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Abstract

We say that a distribution is reasonableif there exists a constart s 0 such
that (fxjjxj ng)= ( n%)- We prove the following result, which suggeststhat all
DistNP-complete problems have reasonabledistributions.

If NP contains a DTIME(2 ")-bi-immune set, then every DistNP-complete
set has a reasonabledistribution.

It follows from work of Mayordomo [May94] that the consequeh holds if the p-measure
of NP is not zero.

Cai and Selman [CS99 de ned a modi cation and extension of Levin's notion of
averagepolynomial time to arbitrary time-boundsand provedthat if L is P-bi-immune,
then L is distributionally hard, meaning, that for every polynomial-time computable
distribution , the distributional problem (L; ) is not polynomial on the -average.
We prove the following results, which suggestthat distributional hardnessis closely
related to more traditional notions of hardness.

1. If NP cortains a distributionally hard set, then NP contains a P-immune set.

2. There exists a languagelL that is distributionally hard but not P-bi-immune if
and only if P contains a setthat is immune to all P-printable sets.

The following corollaries follow readily

1. If the p-measureof NP is not zero, then there exists a languagelL that is distri-
butionally hard but not P-bi-immune.

2. If the p,-measureof NP is not zero, then there exists a languageL in NP that is
distributionally hard but not P-bi-immune.

1 Intro duction

A distributional problemis apair (L; ), whereL isalanguageover a nite alphabet and
isadistribution de ned on . Givenadistributional problem, it isanimportant issueeither
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to nd an expectedpolynomial-time algorithm that solvesthe problem or to provethat sut
an algorithm doesnot exist. Levin [Lev86] provided two certral notions for studying this
issue. Oneis analogousto the classP, and providesan easinessnotion; the other is analogous
to the classof NP-complete sets,and provides a hardnessnotion. For the rst, Levin de ned

a robust notion of what it meansfor an algorithm that acceptsL to be polynomial on the

-average. Using this notion, Average-Pdenotesthe setof all distributional problems(L; )

such that is computable in polynomial time and somealgorithm for L is polynomial on
the -average. Let DistNP denote the collection of all distributional problems(L; ) suc
that is computable in polynomial time and L belongsto NP. For the secondcertral

notion, that of hardness,Levin de ned reductions betweendistributional problems. Using
these reducibilities, in the usual manner, we de ne a distributional problem (L; ) to be
completefor DistNP if (L; ) belongsto DistNP and every distributional problem in DistNP

is reducible to (L; ). It is not known whether DistNP  AverageP. If P = NP, then
DistNP AverageP, and if DistNP AverageP, then E = NE [BDCGL92]. Levin

shaved that distributional tiling with a simple distribution is complete for DistNP, and
since then, seeral additional DistNP-complete problems have beenfound [BG95, Gur9l,

VL88, VR92, WB95, Wan95. Howewer, we do not possessa catalog of natural DistNP-

complete problems that is in any way similar to the o od-tide of NP-complete problems.
This distinction is one reasonthat it is important to analyze distributional problems for
their potential completeness.

The standard uniform distribution on is given by qx) = &jxj 221 ¥I. (Given a
distribution , we let ©denote the density function on individual strings.) In general, a
polynomial-time computable distribution is uniform if qx) = (jxj)2! X, where ,, (n) =
1 and there is a polynomial p suc that for all n, (n) 1=p(n). Gurevich [Gur91] de ned
a distribution to be at if there exists a real number > 0 sud that for all but nitely
many x, {x) 2/ X . Somecommonly useddistributions on graphs are at and indeed
all uniform distributions are at. Gurevich proved that no distributional problem with
a at distribution is DistNP-complete unlessNEXP = EXP. Assuming that NEXP and
EXP are distinct classesthis result assertsthat certain natural distributions do not yield
complete problems. Thus, one might ask whether the reasonthat we know only a handful
of complete distributional problemsis becauseproblems can only be complete when their
distributions are unatural.! The answer is no. De ne a distribution to be reasonableif
there existsa constart s> Osuchthat (fx jjxj ng) = ( nis). The reasonof courseis
that distributions that decreasetoo quickly give too much weight to small instances, and
for this reasonare unreasonable. The distributions of known DistNP-complete problems,
while not uniform, are all reasonable.From our results we will learn that, under generally-
accepted complexity-theoretic hypotheses,all DistNP-complete problems have reasonable
distributions.

