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Abstract

The consequences of the worst-case assumption NP = P are very well understood.
On the other hand, we only know a few consequences of the analogous average-case
assumption “NP is easy on average.” In this paper we establish several new results on
the worst-case complexity of Arthur-Merlin games (the class AM) under the average-
case complexity assumption “NP is easy on average.”

- We first consider a stronger notion of “NP is easy on average” namely NP is easy
on average with respect to distributions that are computable by polynomial size
circuit families. Under this assumption we show that AM can be derandomized
to nondeterministic subexponential time.

- Under the assumption that NP is easy on average with respect to polynomial-time
computable distributions, we show (a) AME = E where AME is the exponential
version of AM. This improves an earlier known result that if NP is easy on average
then NE = E (b) For every ¢ > 0, AM C [io-pseudoymyg(ne) ] —NP. Roughly this
means that for any language L in AM there is a language L' in NP so that it is
computationally infeasible to distinguish L from L'.

We use recent results from the area of derandomization for establishing our results.

1 Introduction

Can an average-case complexity collapse lead to the collapse of worst-case complexity classes?
In this paper we explore this question in the average-case complexity framework introduced
by Levin [Lev86].

In Levin’s framework, an average-case complexity class consists of distributional problems.
A distributional problem is a pair consisting of a decision problem, say A, and a probability
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distribution g on the instances of A. Such a distributional problem is in average polynomial
time (in notation AvgP) if there is a deterministic algorithm that solves A so that the running
time of the algorithm is polynomial on average with respect to p (the exact definition of
polynomial on the average is given later). The average-case complexity class DistNP is the
set of pairs (A, 1) where A € NP and p is a polynomial-time computable distribution. The

average-case analog of NP Zp question is whether DistNP C AvgP. Intuitively DistNP C
AvgP means NP is easy on average. Levin [Lev86] showed that there are distributional
problems that are complete for DistNP in the sense that NP is easy on average if and only
if the complete problem is solvable in AvgP. We refer the reader to [Gur91, Wan97| for
pointers to many nice results in this area.

Understanding relations between the average-case complexity world and the worst-case
complexity world is an important problem in complexity theory. In general we would like
to answer the following question: if NP is easy on average, what happens in the worst-case
complexity world?

Several results that connect the average-case complexity of NP to the worst-case com-
plexity of classes such as NE, BPP, and MA are known. Ben-David, Chor, Goldreich, and
Luby [BDCGL92] is the first to give an unlikely worst-case collapse under the assumption
that NP is easy on average. They showed that if NP is easy on average, then the nonde-
terministic exponential-time (NE) collapses to the deterministic exponential-time (E). Ben-
David et al. observed that if a machine runs in average polynomial time on unary strings,
then it should in fact run in worst-case polynomial time. The collapse now follows using
the fact that E = NE if and only if all the unary languages in NP are in P [Boo74]. The
assumption that NP is easy on average also implies derandomization of certain randomized
classes. Impagliazzo [Imp95], using the results of Nisan and Wigderson [NW94], showed
that if DistNP C AvgP then BPP = ZPP. Kébler and Schuler [KS04] explored this con-
nection further and showed that the assumption also derandomizes Babai’s Merlin-Arthur
(MA) games to NP. Later Arvind and Kébler [AKO02] showed that in fact the assumption
implies AM N co-AM = NP N co-NP where AM is the class of languages accepted by one
round Arthur-Merlin games. Recently, Buhrman, Fortnow, and Pavan [BFP03] showed that
if NP is easy on average, then pseudorandom generators against sub-exponential circuits
exists and hence BPP = P.

Thus the average-case easiness of NP implies derandomization of BPP and MA. It is
natural to ask whether AM also can be derandomized if NP is easy on average. However,
this question is still open. In this paper we explore this possibility.

Before we explain the results of this paper, we like to remark that exploring the connec-
tions between average-case and worst-case complexity under different notions of average-case
efficiency is a very active research topic with many applications in complexity theory. For
example, it is known that if the complexity class E can be approximated by small circuits,
then E indeed has small circuits [BENW91, IW97]. Problems such as the Permanent which
are random self-reducible have their worst-case complexity equal to their average-case com-
plexity [Lip91, GS92, FL92]. Such average-case to worst-case results based on random self-
reducibility are strong enough to give average-case to worst-case collapse in Levin’s setting.
For example random self-reducibility of PSPACE-complete problems can be directly used to
show that if PSPACE is easy on average (in Levin’s sense), then PSPACE = P [KS04].



