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ture 11 S
ribe: Dave Doty1 Randomized RoundingSuppose we want to solve an optimization problem, su
h as MAX-SAT or MAX-CLIQUE.All most all optimization problems 
an always be 
onverted into an instan
e of integer linearprogram (ILP). This means we haveAn instan
e of an ILP problem is a set of m+ n+mn 
onstants (where m;n 2 Z+)
1; : : : ; 
n; d1; : : : ; dm; a11; : : : ; amn 2 Q :The problem is to 
hoose an assignment of values of x1; : : : ; xn that minimize (or maximize)the obje
tive fun
tion g(x1; : : : ; xn) = 
1x1 + 
2x2 + : : :+ 
nxnsubje
t to the linear 
onstraintsa11x1 + a12x1 + : : :+ a1nxn � d1a21x1 + a22x1 + : : :+ a2nxn � d2: : :am1x1 + am2x1 + : : :+ amnxn � dmand the additional 
onstraint that ea
h xi must be an integer. If this integer 
onstraint ismissing, then the problem is 
alled linear programming (LP) and is polynomial-time solvable,whereas ILP is NP-hard. The �rst polynomial-time algorithm for linear programming wasthe ellipsoid algorithm, due to Ka
hiyan. This was improved on by Karmaker, who inventedthe interior point method, whi
h is, in pra
ti
e, 
ompetitive with the (worst-
ase exponential)simplex algorithm, due to Dantzig.Though ILP is NP-hard, LP is solvable in polynomial time. This suggests followingapproa
h to solve an optimization problem: Convert the optimization problem to an ILPinstan
e. Relax the integer 
onstraint to obtain a LP instan
e. Solve the LP instan
e toobtain a possibly non-integer solution. Now, \Round" the answers to obtain a integer solutionto the ILP instan
e. Convert this solution to obtain a solution to the optimization probleminstan
e, and analyze how 
lose t he obtained answer is to optimal.De�nition 1.1. Given a LP or ILP instan
e, a feasible solution is an assignment to thevariables that satis�es all the 
onstraints.Observe that a feasible solution to the ILP is also a feasible solution to the LP instan
eobtrained by relaxing ILP. Denote the optimal value of g by OPTLP.Observation 1.2. OPTLP � OPTILP for minimization problems, and OPTLP � OPTILPfor maximization problems. Here LP is obtained by relaxing ILP instan
e.De�nition 1.3. The ratio OPTILPOPTLP is 
alled the integrality gap.1



1.1 Set-CoverAn instan
e of the problem Set-Cover is a 
olle
tion of �nite sets S1; S2; : : : ; Sn. De�neU = Sni=1 Si and label the elements as U = f1; : : : ;mg. The goal is to �nd the smallestsub
olle
tion of S1; S2; : : : ; Sn that 
overs U .This problem is NP-hard. Now we des
ribe approximation algorithms for set 
over thatuse the above dis
ussed approa
h.Let f 2 N denote the maximum number of sets in whi
h any element of U 
an appear.For vertex 
over, f = 2 (and this is also the minimum number of sets in whi
h any element
an appear; ea
h element of U is an edge, and ea
h set is a node.)We 
onstru
t an ILP as follows. Minimizeg(y1; : : : ; yn) = nXi=1 yi;where ea
h yi = 1 if Si is in the sub
olle
tion, and yi = 0 otherwise. Let Ti denote the
olle
tion of sets in whi
h \i" appears (where i is an element of U . Then to express the fa
tthat we want ea
h element of U to be 
overed by the sub
olle
tion, add the linear 
onstraint(8i 2 U) Xj2Ti yj � 1 and yi 2 f0; 1gLet OPTILP denote the optimal value of g.Now solve the relaxed LP problem in whi
h we relax the 
onstraint yi 2 f0; 1g to0 � yi � 1Let y� = hy�1 ; : : : ; y�nibe an optimal solution for the LP instan
e.Form the set 
over as follows. Si belonds to the 
over if and only if y�i � 1f .We need to answer two questions:1. Is this really a set 
over?2. How 
lose is this to the optimal solution?Claim 1. The algorithm produ
es a set 
over.Proof. Consider an element e 2 U . It 
an appear in at most f sets. We 
all themSe1 ; Se2 ; : : : ; Selwhere l � f .Corresponding to th eelement e, we have the LP following 
onstraintye1 + ye2 + : : : + yel � 1:Sin
e l � f , at least one of y�ej � 1f :So e is 
overed. 2



Claim 2. The algorithm a
hieves an approximation ratio of f .Proof. Let y� = hy�1 ; : : : ; y�nibe the optimal solution for the LP. Supposeby = hby1; : : : ; byniis the solution of the ILP instan
e that is obtained by rounding.byi � fy�ibe
ause byi is made to be 1 only if y�i � 1f , meaning that we are multiplying y�i by at most f .This implies nXi=1 byi � f nXi=1 y�i � f �OPTILP:Corollary 1.4. This gives a 2-approximation algorithm for vertex 
over.But if f is large, then the approximation ratio is bad.1.2 Improved Algorithm for Set-CoverPla
e the set Si into the 
over with probability y�i . This is 
alled randomized rounding. Wemust answer the previous two questions again.Let Xi denote the random variableXi = � 1; if Si is in the 
over;0; otherwise.Note that Pr[Xi = 1℄ = y�imeaning E[Xi℄ = y�i :Let X =PXi. This denotes the number of sets produ
ed by the algorithm. Then by linearityof expe
tation E[X℄ =X y�i = OPTLP � OPTILP:But if this is a stri
t inequality, then this 
annot be a 
over. If it is an equality, then this is anexa
t solution, but this problem is NP-hard. So know that sometimes we will get somethingtoo small to be a 
over.Look at the probability that an element e is not 
overed by the above algorithm. Say eappears in l sets Se1 ; Se2 ; : : : ; SelSej belongs to the 
over with probability y�ej . SoPr[e is not 
overed℄ � lYj=1(1� y�ej ):3



Re
all that there is a 
onstraint lXj=1 yej � 1:So lXj=1 y�ej � 1 =) X j = 1l � y�ej � �1=) lXj=1(1� y�ej ) � l � 1:In general, given any a1; : : : ; al; t 2 R+ su
h that Pli=1 ai � t; then Qli=1 ai is maximalwhen ea
h of the values is exa
tly the same (i.e., when ai = tl ). SolYj=1(1� y�ej ) � � l � 1l �l � 1e :Knowing this, we repeat the algorithm 4 log n times and take the union of all the 
oversfound. Then (8i 2 U) Pr[i is not 
overed℄ � 1e4 log n � 124 log n = 1n4 :By the union bound, Pr[(9i 2 U) i is not 
overed℄ � nn4 = 1n3 : (1.1)What is the 
ost of the 
over?E[number of sets in the 
over℄ � 4 log n �OPTILP:So by Markov's inequalityPr[number of sets in the 
over � 16 log n �OPTILP℄ � 14 : (1.2)Then by (1.1) and (1.2),Pr[algorithm produ
es a 
over and size of 
over � 16 log n �OPTILP℄ � 12 :
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