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ABSTRACT

Back�Propagation �BP��Rumelhart et al� ����� is
a popular algorithm employed for training multi�
layer connectionist learning systems with non�
linear activation function �sigmoid	
 However� BP
is plagued by excruciatingly slow convergence for
many applications� and this drawback has been
partly attributed to the Flat�Spots problem
 Lit�
erature de�nes �at�spots as regions where the
derivative of the sigmoid activation function ap�
proaches zero� and in these regions the weight
changes become negligible� despite the presence
of considerable classi�cation error
 Thus learn�
ing slows down dramatically
 Several researchers
have addressed this problem posed by �at�spots
�Fahlman� ����� Balakrishnan 
 Honavar� �����

In this paper we present a new way of dealing
with the �at�spots in the output layer
 This new
method uses a Perceptron�like weight�modi�cation
strategy to complement BP in the output layer

We also report an empirical evaluation of the com�
parative performances of these techniques on some
data�sets that have been used extensively in bench�
marking inductive learning algorithms


� Introduction

Neural network research has received a tremen�
dous boost with the development of several multi�
layer learning algorithms
 Amongst them the
Generalized Delta Rule �or more commonly BP	
is probably the most popular one in use to�
day
 BP su�ers from extremely slow learning for
complex problems
 Flat�Spots have long been
known to be responsible for the slowness of BP
�Fahlman� �����
 This paper systematically com�
pares the performance of three methods for dealing
with �at�spots �

�
 Sigmoid�prime o�set �Fahlman� �����

�
 Scaled Linear Approximation of sigmoid
�Balakrishnan 
 Honavar� �����

�
 Perceptron�based strategy that is proposed
in this paper
 This technique calculates the
weight�change required to get out of �at�
spots by inverting the sigmoid and making the
weight�changes using a variation of the per�
ceptron rule �Rosenblatt� ������ namely the
fractional correction method �Nilsson� �����


� Back�Propagation � an

Overview

Back Propagation involves minimization of an
error function which is accomplished by per�
forming gradient descent search on the error
surface
 With the conventional mean squared
error function� and with an additional term
to dampen oscillations� the BP weight�update
rule can be shown to be�

� wji �n � �	 � �oi�j � ��wji �n	 ��	

where �wji is the change in the weight con�
necting unit i to unit j� � is the learning rate
�a small positive constant	� oi is the output
of unit i� � is the momentum term and the n
indicates the epoch of the pattern presenta�
tion sequence
 �j is the error associated with
unit j� commonly known as the instantaneous
gradient� and is calculated as

�j �

��
�

o
�

j �tj � oj	 if unit j is an output unit

o
�

j

X
k

wkj�k if unit j is a hidden unit

��	

�



In this equation o
�

j stands for the derivative
of the output �also called sigmoid prime 	 and
tj is the target output of unit j
 Assuming a
Sigmoid Activation function for the units� the
derivative evaluates to

o
�

j � oj ��� oj	 ��	

��� Flat Spots

The derivative of the Sigmoid� given by Equa�
tion �� is seen to approach zero as the output
of the corresponding unit approaches a � or
a �
 For unit outputs su�ciently close to �
or �� the derivative is almost zero� and these
regions are referred to as �at�spots in the lit�
erature
 Since the derivative value is used
in calculating �j �as given by Equation � 	 �
the weight�update equation implies negligible
weight�changes in the presence of �at�spots

This slows down learning as units stuck in the
wrong state �and hence in the �at�spot	 take
an inordinately long time to get out of the
�at�spot� thereby slowing down the learning
process


� Methods for Handling

Flat�Spots

��� The Sigmoid Prime O�set

�Fahlman� ����� proposed that the �at�spots
problem could be solved simply by preventing
the derivative of the sigmoid function from
going to zero� this is achieved by adding an
o�set of �
� to it
 This simple change has
the e�ect of making the value of the sigmoid
prime function� given in equation � to lie be�
tween �
� and �
�� rather than �
� and �
��

With this modi�cation there are no �at�spots
as the sigmoid prime function never goes to
zero
 Experiments show that this small o�set
results in a two�to�ten fold speedup on some
benchmark problems �Fahlman� �����


��� A Scaled Linear Approxima�
tion of Sigmoid for Error Calcula�
tion

�Balakrishnan 
 Honavar� ����� proposed the
use of a di�erent error function to tackle �at�
spots in the output layer
 The modi�cation
is based on representing the error function as

the mean sum�squared error over the inputs of
the output layer rather than over the outputs
as is conventionally done in BP
 This results
in the following error function

