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Abstract

We propose a new criterion for experimental design in theedrof preference

learning. This new criterion makes direct use of the datdale from a group of

subjects for which the preferences were already learnedhéunore, we show
the connections between this criterion and the standatetierused in experimen-
tal design. Empirical results on a real audiological datagew a factor of two

speed-up for learning user preferences relative to ran@deotson.

1 Introduction

Learning user preferences appears in many contexts. Goné$at example, the case in which
the parameters of a (medical) device have to be tuned suchaapt them optimally to a user’s
preferences. In order to do this, we learn user’s prefesehgemeans of experiments. However,
in many cases, especially the one mentioned above, thisedieus process. To reduce the costs,
in terms of time invested and user burden, we would like teg@néto the user those experiments
which give the most information about his/her preferenees;are thus in the context of optimal
experimental design [11].

The goal of optimal design is to select experiments suchtti&t outcomes give information for
making a model that maximizes some criterion of accuracy @iterion is the accuracy with which
the parameters of the model can be estimated, which, in tigedian context, is equivalent to the
reduction in the entropy of the posterior distribution (otlee model parameters) that results from
the outcome of the experiment, the so-calledptimal criterion[2].

Active learning [4, 8, 5] is the equivalent of experimentasidn in the context of supervised learn-
ing. In this scenario, the learning algorithm selectivedynples the unlabeled data to achieve high
performance with relatively small training dat®Query-by-Committeg8] is a method for active
learning, which selects examples that have maximum disaggat amongst an ensemble of hy-
potheses.

Coming back to the problem of learning preferences, asshaiewie have available preference
responses to some experiments from a group of people. Wetavefficiently learn the preferences
of a new person in as few experiments as possible, possibiyaiyng use of the available data from
the other subjects. One way to do this is to select those empets for which the other subjects
disagree the most. This is related to Qaery-by-Committeenethod mentioned above, with the
difference that the group of subjects, for which we alreadyred preferences, plays the role of the
ensemble of hypotheses. Using this idea, we developedeaionitfor optimal experimental design
that makes use of the judgements of other subjects. We slaivthik new criterion is connected to
the standard-optimal criterionand, furthermore, it has several advantages due to itpittion
and simplicity.



The paper is organized as follows. Section 2 is about caitileri optimal selection of experiments;
we start with a short presentation of the probabilistic ckonodels used; furthermore we present
a way to gather the data from the other subjects and how to mséeof it in a new criterion
for experimental design; we show the connection with theddad D-optimal criterion and other
approximations of it. Experimental results on a real autjaal data set are shown in Section 3.
Conclusions and directions for future research are predeéntSection 4.

2 Criteriafor optimal experimental design

2.1 Probabilistic choice models

Humans are very good in comparing options and expressingfarpnce for one of them. Therefore,
in many settings, preferences are learned from experinremtkich the person expresses a choice
for one of the presented options. Let us consider probébitihoice models of the form
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0 is ann-dimensional vector of parameter$,is a function which extracts features of the input
related to optiork, and there aren different options.p(k; x, 8) stands for the probability that a
subject with paramete prefers optiork when given inpute. For future reference we define the
derivatives of the log probabilities
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Form = 2 we have paired-comparison experiments and the model redace logistic sigmoid

function, also known as the Bradley-Terry model [3]. Fer> 2 we have multiclass classification
experiments and the model is a softmax function.

glk;x,0) = H(k;x,0) =

In order to learn a subject’s preferences, we treat the vectparameter® as a random variable.
Before taking into account the information from the actuaderiments performed with the subject,
information available from other sources is incorporated iprior distribution. After performing
an experiment and observing its outcome, we compute, usiyg® rule, the posterior distribution
over 8. To keep things simple, we start with a Gaussian prior. Beedhe product between a
Gaussian prior and the likelihood defined in Equation (1)as a Gaussian, we approximate the
posterior distribution to a Gaussian. There are severatradtives for doing this approximation:
Laplace’s method [12], Assumed Density Filtering [15], Egfation Propagation [15]. The choice
of the approximation technique does not have too much infie@en what follows.