We prove that if NP cortains setsthat are DTIME(2 ")-bi-immune, then all DistNP-
complete problems have reasonable distributions.  Therefore, by work of Mayordomo
[May94], the consequenh follows from the hypothesisthat the p-measureof NP is not 0.
Thus, we add our resultsto a growing list of consequencesf this hypothesis[May94, LM96].

1As a consequenceof a result of Wang and Belanger [WB95], for many NP-complete problems A, there
is some polynomial-time computable distribution  sothat (A; ) is DistNP-complete, but the distribution
in general is not consideredto be a natural one for the problem A.



Now we will explain another reason for wanting to know that all DistNP-complete
problems have reasonabledistributions. Cai and Selman[CS9§ obsened that Levin's def-
inition has limitations when applied to distributional problems with unreasonabledistri-
butions and, as extended by Ben David et al. [BDCGL92], when applied to exponertial
time-bounds. They modi ed Levin's de nition to remove theselimitations and, as a con-
sequenceof their de nition, they obtained a hierarchy theorem for arbitrary average-case
time-boundsthat is astight asthe Hartmanis-Stearns[HS69 hierarchy theorem for worst-
casedeterministic time. Considerthe classAVP of all distributional problems (L; ) that
are polynomial on the -averageaccordingto the de nition of Cai and Selman, and recall
that Average-P denotes Levin's class of distributional problems that are polynomial on
the -average. (We will provide all formal de nitions in the next section.) It is obvious
from the de nitions that AVP  AverageP. Cai and Selmanshowed that (L; ) 2 AVP
if and only if (L; ) 2 AverageP, for all reasonabledistributions , but the two de ni-
tions di er when applied to distributional problems that have unreasonabledistributions.
If (L1; 1) isreducibleto (Lo; 2), both 1 and » arereasonable,and (L»; ») belongsto
AVP, then (L1; 1) belongsto Average-Pand so, by the equivalencetheorem of Cai and
Selman, (L1; 1) belongsto AVP also. (We assumethroughout that all distributions are
polynomial-time computable.) However, Belanger, Pavan, and Wang [BPW96] have proved
that AVP is not in general closedunder reductions. They constructed a languagelL and
distributions ; and » sudc that 5 is reasonable,(L; 1) is reducible to (L; ») (by the
identity function), (L; 2) 2 AVP, and (L; 1) 62AVP. (Observe as a consequencehat ;
is not reasonable.)One simple solution is to restrict one'sattention to reasonabledistribu-
tions only. This paper helpsto justify this approad, for if is a reasonabledistribution for
every DistNP-complete distributional problem (L; ), then, for any DistNP-complete prob-
lem(L; ), (L; )2 AVP if and only if DistNP  AVP. Clearly, this property is important
for a meaningful theory of average-caseompleteness.

Considernow the fundamental questionof what it meansfor a languageL to bedi cult
to recognize. A languagethat is not in P may still be easyto recognizeon many input
strings. In cortrast, a language that is a.e. complex, or equivalertly, P-bi-immune, is
dicult to recognizeon all but nitely many input strings. Let us sa that a language
is distributional ly-hard to recognize if for every polynomial-time computable distribution

, the distributional problem (L; ) 62AVP; i.e., for every , no Turing madine that
acceptsL hasa running-time that is polynomial on the -average.Cai and Selman[CS94
proved, as a consequenceof their hierarchy theorem, that every P-bi-immune language
is distributionally-hard to recognize. Here we prove that there exist languagesthat are
distributionally hard but not P-bi-immune if and only if P cortains a set that is immune
to all P-printable sets. Also, we show that if NP contains a distributionally hard set, then
NP contains a P-immune set. It follows from results of Mayordomo [May94] that if the
p-measureof NP is not zero, then there exists a languagelL that is distributionally hard
but not P-bi-immune, and if the p,-measureof NP is not zero, then there exists a language
L in NP that is distributionally hard but not P-bi-immune.



2 Preliminaries

We assumethat all languagesare subsetsof = f0;1g and we assumethat is ordered
by standard lexicographic ordering.