E �
�

�

X
p

X
i

�net targetpi � net obtained
p
i 	

�

��	
with net targetpi and net obtained

p
i represent�

ing the desired and obtained values at the in�
put of output unit i� for the p th pattern
 Us�
ing a straight line approximation of the sig�
moid they derived the following equation for
the error �j

�j �

���
��

�tj�oj �

o
�

j

if unit j is an output unit

o
�

j

X
k

wkj�k if unit j is a hidden unit

��	
The derivative of the sigmoid function now
appears in the denominator for output layer
units
 There are no �at�spots� in the conven�
tional sense� however this leads to the prob�
lem of the vanishing denominator �for a solu�
tion to this problem the reader is referred to
�Balakrishnan 
 Honavar� �����	
 Note that
with this formulation the weight�changes oc�
cur whenever necessary and are not swamped
by the presence of �at�spots
 This technique
is yet to be extended to multi�layer networks
but preliminary studies have shown substan�
tial speedups on some benchmark problems


��� Sigmoid Inversion � Us�
ing Perceptron based strategy to
counter Flat�Spots

In this technique we de�ne an output unit to
be trapped in a potential �at�spot if its output
is greater than ��� while the target output is
a � or if its output is less than � and the target
output happens to be a �� � being a small
positive constant � �
� in our experiments	

An output�layer unit is said to be in the safe
region if its output lies between � and � � �

By inverting the sigmoid activation function
we determine the safe range of the net input
of an output unit j denoted� �net ipj	� as

� ln
�� �

�
� net ipj � ln

�� �

�
��	

Now�

net ipj �
X
i

wji � yi ��	



where wji is the weight of the link between
an output unit j and a unit i in the hid�
den layer immediately below the output layer
and yi is the output of unit i 
 The proposed
technique works exactly like BP unless a �at�
spot is encountered
 If an output�layer unit
is in a �at�spot� the desired net input of that
unit is determined by inverting the sigmoid to
�nd out the minimumchange required to pull
the network out of the �at�spot and into the
safe�region
 This change is then incorporated
into the system by modifying the weights ac�
cording to the Fractional Correction rule for
perceptrons �Nilsson� �����
 According to this
rule the new weights which pull the system
out of a �at�spot and into the safe�region� are
given by

Wnew � Wold � c � Y ��	

where W stands for the weight vector of con�
nection strengths between an output unit and
units of a hidden layer immediately below it�
Y represents the output vector of units in the
hidden layer under consideration� and c is a
constant� computed by solving

�Wold � c � Y 	 � Y � � ln ���
�

if oj is � �

�Wold � c � Y 	 � Y � ln ���
�

if oj is � �� �

��	
This weight�change in the output layer moves
the network to a di�erent point in the
weight space and error�backpropagation pro�
ceeds from that point
 But before standard
BP can take over� the network outputs are re�
calculated because the �j values of the units in
the output layer are no longer valid following
the perceptron�based weight update


� Experimental Method�

ology

Performance evaluation of any learning algo�
rithm should involve a good mix of benchmark
problems� a fair combination of parameter set�
tings� and well�de�ned convergence criteria


��� Benchmarks

The choice of suitable benchmark problems
is a much debated issue
 The fact that algo�
rithms may be able to exploit problem speci�c
properties to give superior performance pro�
hibits any single data set from emerging as a

consensus choice
 We have selected a mix of
toy and real�world problems as basis of our
comparison
 Each of these uses a single hid�
den layer
 Table � lists the benchmarks and
their corresponding network architectures

Each data�set�except ��� and �����	 was

Table �� Network Architectures
Problem Input Hidden Output
domain units units units
����� �� � ��
��� � � �
Iris �� � �
Soybean ��� �� ��

further divided into a training set consisting
of two�thirds randomly selected patterns from
the data�set� and a test set containing the re�
maining one�third of the patterns
 Ten such
divisions were made for each data�set


��� Parameter Settings

To �nd an optimal choice of learning pa�
rameters one has to exhaustively search a
��dimensional space de�ned by the learning
rate �� the momentum term �� and the range
of random initial weights r �i
e
 the initial
weights vary from �r to �r	
 We have selected
r�� for simulations with BP� Sigmoid�prime
and Perceptron�based techniqes� however sim�
ulations with Linear�sigmoid approximation
and a variation of Sigmoid�prime used a value
of r��
� to maintain consistency with earlier
reported results
 Simulations were conducted
for � varying from �
�� to �
� and � in the
range of �
� to �
�
 A few trials were car�
ried out with � and � assuming values outside
these ranges to con�rm the widely accepted
belief that the learning time escalates by sev�
eral hundred epochs outside the above ranges