2.2 Hierarchical modeling

Suppose that we have available preference responses toesgraiements from a group of people
(assume that we havld subjects, each of them with his/her own set of experimerdsesponses).
We want to make use of this data, when learning the prefesavfca new person. For this, we use
hierarchical modeling [10, 9] to derive a method for gathgdata from previous subjects in a prior
for a new subject. The inference problems for each subjectanpled by giving them the same
prior, i.e., we sef(0;) = G(0;; u,¥) a Gaussian prior with the sameandX: for all subjects. The
posterior for each subject is assumed to be (close to) a Gausih mearg; and variancé’;. We
would like to find the prior mean and variance that maximizeltkelihood of all data.

The level Il maximum likelihood values for the prior mearand the prior varianc can be found
by applying Expectation-Maximization algorithm (see g[8]), which reduces in this case to the



iteration, till convergence, of the following equations:
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where@; andV; are the posterior mean and variance for subjecmputed based on the previous
prior mean and variance. The first term in the righthand sfdegoation (3) measures the variance
between the most probable estimates for different subjéieéssecond term the variance of the
probabilitiesP(6,) around these most probable estimates, averaged over alltfiects. Thus, we
can make use of the available data from the group of otheestshjby taking as the prior of a new
subject, the Gaussia#(0;; i, X).

2.3 Whosesideyou'reon?

Furthermore, we want to make use of the data available frower&ubjects also when selecting the
experiments to perform with a new subjécBubject; starts off with a prior learned from the other
subjects as explained in Section 2.2. The goal is to come thpandriterion for experiment selection
that makes direct use of the judgements of the other subjéctery simple and straightforward
option would be to take those experiments for which the aghbjects disagree the most, according
to their responses given to the experiments. However, wlesed further in Section 3, that this is
not good enough. We propose instead the following criterion
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with p; (k; ) = p(k; x, 87), whered? is the maximum posterior solution for subjgct, ; (k; z) is
the logarithmic average over gll= ¢ and is defined as follows:
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The criterion proposed in Equatlon (4), is similar to the preposed in [14, 13], with the difference
that in our case we are in a different setting, preferenamileg, and that we have real subjects as
members of the committee.

Because of the log linear form in Equation (1), we immediatieid
p(k;x) = p(k; @, p) with p = /d0 P(0)6.

In words, the criterion is the disagreement between therahlgjects (as measured through the
average Kullback-Leibler divergence) minus the disagesgrhetween the current user and the (ge-
ometric) average of all the other subjects. The first ternofaexperiments on which the other
subjects disagree. The intuition behind the negative tertimgt it makes less sense to present exper-
iments on which the subject already formed an opinion diffiéfrom that of the other subjects. In
other words, the most interesting experiments are thosehichvthe other subjects disagree, with
the current subject (still) in the middle. Hence the titldtué section.

2.4 Connection with D-optimal criterion

A popular criterion in experimental design is the expectegldeterminant of the variance of the
approximation. Defin& (k, «) to be the new variance after presentingnd observing responge
The so-called D-optimal criterion then reads

Ijel(x) = — Zp(k:; x)logdet V(k,x) + logdet V',
k



with p(k; «) the probability that the subject indeed gives respdneden presenteda, and where
we subtracted the log determinant of the current variancee Fest experiment is the one that
maximizeslye(x). To evaluate this, in principle we would have to recompugvériances as well
as the probabilitiep(k; x) for all combinations of presentationsand observationk.

Lemma 1. In a first order approximation, assuming thetk, ) is close toV, we can simplify

Tet(w) = Y plk; @, 0%)g(k; ,0) Vg(k;x,0%)
k

where@* is the maximum posterior solution. (Proof in the appendix.)

The criterion from Equation (4) (the disagreement in the outtee making statements abaut
induced by the uncertainty in the posterior) gives us aradttierpretation of the criteriofye().

Lemma 2. In a lowest order approximation we can make the connectidgh thie standard D-
optimal criterion I et
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whereyp is the prior mean learned from all other subjects and
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Proof. Making a second order Taylor expansion, the Kullback-Lezillivergence between proba-
bilities based o and@* when these are close together is:
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the first order term canceled since (see Equation (9) fronemgig) > ", p(k; x,0)g(k;x,0) = 0.
Using Equation (7) we obtain the result stated in the lemma.

O

S0 Icommited ) IS SOmehow reminiscent of the “standard” D-optimal criterwith the following
main differences.

