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ting randomness from independent sour
es to \extra
t" Kol-mogorov 
omplexity. For any �; � > 0, given a string x with K(x) > �jxj, we show how touse a 
onstant number of advi
e bits to eÆ
iently 
ompute another string y, jyj = 
(jxj),with K(y) > (1� �)jyj. This result holds for both unbounded and spa
e-bounded Kolmogorov
omplexity.We use the extra
tion pro
edure for spa
e-bounded 
omplexity to establish zero-one laws forthe strong dimension of 
omplexity 
lasses within ESPACE. We also obtain a similar result for
onstru
tive strong dimension.1 Introdu
tionKolmogorov 
omplexity quanti�es the amount of randomness in an individual string. If a stringx has Kolmogorov 
omplexity m, then x is often said to 
ontain m bits of randomness. Can weeÆ
iently extra
t the Kolmogorov randomness from a string? That is, given x, is it possible to
ompute a string of length m that is Kolmogorov-random?Veresh
hagin and Vyugin showed that this is not possible in general [27℄, i.e., they showed thatthere is no algorithm that 
an extra
t Kolmogorov 
omplexity. Buhrman, Fortnow, Newman andVeresh
hagin [4℄ showed that if one allows a small amount of extra information then Kolmogorovextra
tion is indeed possible. More spe
i�
ally, they showed there is an eÆ
ient pro
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that for every x with Kolmogorov 
omplexity �n, there exists a string ax, su
h that A(x; ax)outputs a nearly Kolmogorov random string whose length is 
lose to �n. Moreover, the length ofax is O(log jxj), and 
ontents of ax depend on x.In this paper we show that we 
an extra
t Kolmogorov 
omplexity with only 
onstant bitsof additional information. We give a polynomial-time 
omputable pro
edure whi
h takes x with anadditional 
onstant amount of advi
e and outputs a nearly Kolmogorov-random string whose lengthis linear in m. Formally, for any �; � > 0, given a string x with K(x) > �jxj, we show how to use a
onstant number of advi
e bits to 
ompute another string y, jyj = 
(jxj), in polynomial-time thatsatis�es K(y) > (1 � �)jyj. The number of advi
e bits depends only on � and �, but the 
ontentof the advi
e depends on x. This 
omputation needs only polynomial time, and yet it extra
tsunbounded Kolmogorov 
omplexity.Our proofs use a 
onstru
tion of a multi-sour
e extra
tor. Traditional extra
tor results [17, 28,24, 16, 26, 20, 21, 25, 10, 23, 22, 5℄ show how to take a distribution with high min-entropy andsome truly random bits to 
reate a 
lose to uniform distribution. A multi-sour
e extra
tor takesseveral independent distributions with high min-entropy and 
reates a 
lose to uniform distribution.Thus multi-sour
e extra
tors eliminate the need for a truly random sour
e. Substantial progresshas been made re
ently in the 
onstru
tion of eÆ
ient multi-sour
e extra
tors [2, 3, 19, 18℄. In thispaper we use the 
onstru
tion due to Barak, Impagliazzo, and Wigderson [2℄ for our main resulton extra
ting Kolmogorov 
omplexity.To make the 
onne
tion, 
onsider the uniform distribution on the set of strings x whose Kol-mogorov 
omplexity is at mostm. This distribution has min-entropy aboutm and x a
ts like a ran-dom member of this set. We 
an de�ne a set of strings x1; : : : ; xk to be independent ifK(x1 � � � xk) �K(x1) + � � � +K(xk): By symmetry of information this implies K(xijx1; : : : ; xi�1; xi+1; : : : ; xk) �K(xi). Suppose we are given independent Kolmogorov random strings x1; : : : xk, whose Kolmogorov
omplexity is m. We view them as arising from k independent distributions ea
h with min-entropym. We then argue that a multi-sour
e extra
tor with small error 
an be used to output a nearlyKolmogorov random string.To extra
t the randomness from a single string x, we break x into a number of substringsx1; : : : ; xl, and view ea
h substring xi as 
oming from a di�erent random sour
e. Of 
ourse, thesesubstrings may not be independently random in the Kolmogorov sense, thus we 
an not view thesestrings as 
oming from independent sour
es. A useful 
on
ept is to quantify the dependen
y withinx asPli=1K(xi)�K(x). We show that if the dependen
y within x is small, then the output of themulti-sour
e extra
tor on its substrings is a nearly Kolmogorov random string. Another te
hni
alproblem is that the randomness in x may not be ni
ely distributed among the substrings; for thiswe need to use a small (
onstant) number of nonuniform advi
e bits.This result about extra
ting Kolmogorov-randomness also holds for polynomial-spa
e boundedKolmogorov 
omplexity. We apply this to obtain zero-one laws for the strong dimensions of 
ertain
omplexity 
lasses. Resour
e-bounded dimension and strong dimension [11, 1℄ were developedas extensions of the 
lassi
al Hausdor� and pa
king fra
tal dimensions to study the stru
ture of
omplexity 
lasses. Dimension and strong dimension both re�ne resour
e-bounded measure and areduals of ea
h other in many ways. Strong dimension is also related to resour
e-bounded 
ategory[8℄. In this paper we fo
us on strong dimension.The strong dimension of ea
h 
omplexity 
lass is a real number between zero and one in
lusive.While there are examples of nonstandard 
omplexity 
lasses with fra
tional dimensions [1℄, wedo not know of a standard 
omplexity 
lass with this property. Can a natural 
omplexity 
lasshave a fra
tional dimension? In parti
ular 
onsider the 
lass E. Determining its strong dimensionwithin ESPACE would imply a major separation. However, we are able to use our Kolmogorov-2



