
Com S 633: Randomness in ComputationLe
ture 1 S
ribe: A. Pavan1 ProbabilityEa
h possible out
ome of an experiment is 
alled a sample point. The set of all sample points is
alled sample spa
e, denoted by 
. For example, in the experiment of 100 
oin tosses, the samplespa
e is f0; 1g100. An event E is a subset of 
. For example in the above experiment, the set of
oins tosses with even number of heads is an event. Probability fun
tion P is a fun
tion from 
 to[0; 1℄ su
h that Px2
 P (x) = 1. Probability of an event E isPx2E P (x). Two events A and B areindependent Pr(A \B) = Pr(A)� Pr(B).A random variable X is a fun
tion from sample spa
e to the real numbers, X : 
! R. Given arandom variable X and a value �, Pr[X = �℄ = Pr(fv j X(v) = �g). The expe
tationof a randomvariable is de�ned as E(X) =X� Pr(X = �) � �:E(X) is average value of X.Consider the experiment with n fair 
oin tosses. We 
an de�ne a random variable X to be thenumber of heads. It 
an be shown that E(X) = n=2. An important property of expe
tation is thatit is linear, i.e., If X and Y are two random variable and a is a real number, thenE(aX + Y ) = aE(X) +E(Y ):This property 
an be used to 
ompute the expe
tation of some random variables easily. Let Xbe the number of heads in n fair 
oin tosses. We will now 
ompute E(X). For 1 � i � n, de�nerandom variable Xi as follows: Xi = 1, if the ith 
oin toss is a head, else Xi is zero.E(Xi) = Pr(Xi = 1)� 1 + Pr(Xi = 0)� 0 = 1=2:It is 
lear that X = X1 +X2 + � � �+Xn.E(X) = E(X1) +E(X2) + � � �+E(Xn)= 1=2 + 1=2 + � � �+ 1=2= n=2:Suppose we have two random variables X and Y whi
h take the following values with equalprobability. X : 47; 48; 49; 50; 51; 52; 53Y : 20; 30; 40; 50; 60; 70; 80The expe
tation of both X and Y is 50. The values taken by Y are more spread out than the valuestaken by X. We 
apture this fa
t by varian
e. The varian
e of a random variable X is de�ned asfollows. V ar(X) = E([X �E(X)℄2):Thus varian
e is (square of) the average distan
e of X from its Expe
tation.Given a random variable X, we are often interested in 
omputing probabilities su
h as Pr(X >v), Pr(jX �E(X)j > a. The following three inequalities help us to estimate this.1



Markov's Inequality: Let X be a nonnegative random variable.Pr(X > v) � E(X)=v:In other words, Pr(X > �E(X)) � 1=�:Chebyshev's Inequality: Let X be random variable.Pr(jX �E(X)j � Æ) � V ar(X)=Æ2:Cherno�'s Bound: Let X1, X2; � � � ;Xm be independent random variables that take values be-tween 0 and 1. Let E(X1) = E(X2) = � � � = E(Xm) = p. Let X = X1 +X2 + � � �+Xm.Pr[jX=m� pj � Æ℄ � 2e�2Æ2m:2 Finite FieldsLet F be a set and + and � be fun
tions from F � F to F . We 
all + as addition and � asmultipli
ation. We say that (F;+; �) is a �eld, if the following 
onditions hold.� Both + and � are asso
iative� Both + and � are 
ommutative� � distributes overt +.� There is an element 0 2 F su
h that x + 0 = x for every x 2 F . Su
h an element is 
alledadditive identity.� There is an element 1 2 F su
h that x � 1 = x for every x 2 F . Su
h an element is 
alledmultipli
ative identity.� For every element in x 2 F there exists an element y 2 F su
h that x+ y = 0. The elementy is 
alled the additive inverse of x and is often denoted as �x.� For every non-zero element in x 2 F there exists an element y 2 F su
h that x � y = 1. Theelement y is 
alled the multipli
ative inverse of x and is often denoted as x�1.A �eld where F is a �nite set is 
alled �nite �eld.Consider (Zn;+; �) where Zn = f0; 1; � � � n� 1g and + is de�ned as additional modulo n and �is de�ned as multipli
ation modulo n. It is well known that Zn is a �eld if and only if n is a prime.Let Zp be a �eld. For any n > 1 we 
an 
onstru
t 
an 
onstru
t an extension �eld (GF (pn);+; �)as follows:Fix an irredu
ible polynomial r(x) of degree n over GF (p). Now, an element of GF (pn) is apolynomial of degree n� 1 over GF (p). Operation + is de�ned as addition of polynomials modulor(x), and the operation � is de�ned as multipli
ation of polynomials modulo r(x).Thus for every prime p and every number n > 0, there exists a unique �eld (unique up toisomorphisms) GF (pn). More over, every �nite �eld must be isomorphi
 to GF (pn) for some primep and a natural number n. 2