��� Convergence Criterion

Several convergence criteria are commonly
used in inductive learning algorithms
 Since
BP endeavors to minimize the output error�
one scheme allows the learning to continue
till the error falls below a pre�speci�ed error
threshold
 Choice of an appropriate threshold
is crucial to the performance of the algorithm

A very low threshold results in a dramatically
increased learning time
 In all our runs we
have used a standard criterion of allowing the



learning to continue till ��� of the training
patterns are correctly classi�ed
 This leads to
another question
 How is a pattern certi�ed as
being correctly classi�ed� We have adopted a
scheme of �nding the unit having the maxi�
mum obtained output and �nding its corre�
sponding target output
 If this target output
happens to be a � the pattern is said to be
correctly classi�ed
 This scheme� though ap�
plicable to the benchmarks considered in this
paper� will not work for data�sets with target
outputs having multiple ��s


��� Simulation Runs

A set of �� trials with random initial weights
was run for each parameter setting for the
����� and ��� problems
 For the Iris and Soy�
bean data�sets one trial was run for each pa�
rameter setting but on ten divisions of each
data�set
 In each trial the learning was ter�
minated either when the convergence crite�
rion was satis�ed or when number of epochs
reached a certain limit called MAX�EPOCHS
���� for soybean and ���� for the other data
sets	
 If MAX�EPOCHS was reached the
run was treated as a failure and the results
were excluded from the statistical analysis

Following the runs� statistical analysis was
conducted to compute the averages of the
number of epochs and classi�cation accuracy

The sigmoid�prime o�set technique can be
used to handle �at�spots in the hidden lay�
ers also� something that cannot be done with
the sigmoid linear�approximation or with the
perceptron�based technique that we have pro�
posed in this paper
 To enable a fair compar�
ison and to also bring out the importance of
handling �at�spots in the hidden layers� we
implemented a variation of the sigmoid�prime
o�set method which handles only output�
layer �at�spots and this is another method
�guring in our studies


� Simulation Results

Simulation runs were conducted for values of
� varying from �
�� to �
� in steps of �
��

For each value of �� trials were run for � �
�
�� �
��� �
�� �
�� �
�� 
 �
�
 One interesting
observation was a trough�like curve for each
setting of �
 The �oors of the U�shaped val�
leys were generally obtained for � in the range
of �
�� to �
� �except for the Soybean dataset	

and � � �
� and � � �
� were the high points
of the curves as can be seen in a ��d plot in�
cluded
 We report the best results for each
technique on each data�set
 These results are
reported in Table �
 The best results are not
always informative� what is more important
is how the algorithm performs on the average

After a careful analysis of the detailed results
for each method we picked up a parameter
setting which gave good results �not necesar�
ily the best	 for the two toy problems and an�
other such parameter setting for the two real�
world data�sets and these results are summa�
rized in Tables � and �
 All the tables report
the Average number of epochs with standard
deviation� the percentage of trials that con�
verged and in the case of Iris and Soybean	
the classi�cation accuracy of the test patterns

The speedup of each technique with respect to
BP� is also shown
 We calculate the speedup
of a method m as ��avg epochs using BP	��
avg epochs using m		 expressed as a percent�
age of the avg epochs using m
 The following
is the legend for interpreting the tables�

� BP�SP	 � refers to the Sigmoid�prime
technique

� BP�P	 � refers to the Perceptron�based
modi�cation proposed

� BP�LA	 � refers to the sigmoid Linear
Approximation technique

� BP�OSP	 � refers to the Sigmoid�prime
applied only to the output�layer units

Figure �� Parameter Vs Performance plot for Iris
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Table �� The Best Results for all Techniques on all data�sets

Problem Technique � � Training � Trials � Classi�cation � Speedup
Domain Epochs Converged Accuracy