randomness extra
tion pro
edure to obtain a zero-one law ruling out the intermediate fra
tionalpossibility. Formally, we show that the strong dimension Dim(E j ESPACE) is either 0 or 1. Thezero-one law also holds for various other 
omplexity 
lasses.Our te
hniques also apply in the 
onstru
tive dimension setting [12℄. Miller and Nies [14℄ askedif it is possible to 
ompute a set of higher 
onstru
tive dimension from an arbitrary set of positive
onstru
tive dimension. We answer the strong dimension variant of this question.2 Preliminaries2.1 Kolmogorov ComplexityLet M be a Turing ma
hine. Let f : N ! N. For any x 2 f0; 1g�, de�neKM (x) = minfj�j jM(�) prints xgand KSfM(x) = minfj�j jM(�) prints x using at most f(jxj) spa
eg:There is a universal ma
hine U su
h that for every ma
hine M , there is some 
onstant 
 su
h thatfor all x, KU (x) � KM (x)+
 and KS
f+
U (x) � KSfM (x)+
 [9℄. We �x su
h a ma
hine U and dropthe subs
ript, writing K(x) and KSf (x), whi
h are 
alled the (plain) Kolmogorov 
omplexity of xand f -bounded (plain) Kolmogorov 
omplexity of x. While we use plain 
omplexity in this paper,our results also hold for pre�x-free 
omplexity.The following de�nition quanti�es the fra
tion of randomness in a string.De�nition. For a string x, the rate of x is rate(x) = K(x)=jxj. For a polynomial g, the g-rate ofx is rateg(x) = KSg(x)=jxj.We denote the uniform distribution over �n with Un. Two distributions X and Y over �n, are�-
lose if 12 Xx2�n jX(x) � Y (x)j � �:De�nition. LetX be a distribution over �n and Sup(X) denotes the set fx 2 �n j Pr[X = x℄ 6= 0g.The min-entropy of X is minx2Sup(X) log 1Pr[X = x℄ :2.2 Polynomial-Spa
e DimensionWe now review the de�nitions of polynomial-spa
e dimension [11℄ and strong dimension [1℄. Formore ba
kground we refer to these papers and the survey paper [7℄.Let s > 0. An s-gale is a fun
tion d : f0; 1g� ! [0;1) satisfying 2sd(w) = d(w0) + d(w1) forall w 2 f0; 1g�.For a language A, we write A�n for the �rst n bits of A's 
hara
teristi
 sequen
e (a

ording tothe standard enumeration of f0; 1g�) and A� [i; j℄ for the subsequen
e beginning from the ith bit andending at the jth bit. An s-gale d su

