
Com S 633: Randomness in ComputationLe
ture 8, 9, 10 S
ribe: Xiaoyang GuData Stream AlgorithmsIn this le
ture, the spa
e 
omplexity of approximating frequen
y moments in the datastream model is dis
ussed.In the data stream model, a 
omputer has a

ess to a data stream A = (a1; a2; : : : ; an) su
hthat ea
h data item ai 2 T (i = 1; : : : ; n, where n is the size of the stream and T = f1; :::; tg)
an be read only on
e in an order that is unknown to the 
omputer.For ea
h i 2 T , let mi = jfj j aj = igjbe the number of o

urren
es of i in the data stream A.De�nition. For ea
h k 2 N , the kth frequen
y moment of fmig isFk = tXi=1 mki :Note that F0 is the number of distin
t elements in A; F1 is the size of A.De�nition. An algorithm A 
omputes an (�; Æ)-approximation of Fk ifPr[jA(A)� Fkj � �Fk℄ < Æ:Theorem 1. Let Xi (i = 1; : : : ; n) be n (pair-wise) independent identi
ally distributed ran-dom variables su
h that E[Xi℄ <1 and Var[Xi℄ <1. ThenVar" 1n nXi=1 Xi# = Var[Xi℄n :Theorem 2. (Chebyshev's inequality) Let X be a random variable with expe
ted valueE and varian
e V . Then for any � > 0,Pr[jX � Ej � �pV ℄ � 1�2 :Theorem 3. Let X1; X2; : : : ; Xn be independent identi
ally distributed random variables withE[X1℄ = E and Var[X1℄ = V . Let X = 1n Pni=1Xi. ThenPr[jX � Ej � �E℄ � Vn�2E2 :
1



Proof. Note that Var[X℄ = Var[X1℄n = Vn .Pr[jX � Ej � �E℄ = Pr �jX � Ej � �EpVar[X℄pVar[X℄�� Var[X℄�2E2 Chebyshev= Vn�2E2 :Theorem 4. (Cherno�'s inequality) Let Xi (i = 1; : : : ; n) be independent identi
allydistributed 0-1random variables. Let �X = 1n Pni=1Xi. Then E[ �X℄ = E[Xi℄ and for all� 2 [0; 1℄, Pr[j �X � E[ �X℄j � �E[ �X℄℄ � 2 � e� �23 E[ �X℄n:Theorem 5. Let A be an (�; 13)-approximation of F , i.e.,Pr[jA� F j � �F ℄ < 13 :Let n = �243 ln 2Æ�. Let X1; X2; : : : ; Xn be the outputs of n independent runs of A. Let X bethe median of X1; X2; : : : ; Xn. Then X is an (�; Æ)-approximation of F .Proof. De�ne random variable Ti su
h thatTi = (1 if jXi � F j < �F0 otherwise.Then Pr[Ti = 1℄ � 23 . De�ne �T = 1n Pni=1 Ti. Then E[ �T ℄ � 23 . Note that if more than half ofXi's satis�es jXi � F j < �F then jX � F j < �F , i.e., if �T > 12 then jX � F j < �F . AndPr[jX � F j � �F ℄ � Pr[ �T � 12 ℄� Pr[jE[ �T ℄� �T j � E[ �T ℄� 12 ℄= Pr hjE[ �T ℄� �T j � (1� 12E[ �T ℄)E[ �T ℄i :By the Cherno�'s inequality (Theorem 4),Pr[jX � F j � �F ℄ � 2 � e� 13 (1� 12E[ �T ℄ )2E[ �T ℄�n= 2 � e� 13 (E2[ �T ℄�12E[ �T ℄)2�n:Sin
e E[�t℄ � 2=3, we have Pr[jX � F j � �F ℄ = 2 � e� 13 ( 49�12 23 )2�n= 2 � e� 1243n� Æ;i.e., X is an (�; Æ)-approximation of F . 2



