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Abstract

If every languagein coNP hasconstart round interactiv e proof system, then the polynomial-
time hierarchy collapses[BHZ87]. On the other hand, the well-known LFKN protocol gives
O(n)-round interactive proof systemsfor all languagesin coNP [LFKN92]. We consider the
guestion whether it is possiblefor coNP to have interactive proof systemswith polylogarithmic
round complexity. We shaw that this is unlikely by proving that if a coNP-complete set has a
polylogarithmic-round interactive proof system then the exponertial-time hierarchy collapses.
We also considerexponertial versionsof the Karp-Lipton theorem and Yap's theorem.

1 Intro duction

Babai intro duced Arthur-Merlin  Gamesto study the power of randomization in interaction [Bab85,
BM88]. Soon afterward, Goldwasserand Sipser [GS89] shawved that these classesare equivalent
in power to Interactive Proof Systems introduced by Goldwasser,Micali, and Radko® [GMR85].
Study of interactiv e proof systemsand Arth ur-Merlin classeshasbeenexceedinglysuccessfu[ZH86,
BHz87, ZF87, LFKN92, Sha93, evertually leadingto the discovery of Probabilistically Chedable
Proofs [BOGKW88, LFKN92, Sha92 BFL81, BFLS91, FGL* 91, AS92 ALM * 92].

Interactive proof systemsare successfullyplaced relative to traditional complexity classes.In
particular, it is known that for any constart k, IP[k] p | § [BM88], and IP[poly] = PSPACE
[Sha9], where IP[r] denotesthe classof languagesacceptedby interactive proof systemswith
r rounds. However, the relationship between coNP and interactive proof systemsis not ertirely
clear. On the one hand, Boppana, Hastad, and Zachos [BHZ87] proved that if every setin coNP
has a constart-round interactive proof system, then the polynomial-time hierarchy collapsesbelow
the secondlevel. On the other hand, the bestinteractive protocol for any languagein coNP comes
from the result of Lund et al. [LFKN92], who show that #SAT, a problem hard for the entire
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polynomial-time hierarchy [Tod91], is acceptedby an interactive proof system with O(n) rounds
of interaction. Can ewery setin coNP be acceptedby an interactive proof systemwith more than
constart but sublinear number of rounds? In this paper we look at this question.

Our Results

First we show that coNP cannot have a polylogarithmic-round interactive proof systemunlessthe
exponertial-time hierarchy collapsesto the secondlevel. More speci cally, we shaw that if coNP
has a polylogarithmic-round interactive proof system, then EH = AM,,, (Theorem 3.8), where

EH= NEXP Sk is the exponertial-hierarchy and AM,, is the classof languagesaccepted by
Arth ur-Merlin protocolswith verier running in exponertial time. It is known that AM,, 1 | 5.
Thus if coNP hasa polylogarithmic-round interactive proof systemthen the exponertial hierarchy
collapsesto the secondlevel.

Our secondresult shavesthat if every setin NP has a quasipolynomial-size family of circuits,
then EH = S3* (Theorem4.1). HereS;* is the exponertial versionof the symmtric-alternation class
S;[RS99 and is cortained in NEXP NP\ coNEXPNP. This improvesthe bound given by Buhrman
and Homer in [BH92] whereit is shown that the assumptioncollapsesEH to NEXP NP\ coNEXP NP
We also prove an exponertial versionof Yap's result. We show that if NP u coNP=gpoly then the

exponetial-time hierachy collapsesto S¥*” +PNP (Theorem 4.2).

2 Preliminaries

For de nitions of standard complexity classesand machine models, we refer the readerto standard
text books (Homer and Selman[HSO01]or Balc§zar, Dfaz, and Gabarr§ [BDG95, BDG90]). In this
paper we deal with complexity classesde ned using general parameter ranges. We preser these
notations _§t. s
lin = ¢ 1CN enotesthe set of linear functions, poly = K, lnk denotesthe set of poly-
gomials, gpoly = c 12('Og " denotes the set of quasipolynomial functions, and polylog =
k, 1(log n)k denotesthe set of polylogarithmic functions.

De nition 2.1 We call a time constructible function I1(n) niceif (1) I(n) , n, (2) I(I(n)) , nl(n),
and (3) I(cn), cl(n) for any constant c> 1.

Notice that polynomials, quasipolynomials, and exponertials are all nice functions. We will be
dealing with only nice functions and usetheir properties implicitly in the proofs.

We will next de ne exponertial and quasipolynomial versionsof the polynomial hierarchy.

