn on average for dif-
ferent values of ¢. We might attempt to do so by defining a function ¢ to
be n on average if >, £(z)jzj *u(z) 1, and so we would be comparing ¢
to jxj rather than cjzj for arbitrary ¢. A function ¢ could then be said to
be T on average if t(x) = T'(¢(x)) for some n on average function ¢, i.e. if
S T7Ht(z)jxj tp(x) 1. However, since an algorithm that solves a deci-
sion problem can be given arbitrarily large look-up tables, we would again
have ADTime(2") = ADTime(4"). So one would like to remove dependency
on any finite number of inputs. One way of doing that is to require that the
expectation over the set A, =fx :jrj ng, with respect to the conditional
distribution over A,, be less than or equal to 1. This gives rise naturally to
the following definition of Cai and Selman [CS96].

Definition 4 Let p be a distribution on ¥*, and let W, = p(fz : jzj  ng).
Let T be a function from IN to IN. Then a function ¢ : ¥X* ! IN is (modi e d)
T on p-avergeif for all n = 1, Xxon T H(t(2))jaj tu(z)  Wh.

For convenience, we denote by AVDTime(7'(n)) the class of all distribu-
tional decision problems solvable by a deterministic algorithm whose running
time is (modified) 7" on average. The union of AVDTime(p(n)) over all poly-
nomials p is called AVP.

Since the inclusion of a problem in a time complexity class does not
depend on any finite number of instances, the following lemma is obvious.

Lemma 2 Supmsethat (A, u) is solvableby a deterministic algorithm in
time ¢ suchthat for suciently large n, Yy sn 771 (t(2))jzj T u(z) — Wh.
Then (A, 1) 2 AVDTime (T (n)).

The following result is an easy consequence of definition 4 [CS96]. Let
Ty, T be fully time constructible, and (A, ) a distributional decision prob-
lem. If A is in DTime(7T1(n)), then (A, u) is in AVDTime(71(n)). If every
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algorithm that solves A requires more than 7% time for all but finitely many
instances, then (A, u) is not in AVDTime(7%(n)). Cai and Selman then ob-
tained the following hierarchy result.

Theorem 1 ([CS96]) Let T' be fully time-constructible and ¢(z) logt(z) =
o(T(x)). Thenthereis alanguageL suchthat for any distribution p, (L, 1) 2
AVDTime(T'(n)) AVDTime(t(n)).

3 Main Theorems

Clearly, AVP is contained in AP. While the converse is not true, there is a
partial converse. Under a fairly reasonable condition on the distribution u,
a distributional problem is in AP if and only if it is in AVP. A distribution p
is said to satisfy condition W if there exists s > 0 such that W, = Q(1/n®).

Lemma 3 ([CS96]) Let i be adistribution that satis es condition W. Then
a distributional decision problem (A, i) isin AP i it isin AVP.

Suppose (A, ua) B (B,ug) and (B,ug) is in AVP. Then (B, ug) will
be in AP, and so by Theorem 1, (A, ua) will also be in AP. As long as pa
satisfies condition W, (A, ua) is also in AVP. Unfortunately, if pa does not
satisfy condition W, then (A, ua) does not have to be in AVP.

Theorem 2 There existsa languageA and p-time computabledistributions
w,v suchthat (A,u) P (A,v), (A,v)isin AVP, and v satis es condition
W, but (A, i) is not in AVP.

Proof. From the almost everywhere hierarchy theorem [GHS87], there exists
a language L such that L 2 DTIME(2?"), but is not in DTIME(2") almost
everywhere. Let A = L[ f1" : n 1g9. Notice, then, that if M is a
Turing machine that accepts A, then for all but finitely many z in ¥* f1"g,
Tw ([L‘) > 2|X|

Define the distributions p and v by

_{ 1/(n?2"(2" 1)) ifz 61",
YE) = @0 Dymzn) e = 1o,
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where n = jxj. Then both p and v are p-time computable. Since v(fz : jzj =
ng) = 1/n?, v satisfies condition W.

Next, we show that (A,v) is in AVP. Since v satisfies condition W, it
is sufficient, by Lemma 3, to show that (A,v) is in AP. Let M’ be a Turing
machine that accepts A in time 22", and let M be a machine that, on input
x, will accept if x = 1|, and will simulate M’ otherwise. Then

V@ f:( 3 7VT“A<"”“>V(I)+7VTM<1”>V<1@)

- ja] Z\ o al j17]

< = 9 1 S L |
2" 1)+ —
Zono om0 (20 1) ( ) nz:; n  n?22n
o0 o0 1
— — <1

This proves that (A,v) is in AVP.

We now show that (A, u) is not in AVP. Notice, first of all, that W, =
p(fz o jzj  ng) = Yxsn 1/4X =302, 1/2%. Let M be a Turing machine
that accepts A. Then, by construction of A, for sufficiently large n, Ty () >
2Xif jzj  n and x & 1% So, for any € > 0, if n is sufficiently large,

> Dl ) i( > u<x>)

‘X‘ZI’] Jx] k=n ‘X‘:k;x;/lk JxJ
< ok 1
= — (2* 1
IEE
|
> 22_k:Wn.
k=n

Hence, (A, ) is not in AVP.