A distribution function :f0;1g ! [0;1]is a nondecreasingfunction from strings to
the closedinterval [0; 1] that convergesto one. The corresponding dgnsity function Cis
dened by 40)= (0) and qx) = (x) 0 1). Clearly, (x)= ", , Yy). For any
subset of strings S, we will denoteby (S) = ,,5 4x), the probability of the evert S.
Dene u, = (fx jjxj = ng). For eah n, let 9(x) be the conditional probability of x in
fx jjxj=ng. Thatis, 9(x) = qx)=u,, if uy > 0,and 9(x) = 0for x 2 fx j jxj = ng, if
up = 0.

A function from to [0; 1] is computablein polynomial time [Ko83] if there is a poly-
nomial time-bounded transducer M suc that for every string x and every positive integer
n,j (x) M(x;1")j < zin Consistent with Levin's hypothesisthat natural distributions
are computable in polynomial time, we restrict our attention entirely to such distributions.
If is computable in polynomial time, then the density function %is computable in poly-
nomial time. (The converseis false unlessP = NP [Gur91].) Also, we explicitly exclude
from consideration distributions ~ for which {x) = 0 for all but a nite number of strings
X. Consideration of such distributions would allow every problem to be an essetially nite
problem.

Levin [Lev86 de nes a function f from to nonnegative reals to be polynomial on

-averageif there is an integer k > 0 suc that
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AverageP is the classof distributional problems (L; ), where L is a languageand is
a polynomial-time computable distribution, suc that L can be decided by some Turing
machine M whoserunning time Ty, is polynomial on -average.

For any time-constructible function T that is monotonically increasing,and henceinvert-
ible, Cai and Selman[CS96 de ne T on the -averageasfollows?: Let be a distribution
on ,andletW,= (fx:jxj ng). A function f isT onthe -averageif foralln 1,
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Then, AVTIME( T(n)) denotesthe class of distributional problems (L; ), whereL is a
languageand is a polynomial-time computable distribution, suc that L can be decided
by someTuring mgdwine M whoserunning time Ty is T onthe -average.

Dene AVP = ~, ; AVTIME( nX). Clearly, AVP  AverageP.

A distribution is reasonableif there exists s > 0 sud that W, = nls . We will

require the following results of Cai and Selman[CS96]and Gurevich [Gur91].

2Cai and Selman restricted their attention to functions that belong to Hardy's [Har24] class of
logarithmico-exp onential functions. We do not needto concern ourselves with this for the purposeof this
paper.



Prop osition 1 1. If is a reasonabledistribution, then (L; ) belongsto Average-P
(Levins de nition) if andonly if (L; ) belongsto AVP (Cai and Selmars de nition).

2. If  satis es the stronger condition that there exists s > 0 such that up = =
then all of the following are equivalent:

(i) (L; ) belongsto Average-P,
(i) (L; ) belongsto AVP;
(i) Thereis an integer k > 0 suchthat for all n 1,

X f (x)) K
0(x)% Un: (3)
xj=n Xl
Now considerreductions. Levin [Lev86] wasthe rst to de ne polynomial-time many-
onereductions on distributional problems;we will usethe following form given by Gurevich

[Gur91].

Let and be two distributions. Then, is dominated by , denoted by | if
there is a polynomial p sudh that for all x, 4x)  p(jxj) {x). Let A and g be two
distributions and let f : ! . Recall, for every di%ribution on ,that f inducesa

distribution f( ) on  that isdened by f ( )Yy) =  (x=y ), for all y 2 range(f).
Then, we say that » is dominated by g with resgect to f, denotedby A ¢ 8, If there
exists a distribution ~ such that A and for all y 2 range(f), 2(y) = f ( )4y).

Let (A; a) and (B; g) be two distributional problems. Then (A; a) is many{one
reducibleto (B; g) in polynomial time, denotedby (A; A) B, (B; B), if there exists a
polynomial-time computable function f : ! such that A is many{one reducibleto B
viaf and a f B-

Gurevich [Gur91] and Wang [Wan97] provide proofs of the following properties.

Prop osition 2 1. Let (A; a) and (B; g) be two distributional problemssuchboth
and p are polynomial-time computable and such that (A; a) b (B; B). If
(B; B) 2 AverageP, then (A; a) 2 AverageP.