1 The First Frequen
y Moment | F1
=0when a data item 
omesin
rement 
 with probability 2�
output 2
.Algorithm A1;1Let Xi (i 2 f0; 1; : : : ; ng) be the value of the 
ounter 
 after reading i items, where n isthe size of data stream A. The output of the algorithm is 2Xn.Pr[Xn = a℄ = Pr[Xn�1 = a℄�1� 12a� +Pr[Xn�1 = a� 1℄ 12a�1 (1)By (1), E[2Xn ℄ = nXa=0 Pr[Xn = a℄ � 2a= nXa=0�Pr[Xn�1 = a℄ � (2a � 1) +Pr[Xn�1 = a� 1℄ � 2�:Note that Pr[Xn�1 = n℄ = 0 and Pr[Xn�1 = �1℄ = 0. Then we haveE[2Xn℄ = E[2Xn�1 ℄ + 1: (2)Before the algorithm starts to read data, 
 = 0. So when the �rst data item 
omes, 
 isin
remented with probability 1. Therefore X1 = 1 with probability 1. Then solving there
ursion (2), we get E[2Xn℄ = n+ 1; (3)i.e., the expe
ted value of the output of the above algorithm is F1 +1, whi
h is very 
lose toF1.
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Now, we 
al
ulate the varian
e of 2Xn. First note thatE[22Xn ℄ = nXa=0 Pr[Xn = a℄ � 22a= nXa=0 Pr[Xn�1 = a℄�1� 12a� 22a + nXa=0 Pr[Xn�1 = a� 1℄ 12a�1 22a= nXa=0 Pr[Xn�1 = a℄�1� 12a� 22a + nXa=0 Pr[Xn�1 = a� 1℄2a+1= nXa=0 Pr[Xn�1 = a℄22a � nXa=0 Pr[Xn�1 = a℄2a + nXa=0 Pr[Xn�1 = a� 1℄2a�1+2= E[22Xn�1 ℄ + 3E[2Xn�1℄= E[22Xn�1 ℄ + 3n:Solving the above re
ursion, we have that E[22Xn ℄ � 3n2=2. Then,Var[2Xn℄ = E[22Xn℄� E2[2Xn ℄� 3n2=2� (n+ 1)2< n2=2:Now 
onsider the following algorithm.Let 
1 = � 32�2�repeat A1;1 
1 times independently in parallelea
h time, let Yi be the output of A1;1output Y = 1
1 P
1i=1 YiAlgorithm A1;2Note that Yi's and Y are random variables and Yi's are independent and identi
allydistributed. E[Yi℄ = n + 1 and Var[Yi℄ = Var[2Xn ℄ < n2=2. E[Y ℄ = n + 1 and Var[Y ℄ =Var[Yi℄=
1 < n22
1 by Theorem 1.Then by the Theorem 3,Pr [jY � (n+ 1)j � �n℄ � n2=2
1�2n2 � 13 ;i.e., A1;2 is an (�; 13)-approximation of F1.Now, 
onsider the following algorithm.let 
2 = �243 ln 2Æ�+ 1repeat A1;2 
2 times independently in parallelea
h time, let Zi be the output of A1;2output Z = median of Zi'sAlgorithm A1;3 4



By Theorem 5, A1;3 is an (�; Æ)-approximation of F1.The total number of parallel 
opies of A1;1 is
1 � 
2 = � 32�2� � ��243 ln 2Æ�+ 1�and ea
h 
opy requires O(log log(n)) memory. So the total memory required for A1;3 isO� 1�2 log 1Æ log logn� ;where n is the size of the stream.2 Se
ond Frequen
y Moment | F2Randomly pi
k t-bit �1 ve
tor X1; X2; : : : ; Xtsu
h that Pr[Xi = 1℄ = Pr[Xi = �1℄ = 12
ounter = 0If the 
urrent item is i then
ounter = 
ounter +Xioutput 
ounter2.Algorithm A2;1The value of the 
ounter when the algorithm A1;1 terminates is
ounter =XXimi:Note that 
ounter is a random variable as Xi's are. LetY = �XXimi�2 :Claim. E[Y ℄ = F2.Proof. E[Y ℄ = E(XXimi)2= E[(XX2i mi)2℄ +Xi<j E[2XiXjmimj℄=Xm2iE[X2i ℄ + 2Xi<j mimjE[XiXj℄ linearity of expe
tation=Xm2i : End of proof of Claim.5



