
Com S 633: Randomness in ComputationLe
tures 19 and 20 S
ribe: Ankit Agrawal, Dave DotyRakesh SettyLet G be a 
onne
ted d-regular non-bipartite graph. Let M be its 
orresponding normal-ized adja
en
y matrix and let v1 ; v2 ; : : : vn be the 
orresponding eigenbasis where,v1 = � 1pn ; 1pn ; : : : 1pn�Let �1 ; �2 ; : : : �n be the 
orresponding eigenvalues su
h that�1 = 1 and�1 > j�2j � : : : j�njWe will denote j�2j with �. In the last 
lass, we showed that for any distribution �jjM� � Unif jj2 � �Gwhere Unif is the uniform distributionThus by taking O(logn)=(1 � �) steps we arrive at distribution where ea
h vertex is vis-ited with probability at least 1=2n.Suppose that for a graph G, 1� � is a 
onstant. Then we approa
h uniform distributionin (log n) steps. Su
h graphs are of great interest to us.1 ExpandersDe�nition: A family of d-regular graphs fGigi2N is a �-algebrai
 expander family if Gn hasn verti
es and �2 (Gn) � �Observation: �-algebrai
 Expander graphs have diameter O (log n), if � is a 
onstant.Neighborhood of a set of verti
es is de�ned asN(S) = [v2SN(v)N(v) = fujhv; ui 2 EgDe�nition: A family of d-regular graphs fGigi2N is a 
-
ombinatorial expander if8Gn and 8S su
h that jSj � n2 ,jN (S)j � (1 + 
) jSjObservation: 
-
ombinatorial Expander graphs have diameter O (log n), if 
 is a 
on-stant.Note that 
 is a 
onstant su
h that 0 � 
 � 1. Also note that, N (S) need not be distin
tfrom S i.e. N (S) \ S need not be empty.De�nition: A family of graphs fGigi2N is eÆ
iently 
onstru
tible if there is a polynomialtime algorithm A s.t. A(1n) outputs Gn in p(n) steps.De�nition: A family of graphs fGigi2N is strongly eÆ
iently 
onstru
tible if there is analgorithm A s.t. 8nA(n; v; t) outputs the tth neighbor of v in Gn in time polylog(n).Here, all of n; v; t are in binary, and sin
e there are n verti
es in the graph, t � n, whi
hfurther implies that jtj � log n. Therefore, the size of the input is log n.1



2 Algebrai
 Expansion vs Combinatorial ExpansionIt is known that every algebrai
 expander is a 
ombinatorial expander and vi
e versa. Wenow show one dire
tion of the equivalen
e between algebrai
 and 
ombinatorial expanders.If G = (V;E) is an (algebrai
) �-expander for some � 2 (0; 1), our goal is to show that G isalso a (
ombinatorial) 
-expander, for some 
 2 (0; 1) depending on �. We assume that G isa d-regular, 
onne
ted, non-bipartite graph, for some d 2 N.Write V = f1; : : : ; ng. Let S � V with S � n=2. We need to show that N(S), theneighborhood of verti
es adja
ent to some vertex in S, is \large", whi
h would imply that Gis a 
ombinatorial expander.Let pS : V ! [0; 1℄ be a probability distribution that is uniform on S; i.e., pS(v) = 1jSjif v 2 S and pS(v) = 0 if v 2 V � S. Let M be the normalized adja
en
y matrix of G; i.e.,M(i; j) = 1d if fi; jg 2 E, andM(i; j) = 0 otherwise, and 
onsider the probability distributionMpS . This distribution represents the probability of being at a vertex after one step of arandom walk, if the initial probability is given by pS .Note that, for all v 2 V , v 2 N(S) () (MpS)(v) 6= 0:In other words, the only way to end up at a neighbor of some vertex in S after one step ofany walk (in
luding the random walk represented by M), is to have been in S to begin with.Conversely, sin
e every vertex in S had a positive probability, every neighbor has a positiveprobability after one step.De�nition 2.1. For all distributions p : V ! [0; 1℄, de�ne the support of p (written hp1; : : : ; pni)to be supp(p) = f v 2 V j pv 6= 0 g :Note that N(S) = supp(MpS), whi
h implies in parti
ular that jN(S)j = jsupp(MpS)j.Claim 1. For all distributions p : V ! [0; 1℄,jjpjj22 � 1jsupp(p)j :Proof. Assume without loss of generality that p = hp1; : : : ; pm; 0; : : : ; 0i. Then jjpjj2 is mini-mum, over all distributions with support f1; : : : ;mg, when pi = 1m for all i 2 f1; : : : ;mg. Thisis easily seen for the 
ase m = 2, as the set of p1; p2 with p1+ p2 = 1 is the line p2 = �p1+1,whi
h is 
losest (under the L2 norm) to the origin at the point p1 = p2 = 12 . An analogousargument with hyperplanes extends to the 
ase m � 3. Thereforejjpjj22 = mXi=1 p2i� mXi=1 � 1m�2= 1m= 1jsupp(p)j :2