2. Polynomial-time many-one reductions are transitive.

It is possibleto require only that the reduction be computablein polynomial time on the
average[Lev86, Gur91l]: isweakly dominated by if thereis a function g that is polynomial
on the -average(by Levin's de nition) such that for all x, qx) g(x) Ax). (A; A)is
many{one reducibleto (B; g) in averagepolynomial time, denotedby (A; A) & (B; B),
if there is a function f that is computable in time a polynomial on the a-average(again,
by Levin's de nition) sucd that A is many{one reducible to B via f and A is weakly
dominated by somedistribution  sud that for all x, 3 (f (x)) = f ( )Yf (x)).

The analogueof Proposition 2 holds for  3P-reductions.

Once again, if (L1; 1) is reducible to (L»; »), both 1 and , are reasonable,and
(L2; 2) belongsto AVP, then (L;; 1) belongsto Average-P and so, by Proposition 1,
(L1; 1) belongsto AVP also. Howewer, Belanger, Pavan, and Wang [BPW96] have proved
that AVP is not in generalclosedunder reductions.
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Given any reducibility , a distributional problem (L; ) is -complete for DistNP
if (L; ) 2 DistNP (i.e., L 2 NP and is computable in polynomial time) and every
distributional problem that belongsto DistNP is | reducibleto (L; ).

Here we have given only the de nitions and properties that we needfor this paper; we
refer the reader to the recen expositions by Impagliazzo [Imp95] and Wang [Wan97] for
deeper understanding of average-caseomplexity.

2.1 Resource-b ounded measure

Let the classesp: = p and p», both consisting of functions f : ! , be the classes
pr = ff jf iscomputablein polynomial timeg
p = ff jf iscomputablein nlogn®® timeg:

We refer the reader to the papers of Lutz [Lut92, Lut97] for a general introduction
to resource-tbunded measuretheory. Measuresare de ned in terms of certain capital-
preserving betting strategies called martingales. Informally, a martingale suweeds on a
languagelL if the betting strategy succeedsn winning in nite capital on L. We will not
construct martingales in this paper, so we will not de ne them here. Resource-wunded
measuresare de ned in terms of resource-lbunded martingales.

The following de nitions are based on these notions: A set X of languageshas pj-
measure 0 (i = 1;2) if there is a p;-computable martingale that succeedsn every language
in X. A set X of languageshas p;-measure 1 if the complemen of X has pj-measure0. A
set X hasmeasure O in E if the p-measureof X \ E is 0. A setX hasmeasure 1 in E if the
p-measureof the complemern of X in E is 0.

We caution that not all sets are measurable. We assumethe reader is familiar with
standard set-theoretic closure properties of measuretheory.

If the p-measureof a classX is 0, then the p,-measureof X is 0. If the p-measureof X
is 0, then the measureof X in E is 0. Lutz hashypothesizedthat neither the p-measurenor
the po-measureof NP is 0, and from these strong hypotheseshe and others have derived
seweral consequenceshat do not seemto follow from wealker hypotheses[May94, LM96].
The measureof E in E is 1. The p-measureof P is 0, and we expect that NP is quartitativ ely
di erent from P. Thus, results of the form \If A, then the p;-measureof NP is 0" provide
evidencethat A is false.

A languagelL is immune to a complexity classC, or Gimmune, if L is in nite and no
in nite subsetof L belongsto C. A languagel is bi-immune to a complexity classC, or
C-bi-immune, if L isin nite, noin nite subsetof L belongsto C, and no in nite subsetof L
belongsto C. A languageis DTIME( T(n))-complexif L doesnot belongto DTIME( T(n))
almost everywhere; that is, every Turing machine M that acceptsL runs in time greater
than T(jxj), for all but nitely many words x. Balcazar and Schening [BS85 proved that
for ewery time-constructible function T, L is DTIME( T(n))-complex if and only if L is
bi-immune to DTIME( T (n)).

Mayordomo [May94] proved that the p-measureof the classof DTIME(2 ")-bi-immune
setsis not 0, and therefore, if the p-measureof NP is not 0, then NP corntains a DTIME (2")-
bi-immune set. Cai and Selman [CS96] proved, for all P-bi-immune sets L and for all
polynomial-time computable distributions , that (L; ) 62AVP. Thus, if NP doesnot have

6



p-measureO, then there is a languagelL sud that for every polynomial-time computable
distribution , the distributional problem (L; ) belongsto DistNP but doesnot belongto
AVP. (Independertly, Schuler and Yamakami [SY95] obtained a similar result.)

