Com S 633: Randomness in Computation
Lecture 18 Scribe: Rakesh Setty

1 Spectral Expansion

In the last class, we mentioned a theorem which states that for every n x n real symmetric
matrix M, there exists orthogonal vectors v, vo, ... v, that are eigen vectors of the matrix
M. Let A1, A2, ... Ay be the corresponding eigen values. Recall that these values may not
be distinct.

From now, we use the following convention: We assume that all eigen vectors are ordered
according to their absolute values. That is we have |[\1| > |Ag| > -+ > |\,].

For every v € R"

UV = a1v1 + agvy + ... apUn
Now,

Mv = aiMvy + aoMvy + ... a,Mvy,
= a1 A1v1 + g2 + ... apAnUn,
= ANa1v1 + Aoagva + ... Apanvp,

That is if we represent v with respect to eigen basis of M, then M is just stretching the
vector v along each co-ordinate.
Observation: Yo, ||[Mvl|, < [Ai]][v]],

Now, look at the eigen space of A;. Consider a vector vp that is perpendicular to this sub
space. Thus vp can be expressed as

Vp = QU2 + a3zv3z + ... apUn
Now
[[Muplly < [Xof o]l

Thus every vector that is orthogonal to v; is stretched by at most |[\o by M. This observation
turns out to be very crucial.

1.1 Eigen values and Graphs

Let G be a d-regular undirected multi-graph. Multigraph is a graph in which more than one

edge could exist between a pair of vertices. We define a normalized adjacency matrix Mg of

G as follows.
MG (Z ) .]) = %

where Mg (i, j) represents the element (i, j) of the matrix Mg and n;; represents the number

of edges from the vertex i to vertex j in the graph G.

Observation: We can observe that
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This shows that 1 is an eigenvalue of Mg and the vector <
n

eigenvector.

Theorem 1.1. If G is a d-reqular undirected multigraph, then
1.V, |\ < 1
2. G is connected iff multiplicity of A1 is 1.

3. G is bipartite iff —1 is an eigen value of Mq.
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Proof. (1) Let A be any eigenvalue of Mg and v = (vy, vg, ..

eigenvector. Then we have
Mav = v

Let vy, € {v1, va, ... v,} such that

[Um| = max;{|v;|}
Then,
n
Ao = Zamwi
=1
n
Moml <) lamal |vil
i=1
<

(é \amz’\> [om]

Allvm| < Jom]

Since |vy,| # 0, we get
Al < 1.

Since, we know that 1 is an eigenvalue, we have \; = 1

(2) if part

> is a corresponding
n

. Up) be the corresponding

Suppose G is disconnected. Let it consist of two components G and G5 with m and [ vertices

respectively with {vy, vy, ... v} and {vpm+1, Vmt2, -« Un}.
The matrix Mg will look like



— 0 ... — 0 O 0
dq dy
1 1
0 0 0O — 0 ... —
do do
We can see that
-1 1 -
— 0 — 0 0 0 -1 r1 o7
dq dq il -
) m m
1 1
1 1 ml=1m
0 0 O — 0 ... —
ds ds 0 0
L 0 | L 0 |
and
-1 1 -
— 0 — 0 0 0 T 0 r 0
i d 0 0
0 0
1 1 ! = !
0 0 O — 0 ... — l l
da do : :
1 1
L 7 L ]
1 1 1 1 1 1
Hence, both ( —, —, ... —,0,...0)and (0, ...0, -, —, ... — ) are eigen vectors with
m’ m m 171 l

same eigenvalue 1. Since they are orthogonal to each other, the multiplicity of A; is at least
2.
Only if part Suppose G is connected and the multiplicity of A; is more than 1, i.e. there

1 1
is at least one more vector (x1, z2, ... x,) that is orthogonal to the vector < Sy e >
n'n n
and whose eigen value is 1.
i.e.
Lo o1 11 1
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It can not be the case that all z;’s are equal, otherwise this vector is not orthogonal to
(1,1,---1). Let x,, be the largest among {x1, x2, ... x,}. We show that if z; is less than
ZTm, then there is no edge from v; to v,,. Observe that

E Myjx; =z,

Observe that each my,; is either 0 or 1/d, and each x; < z,,, and there is at least one z; for
which z; < x;. Since there are exactly d M,,;’s that are not equal to zero, the above equation
is satisfied only if M,,; = 0. Thus there is no edge from v, to v;. U W = v; | x; =+ m,
then no edge goes out of W. Thus G is not connected.

