
Com S 633: Randomness in ComputationLe
ture 15 S
ribe: Rakesh Setty1 Derandomizing MaxCut algorithm using Pairwise Indepen-dent GeneratorIn the last 
lass, we de�ned (m; t; l) pairwise independent generator as a fun
tionf : �m ! �tl su
h that8i 6= j; 8�; � 2 �tPrx 2 �m [fi (x) = � ^ fj (x) = �℄ = 122tWe also proved the following theorem.Theorem: 8t; 8l; 8m with 2m > l and m � t, there is (2m; t ; l) pairwise independent generator.Now, we show the following algorithm to derandomize Max� Cut algorithm.1. Input G = (V; E) where jV j = n2. Let f be a (2logn ; 1; n) pairwise independent generator.3. Input G = (V; E) where jV j = n4. Randomly pi
k a 2logn bit string (
all x)5. A �; B  �6. for i 1 to n(a) if fi (x) = 1A A [ fvig(b) else B  B [ fvig7. Output A and BWe will now see the expe
ted 
ut size of this algorithm. Let X be a random variable thatrepresents the size of the 
ut. If an edge e belongs to the 
ut, let Xe be a random variablede�ned asXe = 1 if edge e 2 
ut= 0 elseLet vi and vj be end points of e.e 2 
ut =) eitherfi (x) = 0 ^ fj (x) = 1orfi (x) = 1 ^ fj (x) = 0 1



Let Eij01 denote the event fi(x) = 0^fj(x) = 1 and Eij10 denote the event fi(x) = 1^fj(x) =0 Sin
e f is a (2 log n; 1; n) pair-wise independent generator, for every i and jPrx2�2 log n[Eij01℄ = Prx2�2 logn[Eij10℄ = 14Sin
e events Eij01 and Eij10 are disjointPrx2�2 log n[Eij10 [Eij01℄ = 1=2:Hen
e Pr [e 2 
ut℄ = 12 , i.e. E [Xe℄ = 12 . Sin
e X =Xe2EXe, E [X℄ = m2Note that ea
h Xe depends only on two verti
es vi and vj only. So, as long as any twoverti
es vi and vj are independently pla
ed in A or B, we have the expe
ted 
ut size as m2 i.e.as long as we have n bits in whi
h any two of them are independent, this algorithm works. So,all we need is pairwise independen
e and not 
omplete independen
e among the bits. This isexa
tly what pair-wise independent generator is doing.Now, we know thatPr [X � E [X℄℄ > 0So, if we 
y
le through all possible random seeds (ea
h of length 2log n), at least one of themwill give us a 
ut size � m2 . Hen
e, our new deterministi
 algorithm will be as follows1. Best-A �; Best-B  �2. Best-Cut-Size 03. A �; B  �4. Cut-Size 05. Pi
k a (2logn ; 1; n) pairwise independent generator (
all f)6. Input G = (V; E) where jV j = n7. for ea
h 2logn bit string (
all x)(a) for i 1 to ni. if fi (x) = 1A A [ fvigii. else B  B [ fvig(b) Compute Cut-Size for A and B(
) if Cut-Size > Best-Cut-Sizei. Best-A Aii. Best-B  B 2



iii. Best-Cut-Size Cut-Size8. Output Best-A and Best-BRun time 
omplexity:The run time 
omplexity of this algorithm is O �22log nn� = O �n3�.Another advantage of this algorithm is that it allows parallelism. The blo
k for ea
h of 2log nstrings 
an be run in parallel.2 Deterministi
 Ampli�
ationLet L 2 RP .By de�nition, we know that9 an algorithm A su
h thatx 2 L =) Pr[A(x) a

epts ℄ � 12x 62 L =) Pr[A(x) a

epts ℄ = 0Therefore, error probability � 12Let A make use of r (n) random bits. To redu
e the error probability to 14, we need 2 � r (n)random bits. This is by running A twi
e ea
h time with separate r (n) random bits and thena

epting if at least one of the runs of A a

epts.i.e. to redu
e error probability � 14, we need 2 � r (n) random bits� 18, we need 3 � r (n) random bits...� 12n , we need n � r (n) random bitsIs it possible to redu
e error probability using lesser random bits? For example, 
an wea
hieve error probability of 1=16 using less than 4r(n) random bits? We will now show thatthis is possible.We will make use of (2 � r (n) ; r (n) ; l) pairwise independent generator. Consider thefollowing algorithm to redu
e the error probability � 1n .1 Let f be a (2 � r (n) ; r (n) ; l) pairwise independent generator2 Input x where jxj = n3 Randomly pi
k a 2 � r (n) bit string (
all r)4 Compute f (r) to obtain l blo
ks, ea
h of length r (n)5 Run A using ea
h blo
k as random seed6 A

ept i� at least one blo
k 
auses A to a

eptWe will now see that we 
an apply Chebyshev's inequality to prove the bounds of this algo-rithm. To apply Chebyshev's inequality, all we need to know is the varian
e. We need nothave 
ompletely independent random variables.3



Let us de�ne a random variableXi = 1 if A gives 
orre
t answer when it uses ith blo
k as random seed= 0 elseSin
e f is a pair-wise independent generator, X1; X2; X3 : : : Xl are pairwise independentrandom variables.Let X = lXi=1 XiWe know that E [Xi℄ � 12and, sin
e Xi's are 0-1 random variables, V ar(Xi) � 1=4.Let Z be another random variable de�ned asZ = XlSin
e E [X℄ � l2, E [Z℄ � 12. Sin
e X =PiXi and Xi's are pairwise independent, V ar(X) =Pi V ar(Xi). ThusV ar [Z℄= V ar �Xl �= V ar [X1℄ + V ar [X2℄ + : : : V ar [Xl℄l2� 14 + 14 + : : : 14l2� 14lNow we are ready to 
al
ulate the probability that the algorithm is wrong. Observe thatIf x 62 L; A never goes wrong. Thus we are interested in probability that the algorithm iswrong when x 2 L. This happens when ea
h of Xi's are 0.NowPr[Algorithm is wrong℄ = Pr [Z = 0℄� Pr �jZ � E [Z℄j � 12�By Chebyshev's inequality, we havePr [jX � E [X℄j � �℄ � V ar [X℄�2Therefore,Pr[Algorithm is wrong℄ � V ar [Z℄�12�2� 4 � 14l� 1l 4



Therefore, we 
an redu
e the error probability of a randomized algorithm to � 1l using only2 � r (n) random bits with running time poly(lr(n)). In parti
ular, the error probability 
anbe made 1=nk in polynomial time. However, note that if we wish to make error probability1=2n then this method takes exponential time.
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