ThesetfL j9; (L; )2 AVPghashasp-measure0 becausedt excludesall P-bi-immune
sets. Howewer, the setfL j 9; (L; ) 2 AveragePg hashasmeasurel in E becauseE is a
subset. (This is easyto see;for L 2 E, take x) = 4! X)) Sincethe p-measureof P is 0,
in terms of resource-munded measure,AVP is more like a feasibleclassthan Average-P

3 Complete Distributional Problems

In this sectionwe show that completedistributional problemshave reasonabledistributions.
We begin with the following lemma.

Lemma 1 Let 1 be the standad uniform distribution, sothat 1(fx j jxj = ng) = n 2.
Let f be a polynomial-time computablereduction from (A; 1) to (B; »2), where 5 is not
reasonable.Then, for all k 1, there existin nitely many strings x, suchthat jf (x)j%  jxj.

Pro of. The function f many-one reducesA to B and 1 ; 2. Thus, there exists a
distribution  such that 1 and for all'y 2 range(f), J(y) = f( )qy). It is easyto see
that is reasonablealso.

We prove the claim by contradiction. Assumethere exist positive integersk and N so
that for all strings x, jxj > N, jf (X)j¥ > jxj. We will prove from this assumptionthat 5 is
reasonable.

Let n > N. Chooses such that (fx j jxj mg) = ( m S), Consider the following
inequalities:

X
22) 32)
jzj = jzj ni=k
22f( )
X X
W)
jzj nlzk f(y)=2
n
z>2(f( ) ii
W)
jyi n
1=n°:
Thus, for all m N1,
%z) 1=m*s;
jzj m
which provesthat » is reasonable. 2

Theorem 1 If (A; 1) B (B; 2), whee B 2 NP, ;is the standad uniform distribution,
and  is not reasonable,then A is not DTIME(2 ")-bi-immune.
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Pro of. Let f be a polynomial-time reduction from (A; 1) to (B; ») and choosel 1
such that B 2 DTIME(2 ™).

For all strings x, x 2 A if and only if f(x) 2 B. Membership of f (x) in B can be
decidedin 2if @' steps. By Lemma 1, for in nitely many strings x, jf (x)j'  jxj. Thus,
membership in A of thesein nitely many strings can be decidedin 2*i steps. Hence, A is
not DTIME(2 ")-bi-immune. 2

The following corollaries follow immediately.

Corollary 1 If NP contains a DTIME(2 ")-bi-immune set, then every P, -complete distri-
butional problemfor DistNP has a reasonabledistribution.

Corollary 2 If the p-measure of NP is not O, then every P -completedistributional prob-
lem for DistNP has a reasonabledistribution.

We also obtain theseresults for  gP-reducibility.

Theorem 2 If NP contains a DTIME(2 ")-bi-immune set, then every aP-complete distri-
butional problemfor DistNP has a reasonabledistribution.

Pro of. Let (L; ) bean &P-complete distributional problem for DistNP. De ne the
distribution 1 by 9(0™) =n 2, foraln 1,and 9(x) = 0, for all x 62f0g . For all
n, 1(xjjxj = ng) = n 2, so,by denition, 1 is a reasonabledistribution. Let S 2 NP;
choosel 1 sud that S 2 DTIME(2 (”')). Let f bea function that is computable in time
a polynomial on the j-averageand that gP-reduces(S; 1) to (L; ). By Proposition 1,
there is a Turing machine M that computesf whoserunning-time Ty, for someinteger
j 1, satis es the following inequality, for all n  1:

X Ty (x)

x) n Z

jxj=n

Thus, _
Tm (0" n 2
n
from which it follows that Ty (O") nl, for all n. Thus, the restriction of f to fOg is
polynomial-time computable.