(3) Only if part

Figure 2

Suppose G = (L, R, E) is bipartite then define v = (vy,vg,...,v,) where

{ 1 ifiel
vV; =

-1 ifieRr
n n
Now if v; € L, then (Av), = Zaijvj = Zaijvj = —1. Similarly, if v; € R then
J=1 Jj=1
jeR
(Av); = 1. Thus, Av = —v and —1 is eigenvalue of A.
if part
Suppose that —1 is eigenvalue of A and = = (z1,--- ,zy,) be the corresponding eigenvector,
then we have Av = —w.

Let xy, € {x1, x2, ... x,} such that

|m|| = max; |||
By using argument similar to the one above, we can show that if (m,7) € E then of x; = —x,.
Now if (m,i) € E and (m, j)inE, then x; = ; = —xy,. If there is an edge from ¢ to j, then
x; = —x;, which is a contradiction. This implies that G is bi-partite. O



1.2 Spectral Gap and its significance

Figure 1

Lets say we have a vector v and another vector v. We want to know how “close” is v to wu.
Consider two components of v, v; and vy where vy is along u and vy is perpendicular to w.
We know that

v = v + V2

The smaller the vy, closer the v is to u. Thus lower the Lo norm of vy, the closer v is to u.

Say is w is the vector (1/y/n,1/y/n,---1/y/n). And say M is a real symmetric matrix.
What happens when we apply M to v? More precisely, we want to know how close if Mwv
to u. As above v = v; + v, where vy is parallel to u and v is perpendicular to u. Note
that the eigen value of u is 1. Thus the vector vy is perpendicular to the eigen space of 1.
Now MV = Muv; + Mvs. Observe that Mv; = v11/y/n. Since vy is perpendicular to wu,
[|Muwall2 < [A2l||va]|2. If [A2| < 1, then MV is “more close” to u than v was from u.

we make these ideas more explicit below.

Let G be a connected d-regular non-bipartite graph. Let Mq be the corresponding normal-
ized adjacency matrix. So, \; = 1 and |A2| < 1. Observe that [A1| > A2 > |A3] > ... |\l

Let vy, -+ , v, be orthonormal eigen vectors corresponding to eigen values Ay, ---\,. We will
take vy as (1/y/n,---1/y/n).
Definition:

Spectral Gap of a graph G is |A2| denoted by A (G).

Let P be a probability distribution over {1, 2, ... n}. p; indicates the probability of ele-
ment i. We can think of P as a vector (p1, p2, ... pn).
If we take a random walk on G, then the probability distribution after one step is M P.

1 1 1
Let Unif = <—, — ... —> be the uniform distribution vector.
n’'n n
Let P = ajvy + asvy + ... apvy,
Then,
MP = aitMvy + asMvy + ... apMuv,

We know that eigen value of vy is 1. Thus Mv; = v;. Now
MP = aqv1 + aosMuvy + ... a,Mu,

MP — aijvy = asMwvy + ... a,Muv,
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Thus

||MP — a1v1||2 S )\

We know that,
ay = <P’L)1>

= <p1,p2,-~pn> <
n
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Thus,

<1 1 1>

ajvy = =y Ty e —

n'n n

Therefore

|MP — Unifll, = [[MP — aivi|

We know that,

IMP — Unifl|, < |[MP — Unif|,
<A

If we start with any probability distribution P and take one-step random walk, then the L.
norm of MP — Unif at most A.
Now observe that

HMPl — Um'fH < HMPZ — Um'fH2 <\

Thus after a [-step random walk, each vertex is visited with probability at least 1/n — Al and
at most with probability 1/n + AL
1
If we take A\l ~ —,
; 2n
= 109 n)\ (with some approximation)
ogn

l
i.e. we will approach uniform distribution within 7 J 3 steps.

We will also mention the following theorem without proving.



Theorem 1.2. For every d-regular connected non-bipartite graph,

1
1 - A~ —
dn?
Thus if G is an undirected, connected, d-regular, non-bipartite graph then a O(dn? logn)-
step random walk yields a distribution on vertices of (G, and this distribution is close to
uniform distribution.