We first consider a stronger notion of NP being easy on average. We show that if NP
is easy on average with respect to distributions that are computable by polynomial-size
circuits, then AM can be derandomized to nondeterministic subexponential time. Under
the assumption DistNP C AvgP, we show that tally languages in AM can be derandomized
to NP and hence AME = E where AME is the exponential version of AM. This improves
the earlier mentioned collapse result DistNP C AvgP = NE = E [BDCGL92]. We also
show that DistNP C AvgP implies AM is almost NP: for any language L € AM there is a
language L' in NP so that L and L' are computationally indistinguishable infinitely often.
We use recent results from the area of derandomization to prove our results.

2 Preliminaries

2.1 Worst-case complexity classes

We assume familiarity with definitions of standard complexity classes such as P, NP, BPP,
P/poly, NP/poly, E, and NE. Refer to [BDG88, Pap94] for definitions of standard com-
plexity classes which are not defined in this paper.

Babai defined Arthur-Merlin games as a combinatorial game, played by Arthur-a prob-
abilistic polynomial-time machine (with public coins), and Merlin—a computationally un-
bounded Turing machine [Bab85, BM88]. We will use the following operator based definition
of the Arthur-Merlin classes. Let NLIN = NTIME(O(n)).

A language L € AMTIME(t(n)) if there exist a language A € NLIN so that for all inputs
z,

€Ll = Prye{o,l}t(lﬂ)[<xay> € A] > 2/3
x¢ L = Prye{o,l}tum)[(%w €Al <1/3

A language L € MATIME(¢(n)) if there exist a probabilistic polynomial-time machine
M running in linear time such that for all inputs z,

zel = 3Jye{0,1}=DPr[M(z,y) accepts] > 2/3
& L = Vye{0,1}*DPr[M(z,y) accepts] < 1/3

AM = U oAMTIME (n*) and MA = Uy (MATIME(n*).

We need the exponential versions of certain complexity classes: E = DTIME(2°™),
EXP = DTIME(2"°"), NEXP = DTIME(2"°"”), AME = AMTIME(2°(®™). For the nonde-
terministic case we will also need the sub-exponential version NSUBEXP = N oNTIME(2™).

Let ¥ ={0,1} and A" = X" N A. For any complexity class C, the class iC is the class of
languages {A | 3B € C such that for infinitely many n, A™ = B"}.

We will use the following standard hierarchy results when needed without referring to
them.

Theorem 1 (Deterministic time hierarchy [GHS91]). For every k > 0, E Z (:DTIME(2").

Theorem 2 (Nondeterministic time hierarchy [SFM78, Z83]). Let t and T be two
time constructible functions so that t(n+1) = o(T'(n)). Then NTIME(T (n)) € NTIME(t(n)).



2.2 Average-case complexity

We review some basics of the theory of average-case complexity. The notation that we follow
is mostly in line with Wang’s survey [Wan97].

A distributional problem is a pair (A, u) so that A C ¥* and p is a probability distri-
bution on »*. Given a distribution u, u* denotes the distribution function of p. Recall
that p*(z) = 32, ., u(y). A distribution p is polynomial-time computable if its distribution
function is polynomial-time computable. A distribution is P/poly-computable if there exists
a polynomial-size circuit family (Cy, Cs, - - -) such that for every z, p*(z) = C\y/(x).

DistNP is the class of distributional problems (A, 1) so that A € NP and p is a polynomial
time computable distribution. Similarly DistNPy,,., is the class of distributional problems
(A, ) so that A € NP and p is a P/poly-computable distribution.

Definition 1. Let u be a distribution on *.

- A function f: ¥* — N is said to be n* on p-average [Lev86] if

- A distributional problem (A4, ) is in AvgTIME (n*) if there exists a deterministic Tur-
ing machine M that accepts A so that the running time of M is n* on p-average. (A, i)
is in AvgP if there exists a k so that (A, ) is in AvgTIME(n*).

By “NP is easy on average” we mean DistNP C AvgP. Thus if DistNP C AvgP,
then for every language L in NP, and every polynomial-time computable distribution u,
(L, ) € AvgP.