BP �
�� �
� �� � ��
�� ��� � �
BP�SP	 �
�� �
� �� � �
�� ��� � ��
�

��� BP�LA	 �
�� �
� ��
� � ��
� ��� � ��
�
BP�OSP	 �
� �
� ��
� � �
�� ��� � ��
�
BP�P	 �
�� �
� �� � ��
�� ��� � ���
�

BP �
� �
� �� � �
�� ��� � �
BP�SP	 �
�� �
� �� � �
�� ��� � ���
�

����� BP�LA	 �
�� �
� ��
� � �
�� ��� � ���
�
BP�OSP	 �
� �
� �� � �
�� ��� � ���
�
BP�P	 �
�� �
� �� � �
�� ��� � ��
�

BP �
� �
� �� � �
�� ��� �� �
BP�SP	 �
� �
� �� � �
�� ��� �� ��
�

Iris BP�LA	 �
�� �
� ��
� � �
� ��� ��
� �
�
BP�OSP	 �
� �
� ��
� � �
� ��� �� ��
�
BP�P	 �
� �
� �� � ��
�� ��� ��
� ���
�

BP �
�� �
� �� � �
�� ��� ��
�� �
BP�SP	 �
�� �
� � � �
�� ��� ��
� ��
��

Soybean BP�LA	 �
�� �
�� ��
� � �
�� ��� ��
� ���
�
BP�OSP	 �
� �
�� ��
� � �
�� ��� ��
�� ���
�
BP�P	 �
� �
�� � � �
�� ��� ��
� ��
�

� Conclusions

The results in the above tables clearly
re�ect the slow learning speed of BP

Our simulations showed that each of the
methods outperformed BP by a signi��
cant margin mainly in terms of the num�
ber of epochs for learning
 Fahlman�s
modi�cation of adding an o�set was
found to be the most successful among
the �at�spot handling techniques consid�
ered
 The technique proposed by Balakr�
ishnan 
 Honavar� BP�LA	 is computa�
tionally inexpensive but its performance
did not quite match up to the BP�SP	
technique
 A major drawback of this
technique� when compared to BP�SP	�
is that it is limited to handling output�
layer �at�spots only
 If a suitable way
to extend this method to hidden layers
is devised a considerable improvement
in speed is foreseen
 In fact� BP�OSP	�
which applies the sigmoid�prime o�set
only to output�layer units� was found to
perform worse than BP�LA	
 This sug�
gests that the reason BP�SP	 works so
well could very well be due to its ability
to handle hidden layer �at�spots
 The
perceptron�based modi�cation� BP�P	�

did not perform quite as expected� on the
average� working worse than BP�SP	 and
BP�LA	 but better than BP
 This might
be due to the fact that this method dif�
fers considerably from the general gra�
dient descent
 The perceptron learning
rule involves a big step which may re�
sult in a correct classi�cation of the given
pattern but may disturb the weights so
much that considerable learning e�ort
may be wasted
 However� it must be
pointed out that these results are very
preliminary in nature and may be im�
proved upon by �netuning the technique

All the techniques� except BP�SP	 were
found to su�er from delayed learning be�
cause of the presence of �at�spots in the
hidden layers
 Since �at�spots are a ma�
jor cause for the slowness of BP� exten�
sions of these techniques for handling
�at�spots in the hidden layers are worth
exploring to speedup the convergence of
BP on large real�world problems
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Table �� Best Average�Case results for ��� and ����� Encoder�Decoder
Technique � � Problem Training � Trials Speedup

Domain Epochs Converged

BP �
�� �
� ��� �� � ��
�� ��� �
����� �� � ��
�� ��� �
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� ��� �� � �
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�
����� �� � �
�� ��� ���
�

BP�LA� �
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� � ��
�� ��� ��
�
����� ��
� � �
�� ��� ���
�
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�
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�
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�� ��� ���
�
����� �� � ��
�� ��� ��
�

Table �� Best Average�Case results for Iris and Soybean data�sets
Technique � � Problem Training � Trials � Classi�cation � Speedup

Domain Epochs Converged Accuracy

BP �
� �
� Iris �� � ��
�� �� ��
� �
Soybean �� � �
�� ��� ��
� �

BP�SP� �
� �
� Iris �� � �
�� ��� ��
� ���
�
Soybean � � �
�� ��� ��
� ���

BP�LA� �
�� �
� Iris ��
�� � �
� ��� ��
� �
�
Soybean ��
� � �
�� ��� ��
� ���
�

BP�OSP� �
�� �
� Iris ��
� � ��
�� ��� ��
� ���
�
Soybean ��
� � �
�� ��� �� ���
�

BP�P� �
�� �
� Iris �� � ��
�� ��� ��
� ���
�
Soybean �� � �
� ��� ��
� ��
�
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