
Com S 633: Randomness in ComputationLe
ture 17 S
ribe: Ankit Agrawal1 Ve
tor Spa
esDe�nition: A ve
tor over <n is a n-tuple V =< x1; x2; :::; xn > where ea
h xi 2 <. Hen
e,a ve
tor 
an be understood to be a line from the origin to a n-dimensional point in then-dimensional spa
e.1.1 Operations on Ve
torsMultipli
ation by a real number:Let a 2 <, V 2 <n, V =< x1; x2; :::; xn >, thenaV =< ax1; ax2; :::; axn >Addition of two ve
tors:Let V =< x1; x2; :::; xn >, U =< y1; y2; :::; yn >, thenV + U =< x1 + y1; x2 + y2; :::; xn + yn >Norms of a ve
tor:Let V =< x1; x2; :::; xn >, thenkV k1 = L1 normof V = nXi=1 jxijkV k2 = L2 normof V =vuut nXi=1 jx2i j...kV k1 = L1 normof V = maxi21;:::;njxijkV k2 also denotes the length of V .Dot produ
t: Given two ve
tors U =< x1; x2; :::; xn >, and V =< y1; y2; :::; yn >, thedot produ
t of U and V is given byU:V = hU; V i = nXi=1 xiyiThe dot produ
t of two ve
tors is a number, and not a ve
tor.Dot produ
t is distributive, i.e., given three ve
tors U , V , W , and a s
alar a,haU + V;W i = a hU;W i+ hV;W iIf � is the angle between two ve
tors U and V , thenhU; V i = kUk2kV k2
os�1



For every ve
tor V , L1(V ) � L2(V ) � L1(V ) (sum of squares is less than square of sums)Cau
hy-S
hwartz Inequality: L1(V ) � pnL2(V )Proof: Let V =< x1; x2; :::; xn >, U =< y1; y2; :::; yn >. Let yi equals 1 if xi � 0, and -1otherwise. Then, L2(V )L2(U)
os� = hU; V i = nXi=1 jxij = L1(V )L2(U) = pnpnL2(V )
os� = L1(V )0 � 
os� � 1) L1(V ) � pnL2(V )De�nition: A 
olle
tion of ve
tors v1; v2; :::vi are linearly dependent if 9 s
alars 
1; 
2; :::
inot all zero s.t. 
1v1 + 
2v2 + :::
i = 0 where 0 is the zero ve
tor (< 0; 0; :::; 0 >).De�nition: A 
olle
tion of ve
tors is linearly independent if they are not linearly depen-dent.De�nition: Given V1; V2; :::; Vn (may or may not be independent). The span of these nve
tors is de�ned asspan(V1; V2; :::; Vn) = f
1V1 + 
2V2 + � � �+ 
nVnj
1; 
2; :::; 
n 2 <gi.e., the span of a set of ve
tors is the set of all possible linear 
ombinations of those ve
tors.De�nition: A 
olle
tion of ve
tors is a subspa
e if the 
olle
tion is 
losed under s
alarmultipli
ation and addition. e.g. set of all ve
tors in <3 with z-
oordinate 0.De�nition: Let S be a subspa
e of <n and v1; v2; :::; vk be a set of ve
tors. We say v1; v2; :::; vkform a basis for S if span(v1; v2; :::; vk) = S. e.g. for the subspa
e of the set of all ve
tors in<3 with z-
oordinate 0, a basis 
an be < 1; 0; 0 >, and < 0; 1; 0 >.De�nition: The dimension of a subspa
e S is the 
ardinality of the smallest basis for S.Corollary: Every ve
tor in subspa
e S with 
ardinality m 
an be written as a linear 
ombi-nation of the m basis ve
tors.Observation: Dimension of <n = nObservation: There 
an be more than one smallest basis. e.g. for <2 : (< 1; 0 >;< 0; 1 >)and (< 1; 0 >;< 1; 2 >).Observation: The entire subspa
e is a basis for itself.De�nition: The Standard Krone
ker Basis for <n is2