For any classC, the complemert classcoC= fL j L 2 Cg. Let §[f (n)] denote the class of
languagesacceptedby a 8§ -madine (refer to [BDG90] for a de nition) where the running time
within a quanti er is bounded by f (n). Let | ¢[f (n)] = co8[f (n)]. Using this de nition, we can
de ne the polynomial, quasipolynomial, and the exponertial hierarchies as follows:

- 80 = [ 8%, 8% = [ 8297, and 837 = [ §4[2"]
- PH = [ «8F, PHgay = [ «8k™®, and EH = [ (&}°.

These hierarchies can be de ned using oracle Turing machines also.



- §5° = EXP;8§5° = NEXP;§5%= NEXPP; and in general,for k , 0, §§%, = NEXPSk:
Also for every k , 0,} p® =fL L2 §}*g

S [ S Cc .
- 8" = QPOLY = ", (DTIME (2°9°"); 89 = NQPOLY = ~ o, oNTIME (2°%°"); and in
general,for k, 1,8%% = NQPOLYS3«: Also for every k , 0,! P =fL L2§P%g

Similar to the relationship betweenthe polynomial and the linear-exponertial-time hierarchy,
there is a relationship betweenthe quasipolynomial hierarchy and the exponertial hierarchy. Given
asetL, let Tally(L) = f1"W) w 2 Lg, wherew is the 2-adic represertation of the integer n(w).
Clearly, jwj - clogn(w) for someconstart ¢ > 0.

Prop osition 2.2 For everyk > 0,
L28§y®, Tally(L)2§p™:

As a consequencethere is no tally setin §°* i 8§ if and only if 8 = §',. Therefore, if
the quasipolynomial hierarchy collapsesat level k, then the exponertial hierarchy collapsesto the
k-th level as well. The following proposition is easyto see. We note that the analogousresult is
not known for the exponertial hierarchy.

Prop osition 2.3 If §P*¥ =} ®°¥ then the quasiplynomial hierarchy collapsesto the k-th level.
We will needclasseswith quasipolynomial-length advices.

De nition 2.4 Let C be a complexity class. A setL 2 C=qgpoly if thereis a function s:1°! §°,
someconstant k > 0, and a set A 2 C suchthat

1. For everyn, js(1M)j - 29", and

2. Forallx,x2L, (x;s(1™)) 2 A. Here A is called the witness language

It is easyto seethat D p C=gpoly if and only if coD p coC=gpoly .

2.1 Arth ur-Merlin games

Babai [Bab85] intro duced Arthur-Merlin protocol, a communication gamethat is played by Arth ur,
a probabilistic polynomial-time machine, and Merlin, a computationally unbounded Turing ma-
chine. Arth ur can userandom bits, but these bits are public, i.e., Merlin can seethem and move
accordingly.

Given an input string x, Merlin tries to cornvince Arth ur that x belongsto some xed language
L. The game consistsof a predetermined nite number of moveswith Arth ur and Merlin moving
alternately. In eadh move Arthur (or Merlin) prints a nite string (a message)on a read-write
communication tape. Arth ur's moves depend on his random bits. After the last move, Arth ur
either acceptsor rejects x.

De nition 2.5 ([Bab85, BMS88 ]) Given two nice functions m(9, and I(9, a languagelL is in
AM[m(n);I(n)] if there exists an Arthur-Merlin gamesuchthat for every string x of length n the
following holds.



2 The gameconsists of m(n) movesand within each movethe length of the messagewritten on
the communication tape is bounded by I(n);

2 Arthur moves rst;
2 After the last move, Arthur behavesdeterministically to either accept or reject the input string;

2 If x 2 L, then there exists a sgquen@ of movesby Merlin that leadsto the acceptane of x by
Arthur with probability at least 2;

2 if x 2 L then for all possible movesof Merlin, the prokability that Arthur accepts x is less
than 1.
1

Babai and Moran showed that Arth ur-Merlin gameswith many moves can be cornverted into
gameswith only two movesat the expenseof increasingthe messagdength [BM88]. Thus games
with two movesare important and we denote AM [2; 1(n)] with AM[I(n)]. We considerpolynomial,
quasipolynomial, and exponertial versionsof AM which are de ned as follows. AM = [ (AM[nK],
AM g0, = [ AM[2°9°7] and AM,, = [ (AM[2"].

We note the following standard proposition.

Prop osition 2.6 Let E be an eventthat occurs with probability at least %. Then, for any polyno-

mial p(® suchthat p(n) , n, thereis a constant c suchthat within t S p(n) independenttrials,
E occurs for more than § times with probebility (1} ).