eeds on a language A if lim supn!1 d(A�n) =1 and d su

eedsstrongly on A if lim infn!1 d(A �n) = 1. The su

ess set of d is S1[d℄ = fA j d su

eeds on Sg. Thestrong su

ess set of d is S1str[d℄ = fA j d su

eeds strongly on Sg.3



De�nition. Let X be a 
lass of languages.1. The pspa
e-dimension of X isdimpspa
e(X) = inf �s ���� there is a polynomial-spa
e 
omputables-gale d su
h that X � S1[d℄ � :2. The strong pspa
e-dimension of X isDimpspa
e(X) = inf �s ���� there is a polynomial-spa
e 
omputables-gale d su
h that X � S1str[d℄ � :For every X, 0 � dimpspa
e(X) � Dimpspa
e(X) � 1. An important fa
t is that ESPACE haspspa
e-dimension 1, whi
h suggests the following de�nitions.De�nition. Let X be a 
lass of languages.1. The dimension of X within ESPACE isdim(X j ESPACE) = dimpspa
e(X \ ESPACE):2. The strong dimension of X within ESPACE isDim(X j ESPACE) = Dimpspa
e(X \ ESPACE):In this paper we will use an equivalent de�nition of these dimensions in terms of spa
e-boundedKolmogorov 
omplexity.De�nition. Given a language L and a polynomial g the g-rate of L israteg(L) = lim infn!1 rateg(L�n):strong g-rate of L is Rateg(L) = lim supn!1 rateg(L�n):Theorem 2.1. ([13, 6℄) Let poly denote all polynomials. For every 
lass X of languages,dimpspa
e(X) = infg2poly supL2X rateg(L):and Dimpspa
e(X) = infg2poly supL2X Rateg(L):3 Extra
ting Kolmogorov ComplexityBarak, Impagliazzo, and Wigderson [2℄ gave an expli
it multi-sour
e extra
tor.Theorem 3.1. ([2℄) For every 
onstant 0 < � < 1, and 
 > 1 there exist l = poly(1=�; 
), a
onstant r and a 
omputable fun
tion E : �`n ! �n su
h that if H1; � � � ;Hl are independentdistributions over �n, ea
h with min entropy at least �n, then E(H1; � � � ;Hl) is 2�
n-
lose to Un,where Un is the uniform distribution over �n. Moreover, E runs in time nr.4



We show that this extra
tor 
an be used to produ
e nearly Kolmogorov-random strings fromstrings with high enough 
omplexity. The following notion of dependen
y is useful for quantifyingthe performan
e of the extra
tor.De�nition. Let x = x1x2 � � � xk, where ea
h xi is an n-bit string. The dependen
y within x, dep(x),is de�ned as Pki=1K(xi)�K(x).Theorem 3.2. For every 0 < � < 1 and large enough n, there exist a 
onstant l > 1, and apolynomial-time 
omputable fun
tion E su
h that if x1; x2; � � � xl are n-bit strings with K(xi) � �n,1 � i � l, then K(E(x1; � � � ; xl)) � n� 10l log n� dep(x);where x = x1x2 � � � xl.Proof. Let 0 < �0 < �. By Theorem 3.1, there is a 
onstant l and a polynomial-time 
omputablemulti-sour
e extra
tor E su
h that if H1; � � � ;Hl are independent sour
es ea
h with min-entropyat least �0n, then E(H1; � � � ;Hl) is 2�5n 
lose to Un.We show that this extra
tor also extra
ts Kolmogorov 
omplexity. We prove by 
ontradi
tion.Suppose the 
on
lusion is false, i.e,K(E(x1; � � � xl)) < n� 10l log n� dep(x):Let K(xi) = mi, 1 � i � l. De�ne the following sets:Ii = fy j y 2 �n;K(y) � mig;Z = fz 2 �n j K(z) < n� 10l log n� dep(x)g;Small = fhy1; � � � ; yli j yi 2 Ii; and E(y1; � � � yl) 2 Zg:By our assumption hx1; � � � xli belongs to Small. We use this to arrive at a 
ontradi
tionregarding the Kolmogorov 
omplexity of x = x1x2 � � � xl. We �rst 
al
ulate an upper bound on thesize of Small.Observe that the set fxy jx 2 ��0n; y = 0n��0ng is a subset of ea
h of Ii. Thus the 
ardinalityof ea
h of Ii is at least 2�0n. Let Hi be the uniform distribution on Ii. Thus the min-entropy of Hiis at least �0n.Sin
e Hi's have min-entropy at least �0n, E(H1; � � � ;Hl) is 2�5n-
lose to Un. Then���P [E(H1; : : : ;Hl) 2 Z℄� P [Un 2 Z℄��� � 2�5n: (1)Note that the 
ardinality of Ii is at most 2mi+1, as there are at most 2mi+1 strings with Kolmogorov
omplexity at most mi. Thus Hi pla
es a weight of at least 2�mi�1 on ea
h string from Ii. ThusH1 � � � � �Hl pla
es a weight of at least 2�(m1+���+ml+l) on ea
h element of Small. Therefore,P [E(H1; : : : ;Hl) 2 Z℄ = P [(H1; : : : ;Hl) 2 Small℄ � jSmallj � 2�(m1+���+ml+l);and sin
e jZj � 2n�10l log n�dep(x), from (1) we obtainjSmallj < 2m1+1 � � � � � 2ml+1 � 2n�10l log n�dep(x)2n + 2�5n!5



