
Com S 633: Randomness in ComputationLe
ture 12 S
ribe: Aaron SterlingToday's Topi
: Randomized Rounding Algorithm for MAX-SATProblem Statement: Given a CNF-formula � = 
1 ^ 
2 ^ � � � ^ 
m, �ndan assignment that satis�es the maximum number of 
lauses. Exa
tsolution of this problem is known to be NP-hard. We will improveon the randomized approximation algorithm of Le
ture 2 by using theRandomized Rounding te
hnique introdu
ed in the previous le
ture.1 A randomized algorithm for MAX-SATMAX-SAT is a generalization of the MAX-3CNF problem that we dis
ussedin Le
ture 2. In MAX-3CNF, ea
h formula � is a 
onjun
tion of 
lauses 
i,su
h that ea
h 
i is a disjun
tion of three literals, xi1 ; xi2 ; xi3 , where eitherxij or :xij appears in 
i. In the 
ase of MAX-SAT, ea
h 
i is a disjun
tion of�nitely many literals (or their negations), but the number of literals in ea
h
lause may vary.Re
all from Le
ture 2 that we presented and analyzed the following ran-domized algorithm that with high probability was able to satisfy 7=8 of the
lauses of a MAX-3CNF formula.Algorithm 1. Given input �(x1; : : : ; xn) = 
1^� � �^
m, uniformly at randomfor ea
h 1 � i � n, set xi = 1 with half probability, and xi = 0 with halfprobability.It turns out that this algorithm 
an be derandomized, and the resultingdeterministi
 algorithm still satis�es 7=8 of the 
lauses of �. This is bestpossible in the sense that the existen
e of a 7=8+ � approximation algorithmimplies P = NP.Now suppose we provide a CNF-formula as input to Algorithm 1, insteadof a 3CNF formula. Look at 
lause 
j. Say 
j has lj literals. ThenPr[
j is satis�ed℄ = 1� 2�lj :
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Now de�ne the following random variables.X ! # of 
lauses satis�edXi != 1 if 
i is satis�ed= 0 else:Then X =PXi. So 
onsider the expe
ted value of X:E[X℄ =XE[Xi℄= mXj=1(1� 2�lj)� m=2where lj equals the number of literals in 
j.Sin
e the expe
ted number of 
lauses is a
tually an integer, and the themaximum value X takes is at most m, we 
an show that the above algorithmprodu
es an assignment that satis�es at least m=2 
lauses with reasonableprobability.In general, Algorithm 1 gives us a 1=2-approximation to the MAX-SATproblem. If ea
h 
lause has exa
tly k variables, then we get a (1 � 12k )-approximation.2 Randomized RoundingWe will use the same te
hnique as the previous le
ture: formulate the problemas an Integer Linear Program, then relax the ILP to a Linear Program, anduse Randomized Rounding to approximate the optimal solution of the ILPon
e we have a solution to the LP.Suppose ea
h 
lause 
i is of form hxi1 _ xi2 _ � � � _ xini, and � has freevariables x1; : : : ; xm. For a 
lause 
i let Pi be the set of all positive variablesin that 
lause and let Ni be the set of all negative variables in that 
lause.
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Our Integer Linear Program then isMaximize mXi=1 yiSubje
t to (8j)Xx2Pi x +Xx2Ni(1� x) � yjxi; yi 2 f0; 1gNow we relax the 
onstraints. Instead of requiring that xi; yi 2 f0; 1g, werequire only that 0 � xi; yi � 1. Let OPTILP be the optimal value for theILP, and OPTLP be the optimal value for LP. Then OPTLP � OPTILP .Suppose hx�1; x�2; : : : ; x�n; y�1; : : : ; y�mi is an optimal solution for the linearprogram. Our ideal strategy would be to satisfy ea
h 
lause 
i with proba-bility y�i . Then E[
lauses satis�ed℄ � OPTLP . Consider the following modi-�
ation of Algorithm 1 using randomized rounding.Algorithm 2. For ea
h xi, set xi = 1 with probability x�i , and set xi = 0with probability 1� x�i .De�ne the following random variable:Zi != 1 if 
i satis�ed= 0 elseThen Pr[Zi = 1℄ = Pr[
i satis�ed℄.For ease of exposition, assume 
i has only positive literals. Suppose 
ihas l literals, so 
i = hxi1 _ � � � _ xili. ThenPr[
i not satis�ed℄ = lYk=1(1� x�ik):From the LP, there is a 
onstraint 
orresponding to this 
lause 
i, asfollows: lXk=1 xik � yi:Therefore we have X x�i � y�iX(1� x�i ) � l � y�i :3



Using that, we obtain the following:Pr[
i is not satis�ed℄ = lYk=1(1� x�ik)� � l � y�il �l= �1� y�il �l :We 
an use this probability that ea
h 
i is not satis�ed to 
al
ulate theprobability of its being satis�ed.Pr[
i is satis�ed℄ � 1� �1� y�il �l� �1� 1e� y�i :From this we 
an 
al
ulate the expe
ted value.E[# of 
lauses satis�ed℄ � mXi=1 �1� 1e� y�i� �1� 1e�X y�i= �1� 1e�OPTLP� �1� 1e�OPTILP' 0:6 �OPTILP :A 0:6-approximation is better than a 1=2-approximation.3 Combining Algorithm 1 and Algorithm 2Consider the satisfa
tion probability we just derived:Pr[
i is satis�ed℄ � 1� �1� y�il �l :4



If the number of literals l grows large, the probability that 
i is satis�edde
reases. This is be
ause our relaxation of the ILP is less and less usefulas l gets bigger. So that is a weakness of Algorithm 2. On the other hand,Algorithm 1 performs better when the number of literals in a 
lause in
reases.This suggests following algorithm.Algorithm 3. Toss a 
oin. If heads, run Algorithm 1. If tails, run Algorithm2. Let's �gure out what fra
tion of the 
lauses are satis�ed by Algorithm 3.Pr[ Clause Cj is satis�ed℄ = 12(1� 2lj ) + 12(1� (1� y�j )lj )When lj = 1, this quantity is 12(12 + y�j ) � 34y�j . When lj > 1 this quantityis at least12(1� 2lj ) + 12(1� 1=e)y�j � �12(1� 2lj ) + 12(1� 1=e)� y�j� 34y�jThus the expe
ted number of 
lauses satis�ed by the algorithm isP 34y�j �34OPTLP � 34OPTILP .
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