To complete the proof, we show that (A,u) P (A,v) via the identity
function. It suffices to show that ©  v. In particular, we show that for all
z, u(x)  jxj?v(z). To see this, we note that if z & 1XI, we have

1 1 . o
and if z = 1%, we have
o2k
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This completes the proof. [ |

Corollary 1 ([CS96]) AP strictly includes AVP.

One may ask if we do not insist on condition W, or if we do not insist on
any specific condition on distributions, what conditions on reductions could
ensure that AVP is closed. By Theorem 2, no condition on reductions alone
can ensure this. However, it is possible to ensure that AVP is closed if we
also impose stronger conditions on what happens to the distributions under
the reduction. One such example follows.

Definition 5 Let (B, ) be a distributional problem, and let Y be a subset
of ¥*. Then the restriction of (B, u) to Y is the distributional problem
(Bv Ky )7 where
[ w@)/uy) w2y,
“Y(x)_{o if « 62

Theorem 3 Supmwse f : ¥* ! >* is one-oneand p-time computable,and
that j fj is non-decreasing for strings of the samelength, and strictly increas-
ing for strings of di er ent length. Supmse (A, ua) P, (B, us) via f with
us = f(ua). Then if the restriction of (B, ug) to Y = range(f) is in AVP,
(A, ua) is alsoin AVP.

Proof. Since the restriction of (B, ug) to Y is in AVP, there exists a Turing
machine that accepts B in time T, and a positive integer k such that for all
n22Z",

Tle y
SEWw Y . 1)
lyl > n; 1Y) ly| > n;
yey yey
This implies that
T1=k
P W) g () > ks (y). (2)
ly| >n; 1Y) Iyl > n;
yey yey
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Without loss of generality, we assume that n = o(T'(n)). Since f is p-time
computable, there exists m > 0 such that for all z, jf(z)j*™  jzj. By the
linear speed-up theorem [HS65], we know that there exists a Turing machine
accepting B in time 7" = T/2%M. Since f is one-one, ug(f(x)) = pa(z).
Since A P B via f, there exists a Turing machine accepting A in time
=T f.

Let h=T f. From (2), we get, for all n2 Z",

1=k£13'
s WY ).

fGoren (@] If () |>n

h1/k(x) h1/k(x)\1= h1/k(x) h1/k(x) h1/k(x)\1=
If Toor L then Gregr)™  Freor I Frggr < 1 then (Srgyp) ™" < 1.

So for all positive n, we have,
hl=km T
toon 7] F ()1>n
This means for all n > 0:
h/ 1=km T
> W0 )Y ).
togen 1Y It (] >n

Now, because of the monotonicity condition on j fj, for any ¢ > 0, there exists
n~ > 0 such that fo : joj fg=fz:jf(z)] ng (Indeed, n- =jf(0)j.)
So, we then get, for all £ > 0,

(W)= (2) (W)= (2)

W00 = o W
x> feorzn, 17
> na(z)
If ()[=ne
= D pua(@).
Ix|="
This shows that (A, pa) is in AVP. [

Remark. Notice that if a function ¢ : £* ! IR" is T on average (under Ben-
David et al.’s definition), then the restriction of ¢ to any subset S £* will
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also be T on average, i.e. Yyes T (t(z))jrjtus(z) < 1 . This property
is important in showing that reductions are closed for AP. However, this
property is not true in general for (modified) 7" on average. So in the above
theorem, it is not even enough to assume that (B, ug) is in AVP.

4 Concluding Remarks

Levin has provided a useful and robust framework for studying NP prob-
lems that are difficult on average. This framework has been enhanced by a
number of researchers. The reader is referred to [Wan97] for a survey of this
theory. The definition of T on average proposed by Cai and Selman, which
modifies an earlier definition given by Ben-David et al., provides a fine sep-
aration of average-time complexity classes. In order to use this definition to
study algorithmic properties of average-case complexity, the class of admis-
sible distributions needs to be restricted. Such a restriction, e.g., condition
W, is often acceptable in practice.

One may perhaps wonder whether there is a feasible way to measure
computation time on average that satisfies the needs of studying difficult-on-
average NP problems and also provides all the desirable structural properties
without restricting the class of admissible distributions to condition W or
similar conditions. Ideally, one would like a definition to have the following
properties:

1. It would provide the same AP as Levin’s definition when it is applied
to polynomials.

2. If any algorithm that solves a problem A takes time greater than T'(jxj)
for almost all z, then for every “well-behaved” distribution u, (A, )
would not belong to the class of distributional problems that are solv-
able in time T" on p-average. (Note: for some rather peculiar distribu-
tion u, (A, ) could still be in that class.)

3. It would provide a tight hierarchy, at least as tight as the Hartmanis-
Stearns’ hierarchy for worst-case deterministic time.
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In any case, it is important to work on a definition of average-case time
that is suitable for studying difficult-on-average NP problems.

Final Remark. This paper is a journal version of a conference paper of
Belanger and Wang [BW96]. Pavan subsequently found a simpler proof of
Theorem 2, which has the added advantage of using a reduction as simple
as the identity function, rather than the more complicated reduction used
in the original proof. We would like to thank Alan Selman for telling the
authors of each other’s work.

Acknowledgment. We are grateful to Alan Selman for a number of con-
structive comments and suggestions, which helped improve the exposition of
the paper.
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