2.2 Symmetric alternation

We de ne SJ* as the exponertial version of the S, operator de ned by Russell and Sundaram
[RS98]and Canetti [Can96]. A setL is in S;* £Cif there is somek > 0 and A 2 C sud that for
ewery x 2 f0; 19",

x2L =) 9y 8z (x;y;2z) 2 A; and
xZL =) 9z 8y (X;y;2) 2 A,

wherejyj;jzj - on*. Similarly, we cande ne S¥*” asthe quasipolynomial versionof the S, operator.

Similar to S5 def S, £P, the classS;* +C (SP® +C) can be thought of as a game between
two provers and a verier. Let L 2 S3* +C (respectively, in S¥*¥ +C). On any input x of length
n, the Yes-pover attempts to show that x 2 L, and the No-prover attempts to show that x 2 L.
Both the proofs are at most exponertially (respectively, quasipolynomially) long in jxj. If x 2 L,
then there must be a proof by the yes-prover (called a yes-poof) that corvincesthe veri er that
x 2 L no matter what proof the no-prover (called a no-proof) provides; symmetrically, if x 2 L,
then there must exist someno-proof sud that the veri er rejects x irrespective of the yes-proof.
For every input x, there is a yes-prover and a no-prover such that exactly one of them is correct.
The veri er hasthe ability of the classC, for example,if C= P, then the veri er is a deterministic
polynomial-time Turing machine, and if C = PNP | then the verier is a polynomial-time oracle
Turing macdhine with SAT asthe oracle. It is easyto seethat if Cis closedunder complemen, then
S;® +C (respectively, SY*” +C) is also closedunder complemert.

def
We concerirate on the classesSy® = S +P, S3° +PNP | and SP*¥ +PNP . The proofs of Russell

and Sundaram can be easily modi ed to show the following.

4



Prop osition 2.7
1. S5° u NEXPNP\ coNEXPNP.

2. NEXPNP [ coNEXPNP 1 S3° +PNP i NEXP S\ cONEXP S,
3. AMexp B S3° £ PNP,
4. NQPOLYNP [ coNQPOLYNP i SP +PNP || NQPOLYS% \ coNQPOLYS?.

Pro of We give a short proof of the secondinclusion of item (2). Other inclusions are easyto
verify. Note that sinceSJ® +PNP is closedunder complemen, it sutcesto show that S5° +PNP is

a subsetof NEXPS%. Let L 2 S;* +PNP; therefore, 9k > 0;L°92 PNP sudh that
x2L =) 9y8z(xy;z)2L% and
x2L =) 9z8y(xy;z)2L"

wherejyj:jzj - 2*“. We dene the language

-
A=f(xy;02") 9z(xy;2) 2L %:
A isin 85. We de ne a NEXP machine N that decidesL with A asan oracle. On input x, N

- ixik
guessey;jyj - 2% and acceptsx if and only if (x;y;0% ) Z A. If x 2 L, then for the correctly
guessedy, (X;y;z) 2 LO for ewvery z; therefore, N acceptsx. On the other hand, if x 2 L, then

ixjK .
there is a z such that for every y, (x;y;z) 2 L% and therefore, (x;y;0?" ) 2 A and N rejects x.
This completesthe proof.
2

Prop osition 2.8
L2s® +PY | Tally(L) 2 SP* +P"P:

Pro of We show the forward implication; the proof of the badkward implication is similar. Let
L 2 S;* +PNP: therefore, there existsk > 0 and V 2 PNP sud that

x2L =) 9y8z(x;y;2)2V

and

x2zL =) 9z8y(x;y;z) 2V,
wherejyj;jzj - X" 1f x 2 L, let yx bethe string sud that 8z (x;yx;z) 2 V, and if x Z L, let z
be the string sudc that 8y (X;y;zx) 2 V.

We need to show that Tally(L) is in SP® +PNP. Let w = 1" pe the input. Note that
jxj - clogjwj for somec > 0. On input (w;y;z), the PNP verier constructs x from w (this
requires time polynomial in jwj = n(x)) and acceptsif and only if (x;y;z) 2 V. If w 2 Tally(L),
then x 2 L and yy will corvince the veri er; on the other hand, if w 2 Tally(L), then x 2 L, and
for z = z, the verier will reject no matter what y is provided. Sincejyyj;jzsj - 2% - 2¢ log“iwi,
this de nes an SP*” +PNP protocol for Tally(L). 2

The following proposition follows immediately.