Remark. The above 
laim is true for Xi's that are pairwise independent.We want to bound Pr[jY � F2j � �F2℄ < Var[Y ℄�2F 22The varian
e of Y is Var[Y ℄ = (E[Y 2℄� (E[Y ℄)2):The expe
tation of Y 2 isE[Y 2℄ = E(XXimi)4= E[Xi X4i m4i + 12Xi;j;k X2i m2iXjmjXkmk + 6Xi<j X2i X2jm2im2j ℄=Xi m4iE[X4i ℄ + 6Xi<j m2im2jE[X2i X2j ℄= F4 + 6Xi<j m2im2j :Remark. The above proof is valid for Xi's that are 4-wise independent.So the varian
e of Y isVar[Y ℄ = F4 + 6Xi<j m2im2j � F 22 � F 22 :Let 
1 = � 3�2 �. Now, by Theorem 3, if we repeat A2;1 (pair-wise) independently for 
1times to get outputs Y1, Y2, ..., Y
1 and output �Y = 1
1 P
1i=1 Yi, then we havePr[j �Y � F2℄ � �F2j < F 22
1�2F 22 < 13 ;sin
e E[ �Y ℄ = E[Yi℄ = F2 and Var[Yi℄ � F 22 . So the following algorithm (A2;2) is an (�; 13)-approximation of F2. Let 
1 = � 3�2�repeat A2;1 
1 times independently in parallelea
h time, let Yi be the output of A2;1output Y = 1
1 P
1i=1 YiAlgorithm A2;2Now, by Theorem 5, if we repeat an (�; 13)-approximation 
2 = �243 ln 2Æ� times indepen-dently and take the median, we get an (�; Æ)-approximation, whi
h gives us the followingalgorithm. 6



let 
2 = �243 ln 2Æ�repeat A2;2 
2 times independently in parallelea
h time, let Zi be the output of A2;2output Z = median of Zi'sAlgorithm A2;3Note that so far, if we 
ount only the memory requirement for the 
ounter operation withdisregard the memory required for random bits, then the required memory size is O(logn),sin
e the absolute value of the 
ounter is bounded by n, where n is the size of the stream.In the following, we dis
uss how to use a small number of random bits to implement thisalgorithm. Sin
e all the random bits are generated at the beginning of the algorithm andused during the entire run of the algorithm, it takes memory to save the random bits.As we remarked earlier in the dis
ussion, the algorithm 2;1 has the aforementionedproperties if Xi's are pairwise independent, so 
omplete independen
e is unne
essary. Thisgives us the possibility of using random hash fun
tions in pla
e of truly random bits.De�nition. Let H be a family of fun
tions in �l ! �k. H is 4-universal if for all distin
ta1; a2; a3; a4 2 �l and for all u1; u2; u3; u4 2 �k,Prh2H [(8i 2 [1; 2; 3; 4℄)h(ai) = ui℄ = 1j�4kj :Let l = dlog te and let k = 1. LetH = fhab
d j a; b; 
; d 2 �lg;where hab
d(x) = ax3 + bx2 + 
x+ d mod 2over �nite �eld GF (2dlog te).Note that H is a 4-universal family of hash fun
tions.Let Xi = hab
d(i) for i 2 f1; 2; : : : ; tg.When a; b; 
; d 2 �dlog te are pi
ked uniformly at random. The random variables Xi's are4-wise independent.Note that a; b; 
; d 
an be stored in O(log t) spa
e and hab
d 
an be 
omputed on demandin O(log t) spa
e.So the total spa
e requirement for A2;1 is O(log t+logn). Sin
e 
1; 
2 are both 
onstants,the spa
e requirement for A2;3 is also O(log t+ logn).3 The number of distin
t elements | F0De�nition. Let H be a family of fun
tions in �l ! �k. H is 2-universal if for all distin
ta; b 2 �l and for all u; v 2 �k,Prh2H [h(a) = u and h(b) = v℄ = 1j�2kj :7



Let H = fhab j a; b 2 �dlog teg;where hab(x) = ax + bover �nite �eld GF (2dlog te).Note that H is a 2-universal family of hash fun
tions.De�ne Tl(i) = (1 if 1l v ai + b0 otherwisefor i 2 �dlog te.Note that Tl(i) = 0 =) Tl+1(i) = 0: (4)If a; b 2 �dlog te are pi
ked randomly,Pr[1l v ai + b℄ = 2�l:So for any �xed l Pr[Tl(i) = 1℄ = 2�l:Randomly pi
k a; b 2 �dlog te// note that Tl(i)'s are impli
itly de�nedlet l = 0let S = ?when \i" 
omes from the streamif Tl(i) = 1 then S = S [ figif jSj > � thenl = l + 1repla
e S by sampling from S using ve
tor Tlend ifend whenoutput jSj � 2lAlgorithm A3;1We omit the proof of 
orre
tness.
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