1. The gradientg(k; x) are evaluated at the prior meaninstead of at the current posterior
mean@*. This effect could be small sina#* is still close enough tq: for a sufficiently
accurate approximation of the gradients, in particulahatdstart when selecting the right
experiments is most important.

2. The current posterior variandéis replaced byl’. The idea here is that the effect of the
precise weighting of the gradients is not tremendously irtg. For example, in practice
I'vace from Equation (8), which corresponds to a weighting (Lemma 3), works about as
well as Iye, Which corresponds to a weighting And again, at the staif is pretty close
to V, sincef* is then still close tq: andV to the prior variance.

25 Other design criteria

Alternatively, we can consider other criteria, which areibally approximations of the standard
D-optimal criterionge(x). An option is the weighted Kullback-Leibler divergenceveeeén the
current Gaussian approximation and the one after pregeamtiand observing:, I. Again, we
would like to maximizely (x) to find the “best” experiment. In afirst order approximatiassuming
thatV (k, z) is close toV, it can be proved that

Iy ~ Iget



i.e., the two criteria are indistinguishable.

Instead of the log determinant, we can also take the trackeeo¥ariance, the so-called A-optimal
criterion, as our criterion for selecting the best experim&/e define

Irace(@) = — Y _ p(k; @) Tr V(k, z) . (8)
k

Lemma 3. In afirst order approximation, the trace criterion boils dowo
Trace() = Zp(k; x,0%)g(k;, 0*)Tv2g(k§ x,0%).
k

3 Experiments

We evaluate different criteria on a data set of audiologéegleriments described in [1]. The data
set consists of predictions of sound quality of 14 normatingeand 18 hearing impaired persons.
Each person was subjected to 576 paired-comparison tebis fwfrm (x4, x2, k), wherek = {1, 2}
denotes whether sound sampleor x, was preferred by the patient, respectively. We used tha dat
set to address the following two questions:

1. Can we use the already learned preferences of other ssitjdmetter learn the preferences
of the current subject?

2. Can we learn faster by optimally selecting the experisénpresent to a subject?

In a simulation, one subject was left out, and the hieraadmethod, described in Section 2.2, was
used to gather data from the rest of the subjects in a protyattistribution, which was used as the
starting prior for the left-out subject. The data set for lsfe-out subject, was split into training
(used for learning preferences) and testing (the accurfatyegredictions on the test data was used
as a measure of how much we learned about subject’s preéserieor each subject, we averaged
the results across several splits using cross-validakarthermore, the results were averaged over
all subjects.
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Figure 1: Left: percentage of the number of times the prasicccuracy using the learned prior is
better than the prediction accuracy with a flat prior. Rigigrcentage of the number of predictions
on which the two models (with the learned and with a flat pritisagree. The NH and Hl labels refer
to the simulations on the data set from normal-hearing aading-impaired subjects, respectively.

In order to answer the first question, we compared the pedno@s obtained using the hierarchical
prior versus a flat prior which assumes no information ababjext’s preferences. We made pre-
dictions for the outcomes of the experiments from the tetgt,dessing the model from Equation (1);
where#f is the mean of the posterior distribution of a subject whiesutted either by starting with
the hierarchical prior or with a flat prior. The righthandesiaf Figure 1, gives the percentage of
predictions on which the two models (the one with the hidread and the one with flat prior) dis-
agree, with respect to the total number of predictions mddhe lefthand side of Figure 1, shows
the percentage of correct predictions made using the loigical prior, with respect to the number
of predictions on which the two models disagree. Especialthe beginning of the learning pro-
cess, with few experiments, the model with a prior learnedhfthe community of other subjects
outperforms the model with a flat prior. Thus, we can affirresi answer the first question.



In order to answer the second question, we compared therpenfces obtained by random versus
optimal selection of experiments. For each subject, weestavith the prior learned from the other
subjects, and updated this prior based on the informatiom fexperiments which were selected
either random or optimal. The optimal selection was implet®é using/.ommitee Criterion. In
practice, the committee criterion performs about the sam#ha D-optimal criterion, or any of
its approximations. We computed the number of experimea¢sled by random selection to get
the same accuracy on the test data as with the optimal seledtigure 2 shows that, indeed by
optimally selecting experiments, the preferences can dnméel faster. We implemented a variant
of optimal selection where we choose experiments accotditige difference between the number
of subjects which preferred the first alternative and the Imemof subjects which preferred the
second alternative. The experiments for which this difiessis small are considered hard to predict.
The plots show that just presenting those experiments wdriehhard to predict according to the
responses given by the other subjects, does not perform beitdr than random selection.
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Figure 2: The number of listening experiments needed usindaom selection (on thgaxis) to get
the same accuracy as with the optimal selection (orrthgis). The optimal experiment selection is
implemented by presenting those experiment which are loepdedict according to other subjects
responses (small dots) and actively using the pool critgferge dots).

