
Com S 633: Randomness in ComputationLe
ture 5 S
ribe: Rakesh Setty1 Unique ElementsIn the last 
lass, we saw that the expe
ted number of unique elements a set S 
an havewith respe
t to a randomly 
hosen hashing fun
tion belonging to H is N=2, where H is a2-Universal hash family U to T , jSj = N , and jT j = 2N .1.1 NotationsU - Universal SetS - an arbitrary subset of UN - size of the set S i.e. jSjT - hash table to store the elements of SH - 2-Universal family of hash fun
tions from U to TX - A random variable de�ned as the number of unique elements in S with respe
t to h 2 H,when h is 
hosen uniformly at random from H.Y - N �XIn the last 
lass, we saw that when T � 2N ,E[X℄ � N=2 (1.1)Claim: Pr[X � N=3℄ � 1=4 (1.2)when jT j � 2N .Proof: E[Y ℄ � N � N2� N2Pr[X � N3 ℄ = 1� Pr[X < N3 ℄Pr[X < N3 ℄ = Pr[Y � 2N3 ℄< E[Y ℄2N3 ( by Markov's inequality)< N22N3< 34 1



Therefore Pr[X � N=3℄ � 142 Unique-SATDe�nition: Here, we are given a formula �(x1; x2; x3::; xn) and a promise that � has exa
tlyone satisfying assignment or no satisfying assignment. Can we �nd the satisfying assignmentif it exists or say that it is not satis�able if none exists?2.1 Valiant-Vazirani LemmaTheorem:There is a randomized algorithm A su
h that for every boolean formula �,� 2 SAT ) Pr[A(�) has exa
tly one satisfying assignment℄ � 1=48n� =2 SAT ) A(�) =2 SATProof:LetL = fh�; 1n; 1k; h; �i j � has n variables, 1 � k � n, h 2 H is a hashing fun
tion from�n ! �k+2, � 2 �k+2;9a st �(a) = 1 and h(a) = �gHere h is spe
i�ed by a tuple ha; bi (Re
all that hab(x) is the �rst k + 2 bits of ax + b.Clearly, L 2 NP. Hen
e, there exists a fun
tion f that redu
es L to SAT.Consider the following randomized algorithm A.1 Input �(x1; x2; : : : ; xn)2 Randomly pi
k k 2 f1; 2; : : : ; ng3 Randomly pi
k h 2 H[family of 2-Universal hash fun
tions from �n ! �k+2℄4 Randomly pi
k � 2 �k+25 Output f(h�; 1n; 1k; h; �i)Now � 62 SAT =) h�; 1n; 1k; h; �i 62 L=) f(h�; 1n; 1k; h; �i) 62 SATSuppose � 2 SAT. Then there exists a 
onstant k su
h that the number of assignments thatsatisfy � lie between 2k and 2k+1. In Step 2, the 
orre
t value of k is 
hosen with probability1=n. From now we assume that this event has happened.If we randomly pi
k h, by earlier Claim at least jSj3 elements from T have exa
tly oneinverse in S with respe
t to h with probability� 14 . From now we assume that this evenhappened.So the probability of a randomly 
hosen element in S being unique(wrt h) is at least 112 .Sin
e, 2k � jSj � 2k+1 and jT j = 2k+2, we have 2 jSj � jT j � 4 jSj.2



Thus, given that k and h are good random 
hoi
es, the probability of a randomly 
hosen� 2 T has exa
tly one inverse in S(wrt h) � 14 � 112Hen
e, the probability that h�; 1n; 1k; h; �i has exa
tly one witness at least 148nNow, we have the following 
orollary.Corollary. If UniqueSAT is in P, then SAT is in BPP.Let B be an algorithm that solves UniqueSAT in polynomial time. Given a formula �,run A(�) to obtain a new formula  . If B a

epts  , then a

ept, else reje
t.If � =2 SAT, then  =2 SAT and B reje
ts  and so the above algorithm reje
ts �. If�inSAT, then with probability at least 1=48n,  has exa
tly one satisfying assignment. Thusif �inSAT, then the above algorithm a

epts with probability at least 1=48n. Sin
e thisalgorithm has one sided error, the su

ess probability 
an be ampli�ed to 1�1=2p(n) for somepolynomial p.3 Random WalksConsider a line segment divided into n partitions with 0 marked as the beginning of thesegment and n marked as the end of the segment with positions 1 to n� 1 being in betweenthe two positions in a sequential order. Consider a parti
le at position 0 whi
h moves rightby 1 position and keeps moving either left or right with probability 12 till it rea
hes positionn.i.e. 8j; 0 < j < nPr[Parti
le moves to position j + 1 from j℄=12Pr[Parti
le moves to position j � 1 from j℄=12We are interested in �nding the expe
ted number of moves to rea
h n starting at position 0.There are several possible sequen
es of moves that will take the parti
le from 0 to n. Forexample, keep moving right till it rea
hes n, or n+ 2 steps to right and 1 step to left, n+ 4steps to right and 2 steps left et
. This would give an expression that is somewhat similar toXk�0Cn+2kk � (12)n+2k[n+ 2k℄We 
an 
ompute the expe
tation easily using (again) linearity of expe
tation. Let Xj bea random variable de�ned as the number of steps to rea
h n starting from j.E[Xj ℄ = 12[1 +E[Xj+1℄℄ + 12[1 +E[Xj�1℄℄Let hj denote E[Xj ℄. Then hj = hj�12 + hj+12 + 1Observer that hn = 0 and h0 = 1 + h1.Claim: hj = hj+1 + 2j + 1 3



Proof:Let fj = hj�hj�1. Sin
e, h0 = 1+h1, we have f1 = h1�h0 = �1. Sin
e hj = hj�12 + hj+12 +1,2hj = hj�1 + hj+1 + 2. Thus hj+1 � hj = hj � hj�1 � 2fj+1 = fj � 2= �(2j + 1)Thereforehj+1 � hj = �(2j + 1)hj+1 � hj = �(2j + 1)hj = hj+1 + 2j + 1Hen
e the proof.With this result, we have h0 = h1 + 2 � 0 + 1= h1 + 1= hn + Xj=1:::n(2j � 1)= n2Thus the expe
ted number of steps to rea
h n starting at 0 is n2.
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