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Let G be a connected d-regular non-bipartite graph. Let M be its corresponding normal-
ized adjacency matrix and let vy, v2, ... v, be the corresponding eigenbasis where,
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Let A1, Ao, ... Ay be the corresponding eigenvalues such that
A1 = 1 and
A1 > |)\2| > .. ‘)\n|

We will denote |A2| with A. In the last class, we showed that for any distribution II
IMIT — Unifll, < Ac

where Unif is the uniform distribution

Thus by taking O(logn)/(1 — X) steps we arrive at distribution where each vertex is vis-
ited with probability at least 1/2n.

Suppose that for a graph G, 1 — X is a constant. Then we approach uniform distribution
in (logn) steps. Such graphs are of great interest to us.

1 Expanders

Definition: A family of d-regular graphs {G;};cn is a A-algebraic expander family if G,, has
n vertices and X\ (G,) < A
Observation: M-algebraic Expander graphs have diameter O (logn), if A is a constant.
Neighborhood of a set of vertices is defined as

N(S) = Upes N(0)
N(v) = {ul(v,u) € B}

Definition: A family of d-regular graphs {G;}icn is a c-combinatorial expander if
n

VG, and VS such that |S| < o
IN(S)| > (1 + )|S]

Observation: c-combinatorial Expander graphs have diameter O (logn), if ¢ is a con-
stant.

Note that ¢ is a constant such that 0 < ¢ < 1. Also note that, N (S) need not be distinct
from S i.e. N (S) N S need not be empty.

Definition: A family of graphs {G;},. v is efficiently constructible if there is a polynomial
time algorithm A s.t. A(1™) outputs G" in p(n) steps.

Definition: A family of graphs {G;},. is strongly efficiently constructible if there is an
algorithm A s.t. Vn A(n,v,t) outputs the ¢ neighbor of v in G, in time polylog(n).

Here, all of n,v,¢ are in binary, and since there are n vertices in the graph, ¢ < n, which
further implies that |¢| < logn. Therefore, the size of the input is logn.



2 Algebraic Expansion vs Combinatorial Expansion

It is known that every algebraic expander is a combinatorial expander and vice versa. We
now show one direction of the equivalence between algebraic and combinatorial expanders.
If G = (V,E) is an (algebraic) A-expander for some A € (0, 1), our goal is to show that G is
also a (combinatorial) c-expander, for some ¢ € (0, 1) depending on A. We assume that G is
a d-regular, connected, non-bipartite graph, for some d € N.

Write V. = {1,...,n}. Let S C V with S < n/2. We need to show that N(S), the
neighborhood of vertices adjacent to some vertex in S, is “large”, which would imply that G
is a combinatorial expander.

Let pg : V. — [0,1] be a probability distribution that is uniform on S; i.e., pg(v) = ﬁ
ifveSandpg(v) =0ifv eV —S. Let M be the normalized adjacency matrix of G; i.e.,
M(i,j) = 5 if {i,j} € E, and M(i,7) = 0 otherwise, and consider the probability distribution
Mpg. This distribution represents the probability of being at a vertex after one step of a
random walk, if the initial probability is given by pg.

Note that, for all v € V,

v € N(S) < (Mps)(v) #0.

In other words, the only way to end up at a neighbor of some vertex in S after one step of
any walk (including the random walk represented by M), is to have been in S to begin with.
Conversely, since every vertex in S had a positive probability, every neighbor has a positive
probability after one step.

Definition 2.1. For all distributionsp : V' — [0, 1], define the support of p (written (p1,...,pn))
to be

supp(p) ={v eV | p, #0 }.
Note that N(S) = supp(Mpg), which implies in particular that |N(S)| = [supp(Mps)|.
Claim 1. For all distributions p: V — [0,1],
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Proof. Assume without loss of generality that p = (p1,...,pm,0,...,0). Then ||p[|2 is mini-
mum, over all distributions with support {1,...,m}, when p; = % foralli € {1,...,m}. This

is easily seen for the case m = 2, as the set of py,ps with p; +po = 1 is the line p, = —p; + 1,
which is closest (under the Ly norm) to the origin at the point p; = py = % An analogous
argument with hyperplanes extends to the case m > 3. Therefore
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Let vy,...,v, be an orthonormal eigenbasis. Then for some «ay, ..., a,,
P =Q1V1 + QU2 + ...+ QpUy,
and, since A1 (M) =1 (because M is stochastic),
Mps = ay Muv; + asMuvy + ... + a, Mu,

= v + agA9v9 + ... + ap AUy,

Since Ly norm is invariant under orthonormal basis, |[ps|l2 = 1/>_ 2.

Since a1 = (p v1) and vy = <ﬁ, e, ﬁ), this implies a; = ﬁ
So

HMpSH% < Halle% + ||agAovy + ... + an)\nvnH% triangle inequality
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This concludes the proof, showing that if G is a A-algebraic-expander, then G is a (H—% — 1)—

combinatorial expander.

3 Application: Deterministic Amplification

We have seen earlier that a language L € RP if there is a randomized algorithm with one-sided
error probability of less than % Vz, By is the set of all random strings on which algorithm
A gives wrong answer. Using expanders, we can reduce error probability without increasing
random bits.