Let v1; : : : ; vn be an orthonormal eigenbasis. Then for some �1; : : : ; �n,p = �1v1 + �2v2 + : : :+ �nvn;and, sin
e �1(M) = 1 (be
ause M is sto
hasti
),MpS = �1Mv1 + �2Mv2 + : : : + �nMvn= �1v1 + �2�2v2 + : : : + �n�nvn:Sin
e L2 norm is invariant under orthonormal basis, jjpS jj2 =qP�2i .Sin
e �1 = hp v1i and v1 = h 1pn ; : : : ; 1pni, this implies �1 = 1pn .SojjMpS jj22 � jj�1v1jj22 + jj�2�2v2 + : : :+ �n�nvnjj22 triangle inequality� 1n + j�2j2 nXi=2 �2i j�2j = � is 2nd largest (absolute) eigenvalue� 1n + �2 �jjpS jj22 � �21�� 1n + �2 �jjpS jj22 � 1n�� 1n + �2 � 1jSj � 1n�= �2jSj + 1n �1� �2�� �2jSj + 12jSj [1� �2℄= 1 + �22jSj ;so jN(S)j = jsupp(Mp)j� 1jjMpS jj22� 21 + �2 jSj:This 
on
ludes the proof, showing that if G is a �-algebrai
-expander, then G is a � 21+�2 � 1�-
ombinatorial expander.3 Appli
ation: Deterministi
 Ampli�
ationWe have seen earlier that a language L 2 RP if there is a randomized algorithm with one-sidederror probability of less than 12 . 8x, Bx is the set of all random strings on whi
h algorithmA gives wrong answer. Using expanders, we 
an redu
e error probability without in
reasingrandom bits. 3



3.1 KPS GeneratorWe will �rst des
ribe a s
heme due to Karp, Pippinger and Szemeredi that uses expandersto redu
e the error probability of a RP algorithm. This s
heme does not use any additionalrandom bits. Assume that the original RP algorithm uses r(n) random bits on inputs oflength n. Let M the RP ma
hine for L.Let Gn be a d regular �-expander family. let N = 2r(n). Consider the following algorithm.Approa
h:1. Input x, jxj = n.2. Consider GN . 3. Randomly pi
k a vertex r. Let r1; r2; :::; rd be neighbors of r.4. Use r; r1; :::; rd as random seeds to algorithm M .5. A

ept if at least one of them a

epts.Number of random bits used = r(n). If the expander family is strongly eÆ
iently 
on-stru
tible, then the above algorithm runs in polynomial time.To analyze the error probability of this algorithm, let x 2 f0; 1gn be an input to M andlet Bx = n u 2 f0; 1gr(n) j x 2 L and Mu(x) = \no" obe the set of bad random strings for x, in a single run of M . LetSx = f u 2 Bx j N(u) � Bx g :Whenever u 2 Sx, then this algorithm gives the wrong answer. In other words, if u and allof its neighbors are bad for x, then the answer will be in
orre
t. So Sx is the set of randomstrings that are bad for the new iterated algorithm.Sin
e M is an RP algorithm with error probability 12 , jBxj � N2 . Then be
ause Sx � Bx,jSxj � N2 , and by the de�nition of Sx, jN(Sx)j � N2 . Be
ause GN is a �-expander,jN(Sx)j � � 21 + �2� jSxj;Taking these bounds together implies thatjSxj � �14 + �24 �N:So the probability of error is at most 14 + �24 .The above analysis is useful only when � is suÆ
iently smaller. Moreover, the errorprobability is at least 1=4. However, we 
an de
rease the error probability as follows.Consider the graph Gl. In this graph, there is an edge between u and v if and only if thereis a path of length (exa
tly) l in the graph G. Let S be a set of verti
es of Gl with jSj � N=2.Observe that in Gl, jN(S)j � minf� 21 + �2�l jSj; jN j2 + 1gIf we use the graph Gl, in stead of G in the above algorithm, then we obtain that theerror probability is at most (1+�22 )l). The running time of the algorithm is O(dl). If we takel = O(log n), then we a
hieve error probability 1=poly, without using additional randomness.Observe that we 
an not hope to redu
e the error probability less than 1=poly with aboveapproa
h. We now des
ribe a generator that a
hieves exponential error probability.4