Levin [Lev86] introduced the notion of reductions between distributional problems and
defined DistNP-completeness. There are distributional problems that are DistNP-complete
in the sense that NP is easy on average if and only if the complete problem is in AvgP. Prov-
ing distributional completeness is much more challenging than proving usual NP-completeness
since the reductions must satisfy certain additional domination properties.

Definition 2. ([Lev86|) Let 1 and v be two distributions on 3*.
- We say that v dominates p within n* if for all z, u(z) < |z|*v(z).

- Let f : ¥* — ¥*. Then we say that v dominates p within n* via f if there is a
distribution p; such that p; dominates p within n*, and for all y in the range of f

v(y) = Zy:f(;c) pi1 ().

- (A, p) reduces to (B, v) if there is a polynomial time computable many-one reduction
f from A to B so that for some k, v dominates p within n* via f

!Technically z # A\. We will assume this through out the paper



Gurevich [Gur91] showed that the distributional halting problem (K, jux) is complete for
DistNP, where K = {(i,z,0") | N; accepts x in n steps }, and p((i,z,0")) = WWT}T
Here N; denotes the ¥ nondeterministic Turing machine in some fixed enumeration. We
denote distributional halting problem by DH in this paper.

Let U denote the standard uniform distribution which puts a weight of —>- on a string
of length n. Any machine accepting a problem (L,U) in AvgTIME(n¥) should solve all but
a polynomial fraction of the inputs in polynomial time. In particular, a standard averaging

argument shows the following proposition.

Proposition 1. If (L,U) € AvgTIME(n*), then there is a deterministic Turing machine M
that decides L and for all but finitely many n, there exist at most 2" /n? strings of length n,
on which M takes more than n** time. Here U is the standard uniform distribution on 2.

We need two more definitions to describe what we mean by closeness of complexity
classes.

Definition 3. ([Kab01]) Two languages L and L' are ae-NTIME(n®)-distinguishable, if
there is a n°time bounded nondeterministic machine N such that for all but finitely many

n, M(0™) outputs a string from LAL’ along every accepting path. We say L and L' are
io-NTIME(n®)-indistinguishable, if they are not ae-NTIME(n¢)-distinguishable.

Thus if L and L' are io-NTIME(n°)-indistinguishable, then no NTIME(n°¢) machine can
detect the places at which L and L’ differ at all input lengths.

Definition 4. We say AM C [io-pseudoypivpe)|—NP, if for every language L in AM there
exists a language L' in NP such that L and L' are io-NTIME(n¢)-indistinguishable.

3 Derandomizing Arthur-Merlin Games

We show several results on the worst-case complexity of Arthur-Merlin games under the
assumption that NP is easy on average. First we consider a stronger notion of NP being easy
on average—DistNP;,,,, € AvgP. We prove that under this assumption AM C NSUBEXP.

Before we present our results, we like to compare the assumptions “DistNP5 ., C AvgP”
and “DistNP C AvgP”. The former states that every language in NP is easy on average
with respect to every P/poly-computable distribution, whereas the later says that every
language in NP is easy on average with respect to every p-computable distribution. It is
reasonable to conjecture that the former assumption is stronger than the later one. Consider
a language that is not in P. It is conceivable that a small circuit can store “hard instances”
of this language, but no polynomial-time algorithm might be able to detect those hard
instances. Then this language would be hard on average with respect to a P/poly-computable
distribution, but is easy on average with respect to p-computable distributions. We can show
that such languages exit in EXP. Thus the hypothesis “DistNP5;,,,, C AvgP” seems to be
stronger than the hypothesis “DistNP C AvgP”. However, we do not know of any candidate
language in NP that is likely to be easy on average with P/poly-computable distributions, but
not easy on average with p-computable distributions. We also point that, prior to this paper,



we do not know of any consequence that is known to follow from the former hypothesis, but
is not known to follow from the later hypothesis.

We show as one of our main results that if DistNP5; ., € AvgP, then AM C NSUBEXP.
We first show that the hypothesis implies E Z (NP /poly). The result then follows from
the following theorem due to Shaltiel and Umans [SUO1].

Theorem 3 ([SUO1]). IfE Z (NP /poly), then AM C NSUBEXP.