Similar to Lemma 1, our rst task is to demonstrate that for all s 1, there exist
innitely many n 1 suc that jf (O")j° n. Let weakly dominate ; sothat for all
strings y 2 range(f), qy) = f( )qy). There is a function g that is polynomial on the

1-averagesothat for all x, $(x) g(x) qx). Asin the previous paragraph, since 1 is
reasonable there existsj 1 suc that foralln 1,

n 2

X g

) n?
jxi=n



from which, asabove, g(0") nl. Then,

o X
(fx jjxj=ng) = 4x)
jXj=n
9=g(x)
jxj=n

(n )(n):

It follows readily that is reasonablealso. Now the proof of our task proceedsexactly as
doesthe proof of Theorem 1 and we concludethat S is not DTIME(2 ")-bi-immune.
2

Corollary 3 If the p-measure of NP is not 0, then every gP-completedistributional prob-
lem for DistNP has a reasonabledistribution.

Since §, is stronger than 3P, Corollaries 1 and 2 also follow from Theorem 2, but
Theorem 1 is of independen interest.

4 Distributional Hardness

We de ne a languagelL to be distributional ly-hard to recognize if for all polynomial-time
computable distributions , (L; ) 2 AVP. As we have noted, every P-bi-immune lan-
guageis distributionally-hard to recognize. We can completely characterize the question
of whether there exist any other languagesthat are distributionally-hard. Recall that set
L is P-printable if there exists k 1 such that all the elemeris of L up to sizen can
be printed by a deterministic Turing machine in time nk + k [HY84, HIS85. A setA is
P-printable-immune if no in nite subsetof A is P-printable.

Theorem 3 If NP contains a distributional ly-hard set, then NP contains a P-immune set.

Pro of. Let L 2 NP be distributionally hard. We will shav that L\ fOg is P-immune.
First we argue that L \ fOg is an innite set. Let us supposeotherwise. Then, L
contains an in nite subsetS of fOg that belongsto P. For ead string x in S, let r(x) be
the number of strings in S that are lexicographically lessthan x. De ne adistribution on
asfollows: 0(x) = (r(x)+1) 2 forx2S,and 0(x) = 0, otherwise. A Turing machine
that, on input x, rst determineswhether x 2 S, acceptsif so, and otherwise simulates an
acceptor for L, runs in time a polynomial on the -averageand acceptsL. Thus, (L; )
belongsto AVP, which contradicts our hypothesis. Thus,L \ fOg is anin nite set.
Similarly, L\ fOg is P-immune, and, of course,L \ fOg 2 NP. 2

Theorem 4 There exist distributional ly-hard setsthat are not P-bi-immune if and only if
P contains a P-printable-immune set.



Pro of. Let L be a distributionally-hard set that is not P-bi-immune. SincelL is not
P-bi-immune, somein nite set S in P either is a subsetof L or of L. Consider the case
that S L. Supposingthat S is not P-printable-immune, let S°be an in nite P-printable
subsetof S. Dene asfollows: For eah length n for which S° contains strings of length

n, determine the strings x1;::: s Xk (n) of length n that belongto S% and de ne
1 1
O(Xl) - = O(Xk(n) = mﬁ

All other strings have weight 0. (It followsthat (S% = 1and (S9 = 0.) Dene M to be
a Turing machine that rst behaveslike a P-acceptor for S° and then, on words that the
P-acceptor does not accept, behaveslike a Turing machine that acceptsL. SinceS° L,
M acceptsL, and it is easyto seethat Ty is polynomial on the -average.

To prove the corverse,let B 2 P be P-printable-bi-immune. Let A be any set that is
DTIME(2 na)-complex. Wedene L = A[ B. Note that A and B are not disjoint since A
is DTIME(2 r‘3)—bi—imm une. SinceB 2 P, clearly, L is not P-bi-immune. Now our goal is to
prove that L is distributionally-hard to recognize.Obsene that every Turing machine that
recognizesL takes more than 2"* time on all but nitely many strings of B. Also, recall,
for any distribution , that u, = (fx j jxj = ng). We require the following lemma.

Lemma 2 Supmsethat is a distribution suchthat (L; ) is in AVP. Then, there exist
in nitely many n suchthat u, 6 0 and

NUp

(fx j x 2 B;jxj = ng) oz

Pro of. We prove the claim by cortradiction. Let X, = fx j x 2 B;jxj = ng. Let N be
a positive integer suc that for all n> N, u, 6 0 and

NUp

(Xn) > on? -

Wewill provethat (L; )isnotin AVP. Let M beany Turing machine that acceptsL, let Ty
denotethe running time of M , and assumethat N is su cien tly large sothat Ty (x) > 2%i°
for all stringsx 2 B, jxj N. Let k 1 beany positive integer.