Prop osition 2.9 S3® +PNP = NEXPS? if and only if there is no tally setin NQPOLY 8% | SPo¥ +
PNP



3 Arth ur-Merlin  Games with Polylogarithmic Mo ves

In this section we show that if coNP has polylogarithmic-round Arth ur-Merlin gamesthen the
exponertial hierarchy collapsesto AM,,. Our result is proved in two steps. First, under the
assumptionthat coNP has polylogarithmic round Arth ur-Merlin gameswe show that PH,,, , the
quasi-polynomial time hierarchy, collapsesto AM 4, . Then we use simple padding to show that
the lower collapseresult PH,,,, 1 AM ., implies the collapseof EH to AM.,,. We rst state a
theorem that is proved using a standard padding technique. We omit the proof here.

Theorem 3.1 Letl(n) > n. If §¢[n] u AM[I(Nn)], then §[f (n)] 1 AMII(f (n))].

Babai and Moran [BM88] shawved that Arth ur-Merlin gameswith many rounds can be converted
into gameswith only 2 rounds at the expenseof increasing messagecomplexity. We state such a
collapsetheorem involving generalparameterswhich can be proved using probability ampli cation
and quarti er swapping. Seethe paper of Goldreich, Vadhan, and Wigderson[GVWO01] for a proof.

Theorem 3.2 ([BM88]) AM[m(n);1(n)] p AM[c™(M](n)M(M] for some constant ¢ independent of
n.

As a corollary of the above theorem we get that polylog rounds of Arth ur-Merlin gamescan
be corverted into 2-round Arth ur-Merlin gameswith quasipolynomial messagecomplexity at ead
round.

Corollary 3.3 AM|[polylog ;poly ] AM g, -

Boppana, Hastad, and Zachos [BHZ87] showed that if every languagein coNP has a constant
round Arth ur-Merlin protocol, then the polynomial-time hierarchy collapsesto AM. We rst extend
their proof to give a generalresult that alsoworks for parametersother than the polynomial range.
The proof usesthe standard technique of probability ampli cation followed by quanti er switching.
We presert the proof so asto get the parameters more accurately. Then we apply this result to
quasipolynomial range to show that if coNP p AM ., then the polynomial hierarchy (or even
quasipolynomial hierarchy) is in AM g, -

Theorem 3.4 Let| be a nice function. Then for any constant k,
coNTIME[lin Jp AM[I(lin )]) &flin T AM[I@¥(lin )]
Here |(K)(n) denotesk compositions of .
We rst needthe following lemma.
Lemma 3.5 If coNTIME[lin 1 AM[l(lin )], then coAM[lin T AM[I(lin )].

Pro of Let L 2 coAM[lin ]. Then, (by amplifying the probability by a constart amount) there
exists a languageA 2 coNTIME[lin ] and a constart c¢; sothat for all x:

. 9
Xx2L ) Prygoagan[xyi 2 A], 10

. 1
X 62 ) Pryos 0;1gcln(h>(; yi 2 A) - 1—0:



Since A 2 coNTIME[lin ], from the assumption we have A 2 AM[I(lin )]. That is, (again by
amplifying the probability by a constart amourt) there is a languageB 2 NTIME[ lin ] and a
constart ¢, sothat for all hx;yi;y 2 f0;1g“":

: . 9
byl 2A ) PrygagemIXy;zi 2 B], 0

, . 1
b yi 628 ) Proygagieam (X y;zi 2 B] - 10

We can combine the two probabilities to get that for a suitable constart ¢, for all x:

. 8
X2L ) Prl’y;zi of 0;1gl(cn)[hxv y;zi 2 B] s 1_0

. 2
X 62 ) Prry;zi of 0;1g.(cn)(h><, y;zi 2 B) - 10

SinceB 2 NTIME] lin ], the overall protocol in an AM protocol that acceptsL and hasa message
complexity I(lin ). HenceL 2 AM[I(lin )]. 2

Pro of (of Theorem 3.4) We can prove the theorem using induction. Assumethat cONTIME[lin ]
AM[I(lin )]. Let L 2 §[lin ]. Then there exists a languageA 2 | y; 1[lin ] and a constart ¢ so
that for all x of length n:

Xx2L ) 9y2f0;1¢g°"hx;yi 2 A
X622 ) 8y2f0;19°"h;yi 62A:

SinceA 2 ! ; 1[lin ], from the induction hypothesisand the assumption, A 2 coAM[1@ki 2)(lin )].
From Lemma 3.5 and the assumption that coNTIME[lin ] p AM[I(lin )], we have coAM[lin ] p
AM[I(lin )]. Using a padding argumert, if coAM[lin ] u AM[I(lin )] then coAM[I@Xi 2(lin )] p
AM[1(1@Ki 2(lin ))] = AM[1@Ki D(lin )]. Therefore we have A 2 AM[I@Xi D(lin )].

