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Incorporating prior knowledge

One of the major costs in applying learning is
measuring/labeling data
If labeling is the problem it is possible to consider
semi-supervised learning as a method of reducing the
costs, but taking measurements may itself be expensive
As we scale to more complex problems correspondingly
more data is needed, eg modeling climate or weather
BUT potential for inclusion of complex prior knowledge
encoded in known physical laws – note that these are only
approximate because models unable to capture fine detail
such as effects of turbulence or local geography
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SDEs

Overview
Aims

Incorporating prior knowledge

Can define non-trivial prior using Stochastic Differential
Equations, constraining solutions to approximate known
laws
Perform approximate inference from observations to arrive
at a posterior (Gaussian) distribution
Should require significantly less data than ab initio
modelling, but how can we measure/assess the benefit?
Key is quality of generalisation per data point or
measurement
PAC-Bayes bounds are an approach that we will show can
be adapted to our complex prior scenario in order to bound
quality of estimates
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PAC-Bayes Theorem

First version proved by McAllester in 1999
Improved proof and bound due to Seeger in 2002 with
application to Gaussian processes
Application to SVMs by Langford and S-T also in 2002
Excellent tutorial by Langford appeared in 2005 in JMLR
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Definitions
PAC-Bayes Theorem

Definitions for main result
Prior and posterior distributions

The PAC-Bayes theorem involves a class of classifiers C
together with a prior distribution P and posterior Q over C
The distribution P must be chosen before learning, but the
bound holds for all choices of Q, hence Q does not need to
be the classical Bayesian posterior
The bound holds for all (prior) choices of P – hence it’s
validity is not affected by a poor choice of P though the
quality of the resulting bound may be – contrast with
standard Bayes analysis which only holds if the prior
assumptions are correct
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Definitions for main result
Error measures

Being a frequentist (PAC) style result we assume an
unknown distribution D on the input space X .
D is used to generate the labelled training samples i.i.d.,
i.e. S ∼ Dm

It is also used to measure generalisation error cD of a
classifier c:

cD = Pr(x ,y)∼D(c(x) 6= y)

The empirical generalisation error is denoted ĉS:

ĉS =
1
m

∑
(x ,y)∈S

I[c(x) 6= y ] where I[·] indicator function.
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Definitions
PAC-Bayes Theorem

Definitions for main result
Assessing the posterior

The result is concerned with bounding the performance of
a probabilistic classifier that given a test input x chooses a
classifier c ∼ Q (the posterior) and returns c(x)

We are interested in the relation between two quantities:

eQ = Ec∼Q[cD]

the true error rate of the probabilistic classifier and

êQ = Ec∼Q[ĉS]

its empirical error rate
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Note that this does not bound the posterior average but we
have

Pr(x ,y)∼D(sgn (Ec∼Q[c(x)]) 6= y) ≤ 2eQ.

since for any point x misclassified by sgn (Ec∼Q[c(x)]) the
probability of a random c ∼ Q misclassifying is at least 0.5.
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PAC-Bayes Theorem

Fix an arbitrary D, arbitrary prior P, and confidence δ, then
with probability at least 1− δ over samples S ∼ Dm, all
posteriors Q satisfy

KL(êQ‖eQ) ≤ KL(Q‖P) + ln((m + 1)/δ)

m

where KL is the KL divergence between distributions

KL(Q‖P) = Ec∼Q

[
ln

Q(c)

P(c)

]
with êQ and eQ considered as distributions on {0,+1}.
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Stochastic Differential Equation Models

Consider modelling a time varying process with a
(non-linear) stochastic differential equation:

dx = f(x, t)dt +
√

Σ dW

f(x, t) is a non-linear drift term and dW is a Wiener process
This is the limit of the discrete time equation:

∆xk ≡ xk+1 − xk = f(xk )∆t +
√

∆t Σ εk .

where εk is zero mean, unit variance Gaussian noise.
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Variational approximation

We use the Bayesian approach to data modelling with a
noise model given by:

p(yn|x(tn)) = N (yn|Hx(tn),R),

We consider a variational approximation of the posterior
using a time-varying linear SDE:

dx = fL(x, t)dt +
√

Σ dW,

where
fL(x, t) = −A(t)x + b(t).
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Variational approximation
Generalisation

Girsanov change of measure

Measure for the drift f denoted by P and the one for drift fL
by Q.
The KL divergence in the infinite dimensional setting is
given by Radon-Nikodym derivative of Q with respect to P:

KL[Q‖P] =
∫

dQ ln dQ
dP = EQ ln dQ

dP ,

which can be computed as

dQ
dP

= exp
{
−
∫ tf

t0
(f− fL)>Σ−1/2 dŴt + 1

2

∫ tf
t0

(f− fL)>Σ−1(f− fL) dt
}
,

where Ŵ is a Wiener process with respect to Q.
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KL divergence