We use the following chain of arguments. If E C NP/poly and NP is easy on average then
E C AvgP/poly with respect to certain distribution (which is nonuniformly computable).
Since there are random-self-reducible complete problems for E, we will actually get E C
P/poly. From [BFNW91] we have that E C P/poly = E = MA. Since NP is easy on
average we have MA = NP [KS04] and NE = E [BDCGL92]. So we will finally get NE = NP
which is a contradiction to the nondeterministic time hierarchy theorem. We now present a
more formal argument. We start with the definition of a non-uniform version of AvgP.

Definition 5. A distributional problem (L, i) is in AvgP /poly, if there is a Turing machine
M and a polynomial-bounded function a : N — ¥* such that z € L < M accepts (z,a(|z])),
and there exists a constant £ > 0, such that

Tj,f/k z,a(|T
3 ({z, a(l2])))

7 p(zr) < oo.

T
where Ty/(y) denotes the running time of M on input y.

Note that the above definition requires the running time of M to be polynomial on
average only on correct advice. The following proposition is easy to prove.

Proposition 2. Let (L,U) is in AvgP/poly, where U is the uniform distribution. Let M
be a machine and a : N — X* be a function that witness that (L,U) is in AvgP /poly. Then
there is a constant k > 0 such that for every n, M(x,a|z|) halts within n* steps on more
than (1 — 1/n?) fraction of strings from .

We need the following lemma regarding random-self-reducibility of E complete problems.

Lemma 1 ([BFNW91]). There exists a random-self-reducible complete language L € E so
that if there is a polynomial-size circuit C' such that

Vn, f;r[C(x) =L(z)]>1-1/n

then L € P /poly.

We now prove the result we need to derandomize AM (actually we need an i.o. version
of the following theorem. But we state and prove a cleaner non-i.o. version first).

Theorem 4. If DistNP;,,,, C AvgP then E € NP /poly.



Proof. Assume E C NP/poly. Let L be a complete language for E that is random self-
reducible (provided by Lemma 1). Since L € NP /poly, there is a language L' in NP and a
polynomial-bounded advice function a : N — ¥*, such that

Vo, z € L& (z,a(|z])) € L'
Consider the following distribution p

e = { U5 el

otherwise
Here U is the uniform distribution on ¥*, i.e., U(z) = 5=, where n = |x|. It is clear that

 is P /poly-computable. Since DistNPs ..., C AvgP, (L', u) € AvgP. Consider the following
reduction from (L,U) to (L', u): f(x) = (x,a(|z|)). It is clear that f is P/poly-computable
and satisfies the dominance condition. Thus (L,U) € AvgP/poly.

Thus there is a Turing machine M and an advice function a : N — X*  such that
x € L & M accepts (x,a(|z])), and there exists a constant [, such that

3 T3/ ((z, a(|z])))

7 p(zr) < oo.

T

By Proposition 2, there is a constant k, such that for every n, on at least (1 — 1/n?)
fraction of strings of the form (z, a(|z|)), M halts within n* steps, and M accepts (z, a(|z|))
if and only if x € L.

We now claim that this implies L € P/poly. Define a new machine M’ as follows: M’
on input {x,y) runs M on (z,y) for n* steps. If M does not halt within n* steps, then M’
rejects its input. If M halts within n* steps, then M’ accepts (x,y) if and only if M accepts
(z,y).

By converting M’ into a circuit and hardwiring a(|z|) into it, we obtain a polynomial-size
circuit C such that

Vn,Pr[C(z) = L(z)] > 1 — 1/n%

Since L is random self-reducible, by Lemma 1, L € P/poly. Since L is complete for E,
E C P/poly. By [BFNWO1|, if E C P/poly, then E C MA. If DistNP C AvgP, then
MA = NP [KS04] and also NE = E [BDCGL92]. Thus we have NE = NP. A contradiction
follows from the nondeterministic time hierarchy theorem. O

We can actually obtain a stronger version of the above theorem.
Theorem 5. If DistNP; ..., C AvgP, then E Z (NP /poly.