Without loss of generality we 
an take dep(x) < n, otherwise the theorem is trivially true. Thus2�5n < 2�10l log n�dep(x). Using this and the fa
t that l is a 
onstant independent of n, we obtainjSmallj < 2m1+���+ml�dep(x)�8l log n;when n is large enough. Sin
e K(x) = K(x1) + � � �+K(xl)� dep(x),jSmallj < 2K(x)�8l log n:We �rst observe that there is a program Q that, given the values of mi's, n, l, and dep(x)as auxiliary inputs, re
ognizes the set Small. This program works as follows: Let z = z1 � � � zl,where jzij = n. For ea
h program Pi of length at most mi 
he
k whether Pi outputs zi, by runningthe Pi's in a dovetail fashion. If it is dis
overed that for ea
h of zi, K(zi) � mi, then 
omputey = E(z1; � � � ; zl). Now verify that K(y) is at most n� dep(x)� 10l log n. This again 
an be doneby running programs of the length at most n � dep(x) � 10l log n in a dovetail manner. If it isdis
overed that K(y) is at most n� dep(x)� 10l log n, then a

ept z.So given the values of parameters n, dep(x), l and mis, there is a program P that enumeratesall elements of Small. Sin
e by our assumption x belongs to Small, x appears in this enumeration.Let i be the position of x in this enumeration. Sin
e jSmallj is at most 2K(x)�8l log n, i 
an bedes
ribed using K(x)� 8l log n bits.Thus there is a program P 0 based on P that outputs x. This program takes i, dep(x), n,m1; � � � ;ml, and l, as auxiliary inputs. Sin
e the mi's and dep(x) are bounded by n,K(x) � K(x)� 8l log n+ 2 log n+ l logn+O(1)� K(x)� 5l log n+O(1);whi
h is a 
ontradi
tion.If x1; � � � xl are independent strings with K(xi) � �n, then E(x1; � � � ; xl) is a Kolmogorovrandom string of length n.Corollary 3.3. For every 
onstant 0 < � < 1, there exists a 
onstant l, and a polynomial-time
omputable fun
tion E su
h that if x1; � � � xl are n-bit strings su
h K(xi) � �n, and K(x1x2 � � � xl) =PK(xi)�O(log n), then E(x1; � � � ; xl) is Kolmogorov random, i.e.,K(E(x1; � � � ; xl)) > n�O(log n):This theorem says that given x 2 �ln, if ea
h pie
e xi has high enough 
omplexity and thedependen
y with x is small, then we 
an output a string y whose Kolmogorov rate is higher thanthe Kolmogorov rate of x, i.e, y is relatively more random than x. What if we only knew thatx has high enough 
omplexity but knew nothing about the 
omplexity of individual pie
es or thedependen
y within x? Our next theorem states that in this 
ase also there is a pro
edure produ
inga string whose rate is higher than the rate of x. However, this pro
edure needs 
onstant bits ofadvi
e.Theorem 3.4. For all real numbers 0 < � < � < 1 there exist a 
onstant 0 < 
 < 1, 
onstants
; l; n0 � 1, and a pro
edure R su
h that the following holds. For any string x with jxj � n0 andrate(x) � �, there exists an advi
e string ax su
h thatrate(R(x; ax)) � minfrate(x) + 
; �gwhere jaxj = 
. Moreover, R runs in polynomial time, and jR(x; ax)j = bjxj=l
.The number 
 depends only on �; � and is independent of x. However, the 
ontents of ax dependon x. 6