< 1; 0; 0; :::; 0 >< 0; 1; 0; :::; 0 >< 0; 0; 1; :::; 0 >...< 0; 0; 0; :::; 1 >This is based on the Krone
ker delta fun
tions:Æi(j) = 1 if i = j, and 0 otherwiseDe�nition: Let S be a subspa
e, and let V = fv1; v2; :::; vkg be a basis for S. We sayV is an orthogonal basis if 8i 6= j hvi; vji = 0, i.e., vi and vj are perpendi
ular.Observation: The Krone
ker basis is orthogonal.De�nition: A basis is orthonormal if it is an orthogonal basis and all basis ve
tors areof unit length.Matrix representation of a ve
tor: A ve
tor V =< x1; x2; :::; xn > 
an be represented inthe matrix format as a 
olumn ve
tor: 0BBB� x1x2...xn 1CCCAObservation: hU; V i = UTVObservation: kV k2 =phV; V iLet V1; V2; V3 be a basis for <3, and let V be a ve
tor. Then, V = a1V1 + a2V2 + a3V3.Now we 
an de�ne Norm of ve
tor V with respe
t to this new basis:L1 norm of V w.r.t. basis V1; V2; V3 = P3i=1 jaijL2 norm of V w.r.t. basis V1; V2; V3 = qP3i=1 a2iThis notion 
an be generalized to n-dimensional spa
e. An obvious question is whether anorm of a ve
tor 
hanges as we 
hange the basis. In general the answer is \Yes". However,in 
ertain s
enarios the norm of a ve
tor (L2 norm) remains un
hanged.Lemma: Say V1; V2; :::Vn be an orthonormal basis for <n. Let V =Pni=1 aiVi. We haveL2(V ) w.r.t. V1; V2; :::Vn = qPni=1 a2i . Then,L2(V ) w.r.t. V1; V2; :::; Vn = L2(V ) w.r.t. the standard basis.i.e., L2 norm is invariant w.r.t. orthonormal basis.To prove this we �rst need the following 
laim.Claim: Let V1; V2; :::Vn be an orthonormal basis. 8U 9 a1; a2; :::; an s.t. U = a1V1 + a2V2 +3



� � �+ anVn. Then, ai = hU; Vii.Proof:hU; Vii = ha1V1 + a2V2 + � � � + anVn; Vii= a1 hV1; Vii+ a2 hV2; Vii+ � � �+ ai hVi; Vii+ � � �+ an hVn; Vii= 0 + 0 + � � �+ aikVik22 + � � �+ 0 [sin
e V1; V2; :::Vn is orthonormal basis℄= aiNow we 
an show that L2 norm remains the same with respe
t to all orthonormal bases.Let V be any ve
tor and let V1; � � � ; vn be orthonormal basis. By previous 
laim, V =a1V1+ � � �+ anVn, where ai = hV Vii. Re
all that hV; Vii = V TVi. Thus L2 norm of V wrt thebasis V1; � � � ; Vnis X[V TVi℄2 = V TV1V TV1 + � � �+ V TVnV TVn= V T [V1V TV1 + � � � VnV TVn℄= V T [V1hV; V1i+ � � � VnhV; Vni℄= V T [a1V1 + � � �+ anVn℄= V TV= jjV jj2De�nition: Let A be a n�n matrix. � is an eigen value of A if there is a non-zero ve
torV s.t. AV = �VV is 
alled the eigen ve
tor asso
iated with �.De�nition: Let � be an eigen value. Let S� be the 
olle
tion of all eigen-ve
tors asso
i-ated with �. S� is 
alled eigen-spa
e of �.Observation: S� is a subspa
e.De�nition: Multipli
ity of eigen-value � is the dimension of subspa
e S�.Theorem: Let M be a real, symmetri
 matrix. All its eigen values are real.It is possible to have 
omplex eigen values for real matri
es. This is be
ause the eigen valuesare the roots of a polynomial given by the determinant of the matrix A� �I, where I is theidentity matrix. And in general, the polynomial may have 
omplex roots.Claim: Let M be a real symmetri
 matrix, and �1 6= �2 be two distin
t eigen values.Let V1 and V2 be two eigen ve
tors 
orresponding to �1 and �2. Then,hV1; V2i = 04



Proof: �1 hV1; V2i = h�1V1; V2i= hMV1; V2i= (MV1)TV2= V T1 MTV2 [sin
e (AB)T = BTAT ℄= V T1 MV2 [sin
eM is symmetri
℄= hV1;MV2i= hV1; �2V2i= �2 hV1; V2i) �1 hV1; V2i = �2 hV1; V2i) hV1; V2i = 0 [sin
e �1 6= �2℄Theorem: Let M be a n � n real-symmetri
 matrix. Then, there exist orthonormalve
tors V1; V2; :::; Vn su
h that ea
h Vi is an eigen-ve
tor of M .
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