SinceA 2 AM[1@%i D(lin )], there is a languageB 2 NTIME] lin ] sothat for all x:

' . 9°
x2L ) 9y2f0;1g™ Pr ot 01g @k Ve [P Y521 2 B, 10

. 1°
X 62 ) 8y 2 f0; 1g°” Prsz 0;lg'(2ki 1)(Cn)[h>(; y;zi 2 B] - 1—0 :

We can amplify the probability (inside the square brackets) by repeating on 10cn random zs and
taking a majorit y vote. This will yield that for alanguageB®2 NTIME [lin ] (the majority language
of B), for all x:

1 5
20n+2

l .
20n+2 )

[hy;zi 2 BY, 1

X2 L ) 9y 2 fO, 1gcn Pr22f 0;1g|(2ki 1) (cn)£ 10cn

X6 ) 8y2f01™ Pr_ o eu e wn I Y;Zi 2 BY -



With this ampli ed probabilities we can get that
1

£ _ a
x2L ) Pr 9y 2 f0; 1g°"hx; y;zi 2 B® | 1; ez

z2f 0;1¢' (ki 1) (cn)£ 10en

. 1
x 62 ) PrZZf 0;1g|(2ki D (cn)£ 10¢n [gy 2 fo! 1gcnhxv y.Zl 2 B(?l ' Z:

Now considerthe languageB %= fhx; zi j 9y 2 f0;1g°"x; y;zi 2 B%Y. Then B2 NTIME[ lin ].
Therefore we have that for all x:

£ g 1
i 9 RO :
226 019K Dieme o K ZH2 BT 1T o

1
. og L.
[hx; zi 2 BY 7

x2L ) Pr

X 62 ) Przzf 0;1g|(2ki 1 (cn)£ 10¢n

ThusL 2 AM[1@ki D(cn)£ 10cn] u AM[1@K)(dn)] for a suitable constart d, sincel is a nice function.
HenceL 2 AM[1@K)(lin )].
2

An application of the above theorem givesthe quasipolynomial version of the theorem due to
Boppana et al.

Theorem 3.6 If cONP p AM g0y, then PHy, oy 1 AM g0y -

Proof LetL 2 PHyo,. Then L 2 §,[2°9" "] for someconstarts k and a. Under the assumption
that coNP p AM ,,, We also have that coNTIME[lin ] p AM[2 Ic’gbr‘], for a xed constart b. This
is becausesince coNP p AM ., , the coNP complete problem TAUT (SAT complemer) is in
AM[2'°9° "] for some xed c. Now using Cook’s reduction, for any L 2 coNTIME[lin ], an instance
of length n is reducedto O(n?) length formula. HencelL 2 AM[2 log®** .

Now by the application of the Theorem 3.4 with I(n) = 2log®n. 8k[lin T AM[2'°9d”] for a
constart d. By padding we have §[2°9° "] u AM[2 Ic’Q'dO”] for a constart d°

The last step usesthe fact that quasipolynomial functions are closedunder a nite number of
compositions: if f (n) = 2/°9°" and g(n) = 2°9°" then f (g(n)) = 2/°9°° 1. 2

Theorem 3.7 If coNP p AM,,,, then EH g AM 4, .

Pro of By Theorem 3.6, if cONP p AM,,, then PH,, 1 AM,, . Therefore, for any constart
k, there is a constart ¢ sothat §[n] 0 AM[2/°9°"]. Now let L be a languagein the exponertial
hierarchy. That is L 2 §k[2”k] for someconstart k. Substituting f (n) = 2" and I(n) = 21°9°N in
Theorem 3.1, we get that L 2 AM[Z”kC]. Hencethe theorem. 2

Now we arrive at the main theorem.

Theorem 3.8 If coNP has polylogarithmic round Arthur-Merlin games,then EH p AM,, .



Pro of Under the assumption coNP p AM[p olylog; poly], by Theorem 3.2, coNP p AM ;.. We
obtain the result by applying the previous theorem. 2

We obtain the following corollary.

Corollary 3.9 If everysetin NP has an interactive proof systemwhere the prover sendsa total
of at most polylogarithmic bits, then the exmpnential hierarchy collapsesto AM ,, .

Pro of Goldreich, Vadhan,and Wigderson[GVWO01, Corollary 3.8]have shavn that if asetL hasan
interactive proof systemwherethe prover sendsatotal of at most polylog bits, then L 2 AM[gpoly ].
Therefore, if every setin NP has such an interactive proof system, then coNP u AM[gpoly ]. By
Theorem 3.7, the exponertial hierarchy collapsesto AM,, .