3.2 AKS GeneratorThe AKS generator works as follows, and it improves on the previous algorithm in that ita
hieves exponential error redu
tion in polynomial time.AKS(x)1 randomly pi
k r0 2 V2 r  r03 for i 1 to k4 do randomly pi
k a neighbor ri of r5 r  ri6 repeat M(x) for k + 1 iterations with random strings r0; : : : ; rkThe number of random bits required on an input of length n is r(n) + k log d. The graphGN has 2r(n) = 2N verti
es. Let Bx be the set of bad random strings for x as in the previousse
tion. Then the probability of error is the probability that r0 2 Bx and a random walkstarting at r0 never leaves Bx.Without loss of generality, assume that Bx is the �rst jBxj verti
es of V . Let � =h�1; : : : ; �N i be a probability distribution on V . ThenPr� [Bx℄ = jBxjXi=1 �i = jjh�1; : : : ; �N ijj1:Let P be the following N �N proje
tion matrix2666666666666664
jBxj1 0 : : : 0 0 0 : : : 00 1 : : : 0 0 0 : : : 0... ... . . . ... 0 0 : : : 0jBxj 0 0 : : : 1 0 0 : : : 00 0 : : : 0 0 0 : : : 00 0 : : : 0 0 0 : : : 0... ... . . . ... ... ... . . . ...0 0 : : : 0 0 0 : : : 0

3777777777777775This matrix \zeros out" the entries of any ve
tor on all 
oordinates ex
ept the �rst jBxj.Then jjP�jj1 = Pr�[Bx℄ andjjPMP�jj1 = Pr�;1-step random walk [r0; r1 2 Bx℄ :This 
an be extended to argue that, in a k-step random walk,jjPM : : : PM| {z }k P�jj1 = Pr�;k-step random walk [r0; r1; : : : ; rk 2 Bx℄ = jj(PMP )k�jj1:Our goal is, given �, to bound jj(PMP )k�jj1. We do this by bounding jj(PMP )k�jj2 andappealing to the realtion between the L1 and L2 metri
s.5



Claim 2. jjPMP�jj2 �  �2 +r jBxjN ! jj�jj2Proof. Let v1; � � � vN be an orthonormal eigen basis, with v1 = h1=pN; � � � ; 1=pNi. Lety = P� = �1v1 + �2v2 + � � ��nvN . Re
all that jjyjj22 =P�2i .jjPMyj2 = jjPM�1v1 + PM�2v2 + � � �+ PM�nvN jj2= jj�1Pv1 + �2�2Pv2 + � � �+ �n�2PvN jj2� jj�1Pv1jj2 + jj�2�2Pv2 + � � � + �n�2PvN jj2jj�2�2Pv2 + � � � + �n�2PvN jj2 � jj�2�2v2 + � � � + �n�nvN jj2� �vuuti=NXi=2 �2i� �jjyjj2� �jj�jj2:Observe that the ve
tor ea
h non-zero entry of �1Pv1 is �1=pN and number of non-zeroentries is jBxj. Thus jj�1Pv1jj2 = �1r jBxjN� r jBxjN jjyjj2� r jBxjN jj�jj2This proves the 
laim.Using Claim 2, a routine indu
tion shows thatjj(PMP )k�jj2 �  �2 +r jBxjN !k jj�jj2If � is the uniform distribution given by �u = 1N for all u 2 V , then this quantity is at most �2 +r jBxjN !k 1pN :By Cau
hy-S
hwartz,jj(PMP )k�jj1 � pN jj(PMP )k�jj2 �  �2 +r jBxjN !k :6



For an RP algorithm, jBxj � N2 , so we get that this quantity is at most��2 + 1p2�k :In the 
ase that �2 < 1p2 , this a
hieves the exponential error redu
tion that we sought. Usingr(n) + O(k) random bits, we 
ould get the error probability to less than 12k in polynomialtime. Su
h a �2 
an be a
hieved, given a �2 < 1, by exponentiating the normalized adja
en
ymatrix.
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