Hence, KL divergence is

KL[Q‖P] = 1
2

∫ tf
t0

〈
(f(x(t), t)− fL(x(t), t))>Σ−1(f(x(t), t)− fL(x(t), t))

〉
qt

dt ,

where 〈 · 〉qt
denotes the expectation with respect to the

marginal density at time t of the measure Q.
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Variational approximation

As approximating SDE is linear, marginal distribution qt is
Gaussian

qt (x) = N (x|m(t),S(t)).

with the mean m(t) and covariance S(t) described by
ordinary differential equations (ODEs):

dm
dt

= −Am + b,

dS
dt

= −AS− SAT + Σ.
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Variational approximation
Generalisation

Algorithmics

Using Lagrangian methods can derive algorithm that finds
the variational approximation by minimising the KL
divergence between posterior and approximating
distribution.
But KL also appears in the PAC-Bayes bound – is it
possible to define appropriate loss over paths ω that
captures the properties of interest?
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Variational approximation
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Error estimation

For ω : [0,T ] −→ RD defining a trajectory ω(t) ∈ RD, we
define the classifier hω by

hω(y, t) =

{
1; if ‖y− Hω(t)‖ ≤ ε;
0; otherwise.

where the actual observations are linear functions of the
state variable given by the operator H.
Prior and posterior distribution over functions are inherited
from distributions P and Q over paths ω.
Hence, P = psde defined by non-linear SDE and Q = q
defined by linear approximating sde.
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Generalisation analysis

For the PAC-Bayes analysis we must compute: KL(Q‖P),
eQ, êQ. We have as above

KL(Q‖P) =

∫
dq ln

dq
dpsde

.

If we now consider a fixed sample (y, t) we can estimate

Eω∼Q [hω(y, t)] =

∫
I [‖Hx− y‖ ≤ ε] dqt (x),

For sufficiently small values of ε we can approximate by

≈ Vdε
d√

|2πHS(t)HT |
exp

(
−(y− Hm(t))T (HS(t)HT )−1(y− Hm(t))

)
,

where Vd is the volume of a unit ball in Rd .

John Shawe-Taylor University College London PAC-Bayes Analysis of SDE Modeling



Introduction
PAC-Bayes Analysis

SDEs

Variational approximation
Generalisation

Generalisation analysis

For the PAC-Bayes analysis we must compute: KL(Q‖P),
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Variational approximation
Generalisation

Error estimates

Note that eQ is simply

eQ = E(y,t)∼µEω∼Q [hω(y, t)] ∝
∫
N (y|Hm(t),HS(t)HT )dµ(y, t),

while êQ is the empirical average of this quantity.
A tension arises in setting ε – if large approximation
inaccurate.
If eQ and êQ both small, the bound implied by the
KL(eQ‖êQ) ≤ C becomes weak.
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Refining the distributions

Overcome this weakness by taking K -fold product
distributions and defining h(ω1,...,ωK ) as

h(ω1,...,ωK )(y, t) =

{
1; if there exists 1 ≤ i ≤ K such that‖y− Hωi(t)‖ ≤ ε;
0; otherwise.

We now have

E(ω1,...,ωK )∼QK

[
h(ω1,...,ωK )(y, t)

]
≈ 1−

(
1−

∫
I [‖Hx− y‖ ≤ ε] dqt (x)

)K

≈ KVdε
dN (y|Hm(t),HS(t)HT ),
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Final result

Putting all together gives final bound:

E(y,t)∼µ

[
N (y|Hm(t),HS(t)HT )

]
≥

1
VdεdK

KL−1
(

KVdε
d Ê
[
N (y|Hm(t),HS(t)HT )

]
,

K
∫ T

0 Esde(t)dt + ln((m + 1)/δ)

m

)
.

where

Esde(t) = 1
2

〈
(f(x)− fL(x, t))TΣ−1(f(x)− fL(x, t))

〉
qt
,
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Small scale experiment

We applied the analysis to the results of performing a
variational Bayesian approximation to the Lorentz attractor
in three dimension. The quality of the fit with 49 examples
was good.
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Small scale experiment

chose Vdε
d to optimise the bound – fairly small ball

implying that our approximation should be reasonable.
compared the bound with the left hand side estimated on a
random draw of 99 test points. The corresponding values
are

m dt êQ A eQ KL−1(·, ·)/V
49 0.005 0.137 3.536 0.128 0.004

Sensitivity to step size in approximation – will investigate
higher order methods for evaluating the KL integral
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Concluding remarks

Quick introduction and review of PAC-Bayes bound
Application to time series modelling with stochastic
differential equation defined priors and posteriors
Further experiments to check how the bound performs for
the SDE modelling
Using bound to drive new algorithms as variants of the
variational approach
Simpler application to Gaussian Processes (for regression)
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