2

We can prove a version of Theorem 3.8 for (log n)'°9'°9"-round interactive proof for coNP.
Let [ - o
eexp= ff 8xf(x)< 22" g
k>0

De ne §3" = NEEXP = NTIME(eexp), and for k > 1,
eexp _ §P .
§;°P = NEEXP 3ki 1

Let AM.,, denote Arthur-Merlin games with double-exponertial proof complexity and
EEH = [ 8§, denote the double-exponertial hierarchy.

Theorem 3.10 If coNP has 2(0910am°® round Arthur-Merlin games,then EEH i AM ., .

4 Quasip olynomial advice for NP

In this section, we study the consequencesf the existenceof quasipolynomial length (i.e., 2P°¥°9..
length) advice for NP. This question was rst studied by Buhrman and Homer [BH92]. They
shaved that if every setin NP has a quasipolynomial-size family of circuits, then the exponertial
hierarchy collapsesto the secondlevel (i.e. NEXPN? = coNEXPNP). In Theorem 4.1, we improve
this collapseto S;*. In Theorem4.3we obtain an exponertial versionof Yap's theorem[Yap83]. We
prove that if NP is contained in coNP=gpoly , then the exponertial hierarchy collapsesto S;* +PNP.

We note that Cai et al. [CCHOOQ3] improved Yap's theorem. They use self-reducibility of a
languagein NP# (for any setA) to show that NP p coNP=poly =) PH = S,+PNP. Theorem 4.2
in this sectionis somewhatsimilar in form to the result of Cai et al. However, we usea completely
di®erert technique from theirs. Furthermore, in Theorem 4.4 below, we will useour technique to
give an independert (and hopefully easier)proof of their result.

Theorem 4.1 If everysetin NP hasa quasiplynomial-sizefamily of circuits, then the expnential
hierarchy collapsesto S3* p NEXPNP\ coNEXPNP.

Pro of Buhrman and Homer showved under the sameassumption that the exponertial hierarchy
collapsesto NEXPNP. Since S§* u NEXPNP \ coNEXPNP (Proposition 2.7), it sutcesto show
that NEXPNP = S5,



We can assumethat any circuit for SAT outputs not only 1 or 0 indicating whether the input
formula is satis able or not, but alsooutputs a satisfying assignmem whenit claimsthat the input
formula is satis able. This can be done by a polynomial blow-up in the size of the circuit, and
therefore, the size of the circuit still remains quasipolynomial.

Let L 2 NEXPNP beacceptedby a nondeterministic machine N with SAT asan oracle. Thereis
somek > 0 sudh that N runs in time 2" on any input of length n. Therefore, the formulas queried
by N on any input of length n are of sizem - 2"*, and therefore, have circuit size2Po¥log(m) = on°,
for somec.

Let x; jxj = n, beaninput. We de ne a polynomial-time relation V (x; yi;y2) asfollows. It may
help to think of y; asthe proof of the yes-prover, and y, asthe proof of the no-prover.

1. V(x;¥y1;y2) holds only if y; encadesan accepting computation of N on x, with queries,their
answers, and for every query A that is answered \y es", the satisfying assignmem of A.

2. If y; is of the form speci ed in item 1, then V(X; y1;y2) holds unlessall of the following are
true:

(a) y»2 encadesa circuit Cy, for strings of length m. Recallthat Cp, shouldoutput a satisfying
assignmen when the input formula A is satis able

(b) There is a query A that is answered\no" in the path encaded by y; but C,(A) outputs
an assignmen that satis es A

It is easyto seethat this relation requires at most polynomial time in (jxj + jyij + jy2j). If
x 2 L, then let y; be the string encaling the correct accepting computation of N on x, including
the queriesand their answers. Sincethe \no" queriesare answered correctly on this path, for every
\no" query A, A 2 SAT, and therefore, no circuit (correct or otherwise) can output a satisfying
assignmen of A. As a consequencey (X; y1;Y») will hold.

On the other hand, if x 2 L, then let y, be the encaling of a correct circuit Cp, for formulas of
length m. Any y; that satis es item 1 must be incorrect about somequery g that is in SAT but
is answered \no" on the computation path encaded in y1. For any such A, Cn(A) will output a
satisfying assignmen for A, and therefore, V (x; y1;Yy») cannot hold.

