
Com S 633: Randomness in ComputationLe
ture 2 S
ribe: Dave DotyUnless stated otherwise, let � = f0; 1g be the binary alphabet.1 Cir
uitsExample 1.1 (Hardwiring). Let L � �� be su
h that L � 0� and L is unde
idable. ThenL 2 P=poly be
ause, on input x 2 �n, we hardwire the value 0n into a 
ir
uit that outputs 1if x = 0n and 0 otherwise.Example 1.2 (Hardwiring). Let L � �� be su
h that, for all n 2 N, jL \ �nj � n2. ThenL 2 P=poly be
ause we 
an hardwire all strings in L \ �n into the 
ir
uit using only aboutO(n � n2) = O(n3) gates.So far, we have dis
ussed four notions of \eÆ
ient 
omputation":� Deterministi
 Uniform: P� Probabilisti
 Uniform: BPP� Deterministi
 Nonuniform: P=poly� Probabilisti
 Nonuniform: BPSIZE(poly)The last is de�ned by probabilisti
 
ir
uits, ea
h of whi
h 
an be thought of as a 
ir
uitC taking two strings of input bits, the input x 2 ��, and the random bits r 2 ��. IfL 2 BPSIZE(poly), then there exists a family of probabilisti
 
ir
uits C = [C0; C1; : : :℄ andpolynomials p; s su
h that, for all n 2 N, jCnj � s(n), and, for all x 2 �n,x 2 L =) Prr2�p(n)[Cn(x; r) = 1℄ � 2=3;and x 62 L =) Prr2�p(n)[Cn(x; r) = 1℄ � 1=3:In this 
ase, we say C de
ides (a

epts, 
omputes) L.Theorem 1.3. Let L � �� be a

epted by a program that runs in time t(n). Then there isa 
ir
uit family C = [C0; C1; : : :℄ that de
ides L and, for all n 2 N, jCnj � t2(n). (A
tually,this bound 
an be improved to O(t(n) log t(n)).)In other words, any deterministi
 
omputation 
an be 
onverted into a 
ir
uit. Thisimplies the following.Proposition 1.4. P  P=poly.The subset 
an be seen to be proper by Example 1.1.We also have the following proposition, whi
h follows from the fa
t that a BPP ma
hinethat ignores its random bits is simply a P ma
hine.Proposition 1.5. P � BPP. 1



Whether this subset is proper remains open.Question 1.6. P = BPP?The following theorem states that nonuniform polynomial-size 
ir
uits 
an simulate uni-form randomness.Theorem 1.7. BPP � P=poly.Proof. Let L 2 BPP. It suÆ
es to show that there exists a polynomial-size deterministi

ir
uit family C = [C0; C1; : : :℄ that a

epts L. Sin
e L 2 BPP, there is a polynomial p and adeterministi
 polynomial-time ma
hine M su
h that, for all x 2 �n,x 2 L =) Prr2�p(n)[M(x; r) a

epts℄ � 1� 122n ;x 62 L =) Prr2�p(n)[M(x; r) a

epts℄ < 122n :De�nition. For ea
h x 2 �n, we say r 2 �p(n) is wrong for x if M(x; r) 6= L(x).For all x 2 �n, number of r 2 �p(n) that are wrong for x is at most 2p(n)=22n.De�nition. r 2 �p(n) is bad if there is an x 2 �n su
h that r is wrong for x.For all n 2 N, the number of bad r's is at most2p(n)22n 2n � 2p(n)2n :by the union bound (take the union over all x of those r's that are wrong for x) and thepreviously stated bound on the number of wrong r's for ea
h x.Thus Prr2�p(n)[(9x 2 �n) M(x; r) 6= L(x)℄ � 12n :Therefore, there exists an r that is not bad. (In fa
t, this inequality implies that most r'sin �p(n) are not bad.)This r, be
ause it is not bad, works for all strings of length n. Therefore, we hardwire thisr into the 
ir
uit Cn, whi
h, on input x 2 �n, simulatesM(x; r). Be
ause r is not bad,M(x; r)outputs the 
orre
t answer, and Cn 
orre
tly de
ides x. jCnj is bounded by a polynomial inn be
ause jrj = p(n) and M runs in polynomial time. This shows that L 2 P=poly.The main idea behind this proof is, \For every x, almost all r's are 
orre
t for x, so thereis one r 
orre
t for every x."We 
an use the same idea to 
onvert any probabilisti
 
ir
uit (rather than probabilisti
algorithm, as in Theorem 1.7) into a deterministi
 
ir
uit. Therefore, randomness does nothelp in nonuniform 
omputation, when
e the following equality holds.Theorem 1.8. BPSIZE(poly) = P=poly. 2