Figure 3 shows the connections between the criteria forraxeat selection discussed in this paper.
The plots are shown for one normal hearing subject. We stavith the prior learned from the
group of other normal hearing subjects, and made updatéssoptior by taking into account the
information from 10 randomly selected listening experitseAt this point, we computed the scores
of each of the criteria for one randomly chosen listeningeexpent. We made scatter plots of the
ranks of these scores; in the title of each plot, we wrote frea8nan correlation coefficient between
the two criteria for which the plots are displayed. From thst fplot from the left, we see that the
approximation of the D-optimal criterion, as stated in Leanfn is very accurate. The fifth plot
from the left, shows the scores computed usingltiecriterion and the criterion which selects the
experiments which are hard to predict; as expected, thesarte/not connected. Furthermore, in
the rest of the plots, we can see that the different critegaraleed strongly correlated, as predicted
from the theory in Section 2.

4 Conclusions and discussions

We discussed and analyzed criteria for optimal experinielesign, and showed that for the prob-
abilistic choice model introduced in section 2.1 they atecahnected to the standard D-optimal
criterion. A direction for future work is to extend this apsis to other types of models. We pro-
posed a new criterion that makes direct use of the judgenoéother subjects. The new criterion,
in practice, works about as well as (any other sensible apation of) D-optimal experimental

design. The advantage of this new criterion could be in therjmetation and the (relative) simplic-
ity: it is only based on probabilities computed from maximamosteriori solutions, i.e., there is no



approxdet
committee

0 0 o= o= 0 S
0 100 200 0 100 200 0 100 200 0 100 200 0 100 200
Idet Idet Idet Idet Idet

Figure 3: Scatter plots for different criteria for experimeelection. Title of each plot: the Spearman
correlation coefficient between the two criteria for whibke plot is displayed. See the main text for
further details.

need to keep track of variances or to compute gradientsh&umbore, it is efficient to compute since
the first term as well as the average can be computed befatehan
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Appendix

Lemma 4. For anyx and 8 we have the following relation between second derivatives fast
derivatives.

Zp(k:;:c,@) (k;x,0) Zpk:c@ (k;x,0)g(k; x,0)T
with g and H the first and second derlvatlves defined in Equation (2).
Proof. We use shorthand notatign = p(k; x, 0), gx; = g;(k; =, 8), etc., omitting the dependen-

cies onx and@. Write v, = Zj Ag;0; and thuslogp, = ur —logZ. Then it is easy to see
that
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i.e., the second derivative is in fact independent.ofurthermore
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We then have

Zpkhk,ij = - ZpkAkiAkj + ZpkAki Zpk’Ak’j
k k k [
- Zpk <Aki - Zpk/Ak’i> (Akj - Zpk’Ak/j> = - Zpkgkigkj .
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Lemmal. In afirst order approximation assuming theik, ) is close toV, we can simplify
Tge(x Zp klx,0%)g(k; x 0*)TVg(k: x,0%).

Proof. In a first order approximation we have
9?logp(k|x, 0)
00007 o0—0~

where we ignored the change from the 6ldto a new maximum a posteriori solution depending on
k andz. Again making a first order expansion, assuming hgt, x) is close tol/, we have

logdet V(k,x)™' ~logdet V! — Tr [VH(k;x,0%)] .

The probability that the subject indeed gives the respéngleen presented follows by integrating
p(k|x, @) over the current posterior:

&*p(k; z,0)
00007 |, o1

with 8* the maximum a posteriori solution amdthe correspondlng variance. Again in lowest order
we can ignore the correction upptk; , 8*) and arrive at

Tiew) ~ =Y p(k|@,0%) Tr [V H (k; ,0%)] .
k
Lemma 4 then gives the result. O
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p(k|x) ~ /d@ p(k;x,0)G(0;0%,V) = p(k;z,0%) + = Tr [V