Finally, we needto argue that the proofs are of exponertial length. The length of a circuit is
2"° for someconstart c. Due to the exponenial bound on the running time of N, on the number
of queriesmade by N, on the length of ead query made by N, and on the length of yq, for any g,
the length of y; is at most exponertial in n aswell. This completesthe proof.

2

Now we considerthe exponertial version of Yap's theorem.
Theorem 4.2 NP p coNP=gpoly =) NQPOLYS? = coNQPOLYS32 = Spo¥ +pNP.

Pro of SinceSy®” +PNP is closedunder complemen, it sutcesto show under the hypothesisthat
NQPOLY§g = S +PNP LetL 2 NQPOLY§g via somequasipolynomial-time nondeterministic
oracle machine N that hassomeg§b languageA asan oracle. For any input x 2 f0;1g", N runs in

209" n time. Therefore, any query that N makesto A is also of length 209N " and the number of
queriesis also bounded by 2°9" "

10



For any string g, g2 A, 9yq Aq;yq 2 SAT. Note that Aq;yq can be constructed from g and yq
in time polynomial in jgj.

For any string q of length olog“n jet jAqy,i be denoted by m (some quasipolynomial in n). By
our assumption, SAT is in coNP=gpoly ; let us assumethat w is a correct advice for strings of
length m, such that jwj = 2Polog(m) = 2log®n for someconstart ¢, and let B 2 coNP be the witness
language. For any string q,

gZA , 8yq Aq;yq 2 SAT

, 8yq (AQ:Yq;W) 2B
. (qw) 2 C;

where C = f(q;w) 8yq (Aqyq:W) 2 Bg.
We de ne a PNP-de nable relation V (x;y1;Yy») as follows. It may help to think of y; asthe
proof of the yes-prover, and y, asthe proof of the no-prover.

1. V(X;y1;Yy2) holds only if y; encadesan acceptingcomputation of N on x, with queries,their
answers, and for every query g that is answered \y es", the string yq as described above. In
addition, the formulas Aq;yq for the yesanswers must be unsatis able. (This requires making
queriesto the NP oraclethat V can access.)

2. If y; is of the form speci ed in item 1, then V(X; y1;y2) holds unlessall of the following are
true:

(a) y» encadesan advice for strings of length m

(b) Thereis a query g that is answered\no" in the path encaded by y1 but (q;y2) 2 C (here
alsoV requiresaccesso the NP oracle)

(c) The seard procedure described below yields a string yq for this query q sud that
Aq;yq 2 SAT

Now we describe the seard procedure. Assumethat a query g has beenanswered\no” in the
path encaded by y1, but (q;y2) 2 C. Recallthat C = f(qw) 9yq (Agy,;W) 2 Bg. SinceC is in
NP, V usesa pre x seart algorithm that accessesin NP oracleto construct yj.

If x 2 L, then let y; be the string encading the correct accepting computation of N on x,
including the queriesand their answers. Sincethe \no" queriesare answeredcorrectly on this path,
for every \no" query g, g 2 A, and therefore, 8y Aq;yq 2 SAT. Therefore, the seart procedure
cannot yield any yq for which Aqy, 2 SAT. As a consequenceV (x; y1;y2) will hold.

On the other hand, if x 2 L, then let y, be a correct advice string for strings of length m. Any
y1 that satis esitem 1 must be incorrect about somequery g that is in A but is answered\no" on
the computation path encaded in y;. For any sud q, (q;y2) 2 C, and the seard procedure will
yield someyq sud that Aq;yq 2 SAT. Therefore, V(X; y1;Y2) cannot hold.

Finally, we needto arguethat the proofs are of quasipolynomial length. The length of an advice
string is 2°9°" for someconstart c. Due to the quasipolynomial bound on the running time of N,
on the number of queriesmadeby N, on the length of eatd query madeby N, and on the length of
yq for any g, the length of y; is at most quasipolynomial in n aswell. The relation V clearly takes
time polynomial in jyij and jy»j. This completesthe proof.

2
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Theorem 4.3 NP p coNP=gpoly implies that the expnential hierarchy collapsesto S5° +PNP
NEXP 82 \ coNEXPS?.

Pro of By Theorem 4.2, under the hypothesis, the quasipolynomial hierarchy collapsesto S +
PNP. As a consequencethe exponertial hierarchy collapsesto S5° +PNP. 2

Using proof ideas from the above theroem, we obtain a di®erent proof of the following result
dueto Cai et al. [CCHOO3].

