Com S 633: Randomness in Computation
Lecture 8, 9, 10 Scribe: Xiaoyang Gu

Data Stream Algorithms

In this lecture, the space complexity of approximating frequency moments in the data
stream model is discussed.

In the data stream model, a computer has access to a data stream A = (aq, ay, ..., a,) such
that each data item a; € T (i = 1,...,n, where n is the size of the stream and T' = {1, ..., t})
can be read only once in an order that is unknown to the computer.

For each 7 € T, let

mi = |{j | a; = i}

be the number of occurrences of 7 in the data stream A.

Definition. For each k£ € N, the kth frequency moment of {m;} is

t

i=1
Note that Fj is the number of distinct elements in A; F} is the size of A.

Definition. An algorithm .4 computes an (e, §)-approximation of Fj if
Pr[|A(A) — Fi| > eFi] < 6.

Theorem 1. Let X; (i =1,...,n) be n (pair-wise) independent identically distributed ran-
dom variables such that E[X;] < co and Var|X;] < co. Then

Var[ ZX] VarX]_

Theorem 2. (Chebyshev’s inequality) Let X be a random variable with expected value
E and variance V. Then for any € > 0,

Pr|X B> /7] <

Theorem 3. Let X1, Xs, ..., X, be independent identically distributed random variables with
E[X|| = E and Var[X,] = V. Let X = L 3" X,. Then

V

Pr||X — F| > ¢b] < ——.
r|X - B> eB) < —



Proof. Note that Var[X] = Y2l — V.

n

Pr[|X — E| > ¢E] = Pr ||X — E| > ¢E Vz“g

Var| X|
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Theorem 4. (Chernoff’s inequality) Let X; (i = 1,...,n) be independent identically
distributed 0-1random variables. Let X = 13" X, Then E[X] = E[X,] and for all
€€ [0,1], ‘

Pr[| X — E[X]| > eE[X]] < 2-¢ FEXI",

Theorem 5. Let A be an (e, %)—a,ppmximation of F, i.e.,
1
Pr[|[A—F| > ¢eF] < 3
Let n = (243 In %W . Let X1, Xo, ..., X, be the outputs of n independent runs of A. Let X be
the median of X1, Xs, ..., X,,. Then X is an (¢, §)-approzimation of F.
Proof. Define random variable T; such that

T 1 if|X; — F| < eF
" 10 otherwise.

Then Pr[T; = 1] > 2. Define T'= - 3" | T;. Then E[T] > 2. Note that if more than half of

X;'s satisfies | X; — F| < eF then |[X — F| <¢F, ie., if T > 1 then |[X — F| < eF. And
Pr[|X — F| > eF] < Pr[T < 1]

< Pr[|E[T] - T| > E[T] - 3]
=Pr||E[T] -T|>(1- QE][T})E[T]
By the Chernoff’s inequality (Theorem 4),
L 2E[T)n

Pr[|X — F|> eF] <2-¢ #2807

Since E[t] > 2/3, we have

Pr[|lX — F| > eF| = 2.¢ 3G 33
— 9. 3"
<4,
i.e., X is an (¢, 0)-approximation of F'. O



1 The First Frequency Moment — F}

c=0
when a data item comes

increment ¢ with probability 27¢
output 2°¢.

Algorithm A, ,

Let X; (1 € {0,1,...,n}) be the value of the counter ¢ after reading 7 items, where n is
the size of data stream A. The output of the algorithm is 2%,

Pr[X, = a] = Pr[X, 1 = d] (1 _ %) 4 Pr[X, = a-— 1]231 (1)

By (1),

E2¥] =) Pr[X, =d]-2°
a=0

- i(m[xnl = (2= 1)+ Pr[X, 1 =a—1]-2).

Note that Pr[X,, 1 =n] =0 and Pr[X,, ; = —1] = 0. Then we have
E[2Y¥"] = E[2%1] + 1. (2)

Before the algorithm starts to read data, ¢ = 0. So when the first data item comes, ¢ is
incremented with probability 1. Therefore X; = 1 with probability 1. Then solving the
recursion (2), we get

E[2%"] = n +1, (3)

i.e., the expected value of the output of the above algorithm is F} + 1, which is very close to
F.



Now, we calculate the variance of 2¥». First note that

22X Z Pr 22(1
= ZPr[Xn,1 =a][1— 1) 5 + zn:Pr[an =a—1] L g
a=0 2¢ a=0 2(171
mn 1 n
= ZPr[Xn,1 = a) (1 — 5) 9% 4 ZPr[Xn,1 = q — 1]20*!
a=0 a=0
= Pr[X, , =a]2™ - ) Pr[X,; =a2'+) Pr[X,;=a— 12"
=0 a=0 a=0

= E[2**" '] + 3E[2¥" ]
= E[2**" '] + 3n.

Solving the above recursion, we have that E[22%*"] < 3n?/2. Then,
Var[2¥"] = E[2**"] — E?[2¥"]
<3n*/2 - (n+1)°
< n?/2.
Now consider the following algorithm.

Let C1 = ’V%—‘

repeat A;; ¢; times independently in parallel
each time, let Y; be the output of A, ;
output ¥V = 371, Y]

Algorithm ALQ

Note that Y;’s and Y are random variables and Y;’s are independent and identically
distributed. E[Y] = n + 1 and Var[¥;] = Var[2%"| < n?/2. E[Y] = n + 1 and Var[Y] =
Var[Y;]/c; < 5= by Theorem 1.

Then by the Theorem 3,

Pr(lY —(n+1)]| > en| <

i.e., Ao is an (e, —) approximation of F}.