Proof. Let �0 < � and � < minf1��; �0g. Let � = (1��)�0. Using parameter � in Theorem 3.2, weobtain a 
onstant l > 1 and a polynomial-time 
omputable fun
tion E that extra
ts Kolmogorov
omplexity.Let �0 = 1� �2 , and 
 = �22l . Observe that 
 � 1��0l and 
 < �0��l .Let x have rate(x) = � � �. Let n; k � 0 su
h that jxj = ln+ k and k < l. We strip the lastk bits from x and write x = x1 � � � xl where ea
h jxij = n. Let � 0 = rate(x) after this 
hange. Wehave � 0 > � � 
=2 and � 0 > �0 if jxj is suÆ
iently large.We 
onsider three 
ases.Case 1. There exists j, 1 � j � l su
h that K(xj) < �n.Case 2. Case 1 does not hold and dep(x) � 
ln.Case 3. Case 1 does not hold and dep(x) < 
ln.We have two 
laims about Cases 1 and 2:Claim 3.4.1. Assume Case 1 holds. There exists i, 1 � i � l, su
h that rate(xi) � � 0 + 
.Proof of Claim 3.4.1. Suppose not. Then for every i 6= j, 1 � i � l, K(xi) � (� 0 + 
)n. We 
andes
ribe x by des
ribing xj whi
h takes �n bits, and all the xi's, i 6= j. Thus the total 
omplexityof x would be at most (� 0 + 
)(l � 1)n+ �n+O(log n)Sin
e 
 < �0��l and �0 < � 0 this quantity is less than � 0ln. Sin
e the rate of x is � 0, this is a
ontradi
tion. � Claim 3.4.1Claim 3.4.2. Assume Case 2 holds. There exists i, 1 � i � l, rate(xi) � � 0 + 
.Proof of Claim 3.4.2. By de�nition,K(x) = lXi=1 K(xi)� dep(x)Sin
e dep(x) � 
ln and K(x) � � 0ln, lXi=1 K(xi) � (� 0 + 
)ln:Thus there exists i su
h that rate(xi) � � 0 + 
. � Claim 3.4.2We 
an now des
ribe the 
onstant number of advi
e bits. The advi
e ax 
ontains the followinginformation: whi
h of the three 
ases des
ribed above holds, and� If Case 1 holds, then from Claim 3.4.1 the index i su
h that rate(xi) � � 0 + 
.� If Case 2 holds, then from Claim 3.4.2 the index i su
h that rate(xi) � � 0 + 
.Sin
e 1 � i � l, the number of advi
e bits is bounded by O(log l). We now des
ribe pro
edureR. When R takes an input x, it �rst examines the advi
e ax. If Case 1 or Case 2 holds, then Rsimply outputs xi. Otherwise, Case 3 holds, and R outputs E(x). Sin
e E runs in polynomial time,R runs in polynomial time.If Case 1 or Case 2 holds, thenrate(R(x; ax)) � � 0 + 
 � � + 
2 :7



If Case 3 holds, we have R(x; ax) = E(x) and by Theorem 3.2, K(E(x)) � n�10 log n�
ln. Sin
e
 � 1��0l , in this 
ase rate(R(x; ax)) � �0 � 10 log nn :For large enough n, this value is at least �. Therefore in all three 
ases, the rate in
reases by atleast 
=2 or rea
hes �.We now prove our main theorem.Theorem 3.5. Let � and � be 
onstants with 0 < � < � < 1. There exist a polynomial-timepro
edure P (�; �) and 
onstants C1; C2; n1 su
h that for every x with jxj � n1 and rate(x) � � thereexists a string ax with jaxj = C1 su
h thatrate(P (x; ax)) � �and jP (x; ax)j � jxj=C2.Proof. We apply the pro
edure R from Theorem 3.4 iteratively. Ea
h appli
ation of R outputs astring whose rate is at least � or is at least 
 more than the rate of the input string. Applying Rat most k = d(� � �)=
e times, we obtain a string whose rate is at least �.Note that R(y; ay) has output length jR(y; ay)j = bjyj=l
 and in
reases the rate of y if jyj � n0.If we take n1 = (n0+1)kl, we ensure that in ea
h appli
ation of R we have a string whose length isat least n0. Ea
h iteration of R requires 
 bits of advi
e, so the total number of advi
e bits neededis C1 = k
. Thus C1 depends only on � and �. Ea
h appli
ation of R de
reases the length by a
onstant fra
tion, so there is a 
onstant C2 su
h that the length of the �nal outputs string is atleast jxj=C2.The proofs in this se
tion also work for spa
e-bounded Kolmogorov 
omplexity. For this weneed a spa
e-bounded version of dependen
y.De�nition. Let x = x1x2 � � � xk where ea
h xi is an n-bit string, let f and g be two spa
e bounds.The (f; g)-bounded dependen
y within x, depfg (x), is de�ned as Pki=1KSg(xi)�KSf (x).We obtain the following version of Theorem 3.2.Theorem 3.6. For every polynomial g there exists a polynomial f su
h that for every 0 < � < 1,there exist a 
onstant l > 1, and a polynomial-time 
omputable fun
tion E su
h that if x1; � � � ; xlare n-bit strings with KSf (xi) � �n, 1 � i � l, thenKSg(E(x1; � � � ; xl)) � n� 10l log n� depfg (x):Similarly we obtain the following extension of Theorem 3.5.Theorem 3.7. Let g be a polynomial and let � and � be 
onstants with 0 < � < � < 1. Thereexist a polynomial f , polynomial-time pro
edure R(�; �), and 
onstants C1; C2; n1 su
h that for everyx with jxj � n1 and ratef (x) � � there exists a string ax with jaxj = C1 su
h thatrateg(R(x; ax)) � �and jR(x; ax)j � jxj=C2. 8