The following inequalities demonstrate that (L; ) doesnot belongto AVP.
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Continuing with the proof of Theorem 4, next we shav that (L; ) 62AVP, for every
polynomial-time computable distribution . Again, by contradiction, supposethat is a
polynomial-time computable distribution such that (L; ) 2 AVP.

De ne an interval [x1;X2] to be a nite sequenceof strings in increasing order that
beginswith the string x; and ends with the string x». (If we identify ewvery string with
the number it represens in dyadic notation, then lexicographic order of strings and the
natural ordering of the positive integers coincide.) For example, the set of all strings of
length n is the interval [0";1"]. Given strings x1 and X, sud that x; precedesxy, let
mid (X1; X2) = (X1 + X2)=2. Then, [X1; mid(X1;X2)] contains the rst (x, X1+ 1)=2 strings
in [X1;x2], and [mid(x1;X2) + 1;x»] cortains the last (xo x1 + 1)=2 strings in [X1;X2].
We will usethe following programming variables to simplify notation: Given an interval
I = [X1;X2], \Left | " denotesthe interval [x1; mid(x1; X2)], and\Right," denotesthe interval
[mid(x1;X2) + 1;x2]. We dene a setT to cortain at most one string of length n by the
following algorithm:

Current ;= [0"; 1"];
Fori=1to ndo

if  (Leftcurrent) (Right cyrrent)
then Current := Leftcurent €lse Current := Right cypent -

The nal value of Current cortains exactly one string x. Put x into T if and only if
Xx2B.
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Next we will provethat T is anin nite P-printable subsetof B, which will completethe
proof of Theorem 4. Obviously, T is a subsetof B. Since is computable in polynomial
time, (Leftcurent) and (Rightcyrent) CaNn be computed in polynomial time. Thus, T is
P-printable.

We needonly to show that T is anin nite set. If x isthe nal value of Current, jxj = n,
then by the construction, 4x) u,=2". However, by Lemma 2, there exist in nitely many
n suc that u, 6 0 and (X,) Z—g? Thus, for all such n, qx) is greater than (X,).
Hence,for all such n, the nal value of Current belongsto B. Thus, T is an in nite set.

This completesthe proof. 2

Consider the following assertions:

1. NP contains a P-bi-immune set.

2. NP contains a distributionally-hard set.

3. NP cortains a P-immune set.

4. P contains a P-printable immune set.

5. There exist distribtionally-hard setsthat are not P-bi-immune.

The following corollary summarizesall known relationships among these assertions.
Corollary 4 Each of the following implications holds:

Assertion 1 ) Assertion 2
) Assertion 3
) Assertion 4
, Assertion 5 :

The rst implication is due to Cai and Selman[CS94. For the third implication, let A
be an immune setin NP. Sinceewvery P-printable set belongsto P, no in nite subsetof A
is P-printable. Thus, by a result that Allender and Rubinstein [AR88] attribute D. Russo,
there exists a setin P with the same property. The remaining implications follow from
Theorems 3 and 4.

Corollary 5 If the p-measure of NP is not O, then there is a language L that is
distributional ly-hard to recognize but not P-bi-immune.

From the presumably stronger hypothesisthat the p,-measureof NP is not 0, we obtain
the stronger result that L belongsto NP:

Corollary 6 If the p>-measure of NP is not 0O, then there is a languageL 2 NP that is
distributional ly-hard to recognize but not P-bi-immune.

12



For the proof of Corollary 6, from results of Mayordomo [May94], we know that if the
p2-measureof NP is not 0, then there is a set A in NP that is DTIME(2 n3)—bi—imm une.
The samehypothesisimplies that the p-measureof NP is not 0, from which we know that
NP contains P-immune sets, so by Corollary 4, there exists P-printable-immune set B that
belongsto P. Thus, in this casethe setL = A[ B belongsto NP.

Finally, let us note that Scwler and Yamakami [SY95] considereda notion that in a
senseis the opposite of the one we studied here. They examined languagesthat for all
polynomial-time computable distributions are polynomial on the -average, and showved
that sud languagesexist that are not in P.
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