2 Max-CutGiven a graph G = (V;E), with A;B � V , A\B = ?, A [B = V (i.e., (A;B) is a partitionof V ), de�ne Cut(A;B) = the number of edges from A to B. Max-Cut is the problem ofpartitioning V into A and B su
h that the size of Cut(A;B) is maximized.Max-Cut is NP-hard; i.e., a polynomial-time algorithm for Max-Cut implies P = NP.What about approximation algorithms?Max-Cut
 is the problem, given a graph G �nd a 
ut whose size is at least 
 times thevalue of the maximum 
ut in G, where 
 < 1. There is a randomized algorithm that solvesMax-Cut1=2:Max-Cut1=2(G = (V;E))1 n jV j2 m jEj.3 A ?4 B  ?5 for i 1 to n6 do randomly pi
k b 2 f0; 1g7 if b = 08 then A A [ fvig9 else B  B [ fvigTheorem 2.1. The above algorithm outputs a 
ut whose size is at least m=2 with probabilityat least 1m+1 .Proof. For ea
h edge, what is the probability that it belongs to the 
ut the algorithm sele
ts?It is 1/2 sin
e the verti
es in ea
h edge are on di�erent sides of the 
ut with probability 1/2.Therefore, the expe
ted number of edges that belong to the 
ut is m=2.De�ne for all 1 � i � mXi = � 1; if ith edge is in the 
ut;0; otherwise.and X = mXi=1 Xi:X is the random variable that 
orresponds to the output of the algorithm; i.e., the size of the
ut output. Then E[Xi℄ = 1=2 and E[X℄ = m=2:Note that for all random variables Y ,Pr[Y � E[Y ℄℄ > 0:Thus Pr[X � m=2℄ > 0:We want Pr[X � m=2℄ to be large. Be
ause it is not zero, we 
an repeat the algorithm toamplify it. But we need it bounded away from 0 so it 
an be ampli�ed in polynomial time;i.e., we need Pr[X � m=2℄ to be at least 1=poly(m).3



The 
ru
ial observation is to noti
e that X 
annot take on any value, but only the integervalues 0; 1; : : : ;m. The average is m=2. Sin
e X is an integer, to be stri
tly less than m=2,X must be less than or equal to m=2� 1. We �rst 
onsider the 
ase m is odd, so m = 2k+1.Thus E(X) = k+1=2. Sin
e X 
an take only integer values, Pr[X � E(X)℄ = Pr[X � k+1℄,and Pr[X < E(X)℄ = Pr[X � k℄.De�ne p = Pr[X � m=2℄:Then m=2 = E[X℄= mXa=0Pr[X = a℄ � a= Xa<E[X℄Pr[X = a℄ � a+ Xa�E[X℄Pr[X = a℄ � a� kXa=0Pr[X = a℄ � a+ mXa=k+1Pr[X = a℄ � a� k kXa=0Pr[X = a℄ + (2k + 1) mXa=k+1Pr[X = a℄� k(1� p) + (2k + 1)p� k � kp+ 2kp+ p:Sin
e m=2 = k + 1=2,k + 1=2 � k � kp+ 2kp+ p =) 1=2 � p(1 + k)=) p � 12(1 + k) � 1m+ 1 :Therefore, Pr[X � m=2℄ � 1m+1 , whi
h is bounded far enough away from 0 to amplify inpolynomial time.Goemans and Willamson showed that this 
an be improved to a polynomial-time random-ized algorithm for Max-Cut0:87. On the other hand it is known that there exists a 
onstant
 < 1 su
h that Max� Cut
 is NP-hard. Best known value of 
 is 83=84.Given a boolean formula in 3-CNF form� = (x1 _ x2 _ x3) ^ (x3 _ x1 _ x4) ^ : : : ;
omputing a satisfying assignment to � is NP-hard. Using similar ideas as before, the following
an be shown.Theorem 2.2. There is a probabilisti
 polynomial-time algorithm that, given a 3-CNF for-mula �, 
omputes an assignment that satis�es at least a fra
tion 7=8 of the 
lauses of �.This 
annot be improved to 7=8 + � for any � > 0 unless P = NP (this is due to H�astad,using the PCP theorem) 4