4 Zero-One Laws for Complexity ClassesIn this se
tion we establish a zero-one law for the strong dimensions of 
ertain 
omplexity 
lasses.Lemma 4.1. Let g be any polynomial and �, � be rational numbers with 0 < � < � < 1. Thenthere is a polynomial f su
h that if there exists L 2 E with Ratef (L) � �; then there exists L0 2 Ewith Rateg(L0) � �:Proof. Let � be a real number bigger than � and smaller than 1 and f = !(g). Pi
k positiveintegers C and K su
h that (C � 1)=K < 3�=4, and (C�1)�C > �. Let n1 = 1, ni+1 = Cni.We now de�ne strings y1; y2; � � � su
h that ea
h yi is a substring of the 
hara
teristi
 sequen
e ofL or is in 0�, and jyij = (C � 1)ni=K. While de�ning these strings we will ensure that for in�nitelymany i, ratef (yi) � �=4.We now de�ne yi. We 
onsider three 
ases.Case 1. ratef (L�ni) � �=4. Divide L�ni in to K=(C � 1) segments su
h that the length of ea
hsegment is (C � 1)ni=K. It is easy to see that at least for one segment the f -rate is at least �=4.De�ne yi to be a segment with ratef (yi) � �=4.Case 2. Case 1 does not hold and for every j, ni < j < ni+1, ratef (L � j) < �. In this 
ase wepunt and de�ne yi = 0 (C�1)niK .Case 3. Case 1 does not hold and there exists j, ni < j < ni+1 su
h that ratef (L�j) > �. DivideL� [ni; ni+1℄ into K segments. Sin
e ni+1 = Cni, length of ea
h segment is (C � 1)ni=K.Then it is easy to show that some segment has f -rate at least �=4. We de�ne yi to be thissegment.Sin
e for in�nitely many j, ratef (L�j) � �, for in�nitely many i either Case 1 or Case 3 holds.Thus for in�nitely many i, ratef (yi) � �=4.By Theorem 3.7, there is a pro
edure R with su
h that given a string x with ratef (x) � �=4,and the advi
e ax, rateg(R(x; ax)) � �.Let wi = R(yi; ayi). Sin
e for in�nitely many i, ratef (yi) � �=4, for in�nitely many i,rateg(wi) � �. Also re
all that jwij = jyij=C2 for an absolute 
onstant C2.Claim 4.1.1. jwi+1j � (C � 1)Pij=1 jwj j.Proof of Claim 4.1.1. We haveiXj=1 jwjj � C � 1KC2 iXj=1 nj = C � 1KC2 (Ci � 1)n1C � 1 ;with the equality holding be
ause nj+1 = Cnj. Also,jwi+1j = (C � 1)ni+1KC2 � (C � 1)Cin1KC2Thus jwi+1jPij=1 jwj j > (C � 1): � Claim 4.1.1Claim 4.1.2. For in�nitely many i, rateg(w1 � � �wi) � �.9