Proof. Essentially the same proof will show that if DistNP ..., € AvgP then E ¢ (NP /poly).
To see this, if E Z (NP /poly) then we will get that E can be approximated by a poly-
nomial size circuit on infinitely many input lengths. As argued in [BENWO91] we then get
that E C i(P/poly) C i MA. If DistNP C AvgP, then MA = NP [KS04], Thus we get
E C i NP. Since the nondeterministic time hierarchy theorem is not sufficient to separate
NE from (NP we need to argue slightly differently. By [BDCGL92], if DistNP C AvgP,
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then E = NE. By a result of Impagliazzo, Kabanets, and Wigderson [IKW02], if E = NE,
then there is a fixed constant k such that NTIME(2") C DTIME(2*"). Thus we obtain
E C (NP C NTIME(2") C (DTIME(2*"). This contradicts the deterministic time hierar-
chy theorem. O

Theorem 6. If DistNPy,,,., C AvgP, then AM C NSUBEXP.

Proof. By Theorem 5, the assumption implies that E is not in NP /poly almost every where.
By Theorem 3, AM C NSUBEXP. O

Before we continue with further results on AM, we quickly discuss a result on the worst-
case complexity of computing satisfying assignments for a satisfiable formula. Ben-David,
Chor, Goldreich, and Luby [BDCGL92] showed that if DistNP C AvgP, then E = NE.
Buhrman, Fortnow, and Pavan showed that in fact a stronger conclusion follows namely if
DistNP C AvgP, then for every NE-predicate R(x,y), there is an E machine M such that
M (z) outputs a y such that R(x,y) holds. Buhrman [Buh93] showed that if E = NE, and
FSAT € PF,", then witnesses of NE predicates can be computed in E-time. Here FSAT
denotes the problem of computing a satisfying assignment of a satisfiable propositional for-
mula, and PF}" is the class of functions that can be computed by polynomial-time machines
which make nonadaptive queries to an NP-oracle. This raises the following question: “If
DistNP C AvgP, is FSAT € PF"?”. We have a partial answer.

Theorem 7. If DistNP; ., C AvgP, then FSAT € SUBEXP}".

Proof. By Theorem 5, the hypothesis implies that E Z (NP /poly). Very recently, Shaltiel
and Umans [SU05] showed that E C NP/poly if and only if E C wPj"/poly. Thus
the hypothesis implies the existence of a language in E that does not have P}"-circuits
almost everywhere. Klivans and van Melkebeek [KvM02] showed that such languages can
be used to construct pseudo-random generators with polynomial stretch that are secure

against PN'-circuits. These pseudo-random generators can be used to derandomize BPP}"
to SUBEXPL". Since FSAT € BPP," [VV85], we have the conclusion. O

Now we show that, under the assumption DistNP C AvgP, AME = E, and AM C
[io-pseudoy g (ne)] —NP. We also give an alternate proof of the result due to Arvind and
Kobler [AKO2] that under the assumption AM N co-AM = NP N co-NP. We use uni-
form derandomization results for AM and AM N co-AM due to Gutfreud, Shaltiel, and
Ta-Shma [GSTS03], and the fact that pseudorandom generators exist if NP is easy on
average [BFP03].

Theorem 8 ([GSTS03]). IfE ¢ AMTIME(2°") for some constant 3 then for every c > 0,
AM C [io-pseudoynrmyg(ne)] —NP-

Theorem 9 ([BFPO03]). If DistNP C AvgP then there is an algorithm that on input 1™
outputs a pseudorandom set for circuits of size n. The algorithm runs in time n® for a fized
c.



Recall that a set S is a pseudorandom set for circuits of size s(n), if for every circuit
C of size s(n) if Pryesn[C(z) = 1] is close to Pr,es[C(z) = 1]. Efficiently computable
pseudorandom generators implies that for any k there exists a k' so that BPTIME(n¥) C
DTIME(n*).

We use the following line of argument. Under the assumption DistNP C AvgP, we show
that AMTIME(2") is a subset of DTIME(2*") for a fixed k. The same argument will also
show that ., AMTIME(2") C 1 DTIME(2*"). Since for any fixed k, E Z . DTIME(2%") we get
that E ¢ 1w, AMTIME(2") and therefore AM C Pseudoxtivg(ne)—NP from Theorem 8.

For showing that AMTIME(2") C DTIME(2") for a fixed k, we first observe a result
that if DistNP C AvgP then DistNLIN is in AvgTIME(n*) for a fixed k. Here DistNLIN =
{(A4,) | A € NLIN and p* is linear-time computable}. We use this result to first show
that every tally language in AMTIME(n) is in BPTIME(n*) for a fixed k. Finally we use
the pseudorandom generator from Theorem 9 to get BPTIME(n*) C DTIME(n!) for some
l. A standard padding gives the collapse in the exponential level.