Theorem 4.4 ([CCHOO3]) If NP u coNP=poly, then PH = S, +P\P,

Pro of SinceS, + PNP is closedunder complemen, it sutcesto shav under the hypothesis that
NPS? = S, +PNP LetL 2 NPS? via somepolynomial-time nondeterministic oracle machine N that
has some§5 languageA as an oracle. For any input x 2 f0;1g", N runs in nk time. Therefore,
any query that N makesto A is also of length n¥, and the number of queriesis also bounded by
nk.

For any string g, g2 A, 9yq Aq;yq 2 SAT. Note that Aq;yq can be constructed from g and yq
in time polynomial in jgj.

For any string q of length nX, let qu;yqj be denoted by m (some polynomial in n). By our
assumption, SAT is in coNP=poly; let us assumethat w is a correct advice for strings of length m,
where jwj = poly(m) = n° for someconstart ¢, and let B 2 coNP be the witness language. For

any string q,

q2A , 8ygAgy, 2 SAT

., 8yq(Aqy; ;W) 2B
,  (gw) 2 C;

where C = f(q;w) 8y, (Aqyq: W) 2 Bg.
We de ne a PNP-de nable relation V (x;y1;y>) as follows. It may help to think of y; asthe
proof of the yes-prover, and y, asthe proof of the no-prover.

1. V(X;y1;y2) holds only if y; encadesan accepting computation of N on x, with queries,their
answers, and for every query g that is answered y es", the string yq as described above. In
addition, the formulas Aq;yq for the yesanswers must be unsatis able. (This requires making
queriesto the NP oraclethat V can access.)

2. If y; is of the form speci ed in item 1, then V (Xx; y1;y2) holds unlessall of the following are
true:
() y2 encadesan advice for strings of length m

(b) Thereis a query g that is answered\no" in the path encaded by y1 but (q;y2) 2 C (here
alsoV requiresaccesso the NP oracle)

(c) The seard procedure described below yields a string yq for this query q sud that
Aqy, 2 SAT

12



Now we describe the seard procedure. Assumethat a query g has beenanswered\no” in the
path encaded by y1, but (q;y2) 2 C. Recallthat C = f(qw) 9yq (Agy,;W) 2 Bg. SinceC is in
NP, V usesa pre x sear algorithm that accessesin NP oracleto construct yj.

If x 2 L, then let y; be the string encading the correct accepting computation of N on x,
including the queriesand their answers. Sincethe \no" queriesare answeredcorrectly on this path,
for every \no" query g, g 2 A, and therefore, 8y Aq;yq 2 SAT. Therefore, the seard procedure
cannot yield any yq for which Agy, 2 SAT. As a consequencey (X; y1;Y2) will hold.

On the other hand, if x 2 L, then let y, be a correct advice string for strings of length m. Any
y1 that satis esitem 1 must be incorrect about somequery g that is in A but is answered\no" on
the computation path encaded in y;. For any sud q, (q;y2) 2 C, and the seard procedure will
yield someyq sud that Aq;yq 2 SAT. Therefore, V(X; y1;Y2) cannot hold.

Finally, we needto argue that the proofs are of polynomial length. The length of an advice
string is n® for someconstart c. Due to the polynomial bound on the running time of N, on the
number of queriesmade by N, on the length of each query made by N, and on the length of yj
for any g, the length of y; is at most polynomial in n aswell. The relation V clearly takestime
polynomial in jy;j and jy»j. This completesthe proof.

2

5 Concluding Remarks

We have shawn that if coNP has polylogarithmic-round interactive proofs then the exponertial
hierarchy collapsesto the third level. An obvious extension would be to obtain consequence®f
SAT having n*-round interactive proof systemsfor some2 < 1.

Onelongstanding open problem in this areais to show that if SAT haspolynomial-sizedcircuits,
then PH collapsesto AM. SincecoNP u AM implies that PH collapsesto AM, it sutcesto showv
under this hypothesisthat coNP is included in AM. Moreover, Arvind et al. [AKSS95] have showvn
that if SAT has a polynomial-size family of circuits, then MA = AM. SinceMA p S5, this would
improve the best-knovn version of the Karp-Lipton theorem [KL80] (by Sengupta,reported in Cai
[Cai01]).

After Babai introduced the class AM in 1985 [Bab85], the evidencethat coNP does not
have constart round interactive proofs unlessthe polynomial hierarchy collapses rst appeared
in 1987[BHZ87]. It is interesting to note that a weaker collapsecould be obtained by Yap's 1983
result [Yap83 and the fact that AM p NP=poly. Yap showed that if coNP u NP=poly then
the polynomial hierarchy collapsesto its third level [Yap83]. Since AM nu NP=poly, this directly
implies that if coNP u AM then the polynomial hierarchy collapsesto its third level.
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