Proof of Claim 4.1.2. For in�nitely many i, rateg(wi) � �, whi
h means KSg(wi) � �jwij andtherefore KSg(w1 � � �wi) � �jwij �O(1):By Claim 4.1.1, jwij � (C � 1)(jw1j + � � � + jwi�1j). Thus for in�nitely many i, rateg(w1 � � �wi) �(C�1)�C � o(1) � �: � Claim 4.1.2We de�ne w1w2 � � � to be the 
hara
teristi
 sequen
e of L0. Then by Claim 4.1.2, Rateg(L0) � �.Next, we argue that if L is in E, then L0 is in E=O(1). Observe that wi depends on yi and ayi ,thus ea
h bit of wi 
an be 
omputed by knowing yi and ayi . Re
all that yi is either a subsegmentof the 
hara
teristi
 sequen
e of L or 0ni . We will know yi if we know whi
h of the three 
asesmentioned above hold. This 
an be given as advi
e. Also observe that yi is a subsequen
e ofL � ni+1. Also re
all that wi 
an be 
omputed from yi in time polynomial in jyij using 
onstantbits of advi
e ayi . Sin
e jwij = jyij=C2 for some absolute 
onstant C2, the running time needed to
ompute wi is also polynomial in jwij. Sin
e L is in E, this pla
es L0 in E=O(1).Finally, we observe that the advi
e 
an be removed to obtain a language in E. Let I be theset of all i su
h that rateg(w1 � � �wi) � �. Let A be the set of all advi
e strings that are used in
omputing wi from L�ni+1 for i 2 I. Sin
e I is in�nite and A is �nite, there must be some advi
estring a 2 A that 
an be used to 
ompute in�nitely many of the wi's. We hard
ode a into thealgorithm for 
omputing L0. Call the new language we get L00. We have L00 2 E. In�nitely often,L00 will be the same as L0 on a wi stret
h, and it 
an be di�erent elsewhere. Observe that in theproof of Claim 4.1.2 
hanging the strings w1; : : : ; wi�1 has no e�e
t. It follows that Rateg(L00) � �.This 
ompletes the proof of Lemma 4.1.Theorem 4.2. Dim(E j ESPACE) is either 0 or 1.Proof. Be
ause E � ESPACE, Dim(E j ESPACE) = Dimpspa
e(E). We will show that if Dimpspa
e(E) >0, then Dimpspa
e(E) = 1. For this, it suÆ
es to show that for every polynomial g and real number0 < � < 1, there is a language L0 in E with Rateg(L0) � �. By Theorem 2.1, this will show thatthe strong pspa
e-dimension of E is 1.The assumption states that the strong pspa
e-dimension of E is greater than 0. If the strongpspa
e-dimension of E is a
tually one, then we are done. If not, let � be a positive rational numberthat is less than Dimpspa
e(E). By Theorem 2.1, for every polynomial f , there exists a languageL 2 E with Ratef (L) � �.By Lemma 4.1, from su
h a language L we obtain a language L0 in E with Rateg(L0) � �. Thusthe strong pspa
e-dimension of E is 1.The zero-one law in Theorem 4.2 also holds for many other 
omplexity 
lasses.Theorem 4.3. Let C be a 
lass that is 
losed under exponential-time truth-table redu
tions. ThenDim(C j ESPACE) is either 0 or 1.Therefore additional examples of 
lasses the zero-one law holds for in
lude NE \ 
oNE, BPE, andENP.Remark. Theorem 4.2 
on
erns strong dimension. For dimension, the situation is 
onsiderablymore 
ompli
ated. With our te
hniques we 
an prove that if dimpspa
e(E) > 0, then dimpspa
e(E=O(1)) �1=2. It appears that a di�erent method is needed to eliminate the advi
e or in
rease the dimensionpast 1/2. 10



5 In
reasing Constru
tive Strong DimensionMiller and Nies [14℄ asked if every set of positive 
onstru
tive dimension 
omputes (by way of aTuring redu
tion) a set of higher 
onstru
tive dimension. Our te
hniques yield a positive answerfor the variant of this question using strong dimension instead of dimension. For a set S, the
onstru
tive strong dimension [1℄ of S is de�ned byDim(S) = lim supn!1 K(S �n)n :Theorem 5.1. If Dim(S) > 0, then for every � > 0, there exists R �T S su
h that Dim(R) > 1��.The proof of Theorem 5.1 is the same as Lemma 4.1, ex
ept instead of Theorem 3.7 we useTheorem 3.5. The redu
tion we obtain is a
tually an exponential-time truth-table redu
tion, soin parti
ular it is a weak truth-table redu
tion. In 
ontrast, Nies and Reimann [15℄ showed thatthis is sometimes impossible for 
onstru
tive dimension: there exists S with dim(S) > 0 su
h thatevery set whi
h weak truth-table redu
es to S has dim(R) � dim(S).A
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