We know that if NP = P then for any k there is an [ so that NTIME(n*) C DTIME(n').
One way to see this is to observe that any problem in NTIME(T (n)) is T%(n) time reducible
to SAT and the result follows since under the assumption SAT is in DTIME(n*") for a fixed
k'. We observe that such a theorem exists in the average-case setting also. We use the
completeness of the Distributional Halting problem [Gur91] to prove an analogous result in
the average-case setting. A proof can be found in [Wan97].

Definition 6. DistNLIN = {(A, ) | A € NLIN and p* is linear-time computable} where
1* is the distribution function of the density function pu.

Lemma 2 ([Lev86, Gur91]). Let (A, p) and (B,v) be two distributional problems and let
f be a reduction from A to B so that:

- f is computable in time n'
- v dominates p within n" via f

Then if (B,v) € AvgTIME(n*) then (A, 1) € AvgTIME (n?*™r).

Lemma 3 ([Lev86, Gur91]). Every distributional problem (A, ) € DistNLIN is reducible
to the DistNP complete problem DH = (K, ux) via a reduction fa so that:

- fa is computable in time n?
- ux dominates pu within n® via fa
Using the above two lemmas we get the following theorem.
Theorem 10. If DistNP C AvgP then there exists a k so that DistNLIN C AvgTIME(nF).

Now we prove our main Lemma.

Lemma 4. If DistNP C AvgP then there exists a k so that AMTIME(2") C DTIME(2%").



Proof. We show that under the assumption any tally set in AMTIME(n) is in DTIME(n')
for a fixed [. The Lemma follows from the fact that for any language L € AMTIME(2"),
the tally version is in AMTIME(n) and similarly if the tally version of L is in DTIME(n)
then L € DTIME(2!).

Let L be a tally language in AMTIME(n). Then there is a language B € NLIN so that

"€ L = Pryesa[(0",y) € B]>2/3
0"¢ L = Pryesn[(0",y) € B <1/3

Consider the linear-time computable distribution z which on a string (0", ) has a probability
of 5. The distributional problem (B, p) is in DistNLIN and hence is in AvgTIME(n*) for
a fixed k. Let M be the deterministic machine that witnesses this fact. Now consider a n>*
time deterministic machine M’ that simulates M for n°* steps and if decides according to
M if M stops else rejects. An easy counting argument shows that for every n, M’ correctly
decides B on at least 1 — 1/n? fraction of strings of the form (0", y). From this it easily
follows that L € BPTIME (n®*).

By Theorem 9, if DistNP C AvgP, there is an n¢ time-bounded algorithm that outputs
a pseudorandom set for circuits of size n. Using this we can derandomize BPTIME (n°*) to

DTIME(n!%%*¢). Thus L is in DTIME(n!) for [ = 10k2c. O
Our theorems follow easily from the above lemma.
Theorem 11. If DistNP C AvgP, then AME = E.

Theorem 12. If DistNP C AvgP then, AM C [io-pseudoyriygne)|— NP for every ¢ > 0.

Proof. By Lemma 4, the hypothesis implies that AMTIME(2") C DTIME(2*") for a fixed
k> 0. If E C AMTIME(2"), then it follows that E C DTIME(2*") for a fixed k > 0.
This contradicts the time-hierarchy theorem. Thus E ¢ AMTIME(2"). Thus by Theorem 8
AM C [io-pseudoNTIME(nc)]—NP for every ¢ > 0.

U

Our approach gives a different proof of the following result due to Arvind and Kébler [AK02].
Theorem 13 ([AKO02]). If DistNP C AvgP, then AM Nco-AM = NP N co-NP.

Proof. The same argument as in Lemma 4 shows that if DistNP C AvgP, then . AMTIME(2") C
wDTIME(2%") for a fixed k. By Lemma 1, E ¢ «wDTIME(2*") for any fixed k. Therefore

E Z wAMTIME(2"). Gutfreud, Shaltiel, and Ta~-shma [GSTS03] showed that this implies
AM Nco-AM = NP N co-NP. O
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