Now, consider the following algorithm.
let c; = [243In 2] + 1
repeat A; o co times independently in parallel
each time, let Z; be the output of A; 5
output Z = median of Z;’s

Algorithm A1,3




By Theorem 5, A, 5 is an (¢, d)-approximation of Fj.
The total number of parallel copies of A, ; is

o [2] (o]

and each copy requires O(loglog(n)) memory. So the total memory required for A, 5 is
1 1
@) (;loggloglogn> ,

where n is the size of the stream.

2 Second Frequency Moment — F;

Randomly pick t-bit +1 vector Xy, Xy, ...,
such that Pr[X; = 1] = Pr[X; = —1] =
counter = 0
If the current item is ¢ then
counter = counter +.X;
output counter?.

X
1
2

Algorithm A, ,

The value of the counter when the algorithm A, ; terminates is
counter = Z X,m,;.

Note that counter is a random variable as X;’s are. Let

Y = <Zszz> -
Claim. E[Y]| = F.
Proof.
E[Y] =E()_ Xim;)?

1<j

= Z m:BE[X?] + 2 Z m;m;E[X;X}] linearity of expectation

i<j
_ 2
= E my.

End of proof of Claim.

5



Remark. The above claim is true for X;’s that are pairwise independent.

We want to bound

Var[Y]
PI'HY — FQ‘ Z GFQ] < W

The variance of Y is
VarlY] = (E[Y?] - (E[Y])?).

The expectation of Y? is

E[Y?] = E()_ X;m,)*
= E[Z Ximi +12 ZXfm?ijijmk +6 Z X7 XFmim?]
i i3,k i<j
=Y m/E[X}]+6)> mm E[X]X]]
i i<j
=F+6 Z mfm?

1<j

Remark. The above proof is valid for X;’s that are 4-wise independent.
So the variance of Y is

Var[Y] = F,+6» mjm} — F; < F;.

1<j

Let ¢ = (G%W Now, by Theorem 3, if we repeat Ay, (pair-wise) independently for ¢,
times to get outputs Y7, Y5, ..., Y., and output Y = é >l Y;, then we have

Bl

Pr[lY — F)] > eFy)| < -
r| 2] > eFy| eF2 3

since E[Y] = E[Y;] = F, and Var[Y;] < F}. So the following algorithm (As5) is an (e, 3)-
approximation of Fj.

Let C1 = ’VE%—‘

repeat A ¢; times independently in parallel
each time, let Y; be the output of A,
output ¥ = -3 Y]

Algorithm A,

Now, by Theorem 5, if we repeat an (e, %)—approximation Co = [243 In %W times indepen-
dently and take the median, we get an (¢, d)-approximation, which gives us the following
algorithm.



let ¢y = [243 In %w

repeat A, 9 ¢y times independently in parallel
each time, let Z; be the output of Ay,
output Z = median of Z;’s

Algorithm A, 3

Note that so far, if we count only the memory requirement for the counter operation with
disregard the memory required for random bits, then the required memory size is O(logn),
since the absolute value of the counter is bounded by n, where n is the size of the stream.

In the following, we discuss how to use a small number of random bits to implement this
algorithm. Since all the random bits are generated at the beginning of the algorithm and
used during the entire run of the algorithm, it takes memory to save the random bits.

As we remarked earlier in the discussion, the algorithm €00 has the aforementioned
properties if X;’s are pairwise independent, so complete independence is unnecessary. This
gives us the possibility of using random hash functions in place of truly random bits.

Definition. Let H be a family of functions in ¥/ — ¥*. H is 4-universal if for all distinct
ai, as, as, ay € X' and for all uy, ug, us, uy € XF,

1
| SH]

Prhen[(Vi & []_, 2, 3, 4])h,((12) = U,Z'] =

Let [ = [logt]| and let & = 1. Let
H = {habcd ‘ a,b,c,d e El}a

where
Bavea(7) = az® +bz® + cx +d mod 2

over finite field G F(2/10811).

Note that H is a 4-universal family of hash functions.

Let Xz = h'abcd(i) for i € {]_, 2, .. ,t}

When a, b, ¢, d € 8! are picked uniformly at random. The random variables X;’s are
4-wise independent.

Note that a, b, ¢, d can be stored in O(logt) space and hgp.q can be computed on demand
in O(logt) space.

So the total space requirement for A, ; is O(logt+logn). Since ¢, ¢ are both constants,
the space requirement for A, 5 is also O(logt + logn).

3 The number of distinct elements — F|

Definition. Let H be a family of functions in X! — ¥*. H is 2-universal if for all distinct
a,b € X! and for all u,v € ¥*,
1

Prycp|h(a) = v and h(b) = v] = R



Let
H = {hg | a,be xMetl}

where
he(x) =ax +b

over finite field G F'(2'e*!).

Note that H is a 2-universal family of hash functions.

Define
) 1 ifl'Cai+b
Ti(i) = {

0 otherwise

for i € Rllogtl,
Note that

If a,b € L8t are picked randomly,
Pr(l'!Cai+b =2"

So for any fixed [
Pr[T;(i) = 1] =27".

Randomly pick a,b € XT8?]

// note that T;(i)’s are implicitly defined
let [ =0

let S =0

Wy

when “/” comes from the stream
if 7;(i) =1 then S = S U {i}
if |S| > a then
I=101+1
replace S by sampling from S using vector 7,
end if
end when
output |S] - 2!

Algorithm Aj;,

We omit the proof of correctness.