3 Probabilisti
 AlgorithmsA probabilisti
 algorithm is an algorithm that 
an toss 
oins during its 
omputation. Note thatthe out
ome of an probabilisti
 algorithm need not be unique. If we run the algorithm twi
e , wemay get two di�erent outputs, the outputs may depend on the result of 
oin tosses.We say a probabilisti
 algorithm A 
omputes a fun
tion f , if the A outputs the 
orre
t valueof f with high probability. We have to de�ne an appropriate notion of \high". We 
onsider thefollowing de�nition.Let f : �� ! ��. A probabilisti
 algorithm A 
omputes f , if8x;Pr[A(x) = f(x)℄ � 2=3:Above de�nition appears weak. The error probability of the above algorithm is very high|thealgorithm 
an go wrong 1/3rd of time. However, as the next result shows, we 
an design a newalgorithm B whose error probability is mu
h small, and the running time of B is a little more thanthe running time of A.Let A be a probabilisti
 algorithm that 
omputes f in time t(n). Then there exists a probabilisti
algorithm B whose running time is O(nt(n)) and8x;Pr[A(x) = f(x)℄ � 1� 1=2n; jxj = n:The algorithm B works as follows.1. input: x; jxj = n. Let m = 18n.2. for i = 1 to m 
ompute3. ai = A(x).4. Output the majority value of a1; � � � am. If there is no majority output a1.We 
laim that B 
omputes f with very high probability. We de�ne few random variables. For1 � i � m de�ne Xi as follows: Xi = 1, if ai = f(x), Xi = 0, if ai 6= f(x). Note that E(Xi) � 2=3.Let X = X1 +X2 + � � � +Xm. Note that B outputs a wrong value, if majority of ai's are wrong.Thus B outputs a wrong value if majority of Xi's are zero. We 
an use Cherno�'s bound to showthat the probability of su
h event is very small.Pr[ B outputs a wrong value℄ = Pr[ majority of ai's are wrong℄= Pr[ majority of Xi's are zeros℄= Pr[X � m=2℄= Pr[X=m � 1=2℄� Pr[jX=m� 2=3j � 1=6℄� 2e�2m=36� 1=2n:Thus Pr[B(x) = f(x)℄ � 1� 1=2jxj:A language L is in BPP if there is a probabilisti
 polynomial-time algorithm M su
h that forevery x x 2 L) Pr[M a

epts x℄ � 2=3;3



x =2 L) Pr[M a

epts x℄ � 1=3:Often it helps to think a probabilisti
 ma
hine M as follows: On any input, M �rst tosses all
oins and obtains random bits. After this step the 
omputation is deterministi
. More formally,an alternate de�nition BPP is the following: A language L is in BPP if there is a deterministi
polynomial-time ma
hine M , and a polynomial p su
h thatx 2 L =) Prr2�p(n)[M(x; r) a

epts℄ � 2=3;and x 62 L =) Prr2�p(n)[M(x; r) a

epts℄ � 1=3:A language L is in RP if there is a deterministi
 polynomial-time ma
hine M , and a polynomialp su
h that x 2 L =) Prr2�p(n)[M(x; r) a

epts℄ � 2=3;and x 62 L =) Prr2�p(n)[M(x; r) a

epts℄ = 0:Again, the su

ess probability 
an be ampli�ed to 1 � 1=2q(n) for any polynomial q, with apolynomial blowup in time.4 Cir
uitsA 
ir
uit is an a
y
li
 dire
ted graph with n input nodes, m output nodes, and ea
h internal nodeis labeled \AND", \OR", or "NOT". Nodes labeled \AND" and \OR" have in degree at least twoand nodes labeled \NOT" have indegree 1. Given 
ir
uit C, the size of the 
ir
uit is the size of thegraph that represents the 
ir
uit.Let f be a fun
tion from �n ! �m. Let C be a 
ir
uit with n input gates and m output gates.We say that C 
omputes f if for every x, C on input x outputs f(x).Let f be a fun
tion from ����. Let C = [C1; C2; � � � ℄ be a family of 
ir
uits with Cn having ninput gates. We say that the C 
omputes f if for every x, the 
ir
uit Cjxj on input x outputs f(x).Let L be a language and C = [C1; C2; � � � ℄ be a family of 
ir
uits. We say that C a

epts L ifC 
ompute the 
hara
teristi
 fun
tion of L.A language L is in P=poly, if there is a polynomial p and a family of 
ir
uits C = [C1; C2; � � � ℄su
h that C a

epts L and the size of Cn is bounded by p(n) for every n.
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