3.1 KPS Generator

We will first describe a scheme due to Karp, Pippinger and Szemeredi that uses expanders
to reduce the error probability of a RP algorithm. This scheme does not use any additional
random bits. Assume that the original RP algorithm uses r(n) random bits on inputs of
length n. Let M the RP machine for L.
Let G, be a d regular A-expander family. let N = 2"("), Consider the following algorithm.
Approach:
1. Input z, |z| = n.
2. Consider Gy. 3. Randomly pick a vertex r. Let ri,r9, ..., 74 be neighbors of r.
4. Use r,711,...,7q as random seeds to algorithm M.
5. Accept if at least one of them accepts.

Number of random bits used = r(n). If the expander family is strongly efficiently con-
structible, then the above algorithm runs in polynomial time.
To analyze the error probability of this algorithm, let x € {0,1}" be an input to M and
let
B, = { uwe{0,1}"™ | z € L and M"(z) = “no” }

be the set of bad random strings for x, in a single run of M. Let
Sy={ueBy | Nlu) CB; }.

Whenever u € S,, then this algorithm gives the wrong answer. In other words, if u and all
of its neighbors are bad for z, then the answer will be incorrect. So S, is the set of random
strings that are bad for the new iterated algorithm.

Since M is an RP algorithm with error probability %, |B;| < % Then because S; C By,

Sy| < &, and by the definition of S;, |[N(S,)| < &. Because Gy is a A-expander,
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Taking these bounds together implies that

1 A2
<=+ 2 )N
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So the probability of error is at most % + )‘72.
The above analysis is useful only when X is sufficiently smaller. Moreover, the error
probability is at least 1/4. However, we can decrease the error probability as follows.
Consider the graph G*. In this graph, there is an edge between u and v if and only if there
is a path of length (exactly) [ in the graph G. Let S be a set of vertices of G! with |S| < N/2.
Observe that in G!,

. 2 l |N|
N > m — +

If we use the graph G!, in stead of G in the above algorithm, then we obtain that the
error probability is at most (#)l) The running time of the algorithm is O(d'). If we take
[ = O(logn), then we achieve error probability 1/poly, without using additional randomness.

Observe that we can not hope to reduce the error probability less than 1/poly with above
approach. We now describe a generator that achieves exponential error probability.




3.2 AKS Generator

The AKS generator works as follows, and it improves on the previous algorithm in that it
achieves exponential error reduction in polynomial time.

AKS(x)

1 randomly pick rg € V

2 r+mn€

3 fori+ 1tok

4 do randomly pick a neighbor r; of r

5 T Ty

6 repeat M(x) for k + 1 iterations with random strings rq, ..., rg

The number of random bits required on an input of length n is r(n) + klogd. The graph
Gy has 2r(m) = 9N vertices. Let B; be the set of bad random strings for x as in the previous
section. Then the probability of error is the probability that ry € B, and a random walk
starting at ry never leaves B,.

Without loss of generality, assume that B, is the first |B,| vertices of V. Let m =
(m1,...,mn) be a probability distribution on V. Then

| Bz |
Pr(Bo) = 3 mi = l|(mi. ... 7).
=1

Let P be the following N x N projection matrix

i | Ba|
1 0 ... 0 00 ... 0
1 ... 0 0 0 ... 0
Do - : 00 ... 0
|Bz] 0 0 ... 1 00 ... 0
0 0 00 ... 0
0 O 0 0 0 ... 0
L 0 0 ... 0 00 ... 0]

This matrix “zeros out” the entries of any vector on all coordinates except the first | B,]|.
Then ||Prl||; = Pr,[B;] and

HPMPWHl: Pr [7”0,7”16313}.

7,1-step random walk

This can be extended to argue that, in a k-step random walk,

|PM...PM Pl = Pr [ro, 71, .-, 7K € Byl = || (PMP)r]|;.

7,k-step random walk
k

Our goal is, given 7, to bound ||(PM P)*r||;. We do this by bounding ||(PM P)*x||, and
appealing to the realtion between the L; and Lo metrics.



Claim 2.

B
1PM P> < <A2+ Nf) il

Proof. Let vy,---vy be an orthonormal eigen basis, with v; = (1/VN,--- 1/v/N). Let
y = Pm = ajv1 + aguy + - ayon. Recall that ||y]|2 = 3 o?.
||[PMyly = |[|[PMajvy + PMagve + -+ PMa,vn||o
= Haval + agAoPvg + - - - + Oén>\2P’UNH2
HOQP’UlHQ + Ha2>\2P'U2 + -+ Otn)\QP’UNHQ
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[|aaAoPvg + - - + apAoPunlla < ||agdove + - + anApun]|2
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Observe that the vector each non-zero entry of a; Pv; is aq /v N and number of non-zero
entries is |B,|. Thus

| Ba|
N

| Ba|
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lenPuillz = o
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This proves the claim.

Using Claim 2, a routine induction shows that

k
B
I(PMP)*a]; < (A2+ Nf) Il

If 7 is the uniform distribution given by m, = % for all u € V, then this quantity is at most

k
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By Cauchy-Schwartz,

k
B
(PMPYexlly < VII(PMPYx]s < (m | Nfﬂ') .

6



For an RP algorithm, |B,| < %, so we get that this quantity is at most

()

In the case that Ay < LQ, this achieves the exponential error reduction that we sought. Using

r(n) + O(k) random bits, we could get the error probability to less than QL,C in polynomial
time. Such a Ay can be achieved, given a Ay < 1, by exponentiating the normalized adjacency
matrix.



