ComS573: Machine Learning
Spring 2008

Homework 2
Due Friday, February 8, 2008 in class

Note: Please do not hesitate to contact the instructor or TA if you have difficulty understanding or
getting started with solving any of the problems.

1. (20 pts.) Consider a two-category classification problem with one-dimensional feature z.
Suppose that the class-conditional probability densities are uniform distribution

1 0<x<1
0 otherwise.

MWMNU@UZ{

1/2 0<x<2
0 otherwise.

MW@NU@%Z{

Assume that we observe a feature value 0 < x < 2. Give the Bayes decision rule for the
following two cases

(a) P(wl) = P(u)g) = 1/2
(b) P(wy) =1/4, P(ws) =3/4
2. (20 pts.) In many pattern classification problems one has the option either to assign the
pattern to one of ¢ classes, or to reject it as being unrecognizable. Let «;, fori = 1,..., ¢, be

the action “decide w;” and a. be the action “reject”. If the cost for rejects is not too high,
rejection may be a desirable action. Let the loss function be

0 i=j ij=1,....c
Mailwj) =< N, i=c+1
As otherwise

where )\, is the loss incurred for choosing the (¢ + 1)th action, rejection, and A is the loss
incurred for making any substitution error. Recall that the conditional risk is given by
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Show that the minimum risk is obtained if we decide w; if P(w;|%) > P(w,|Z) for all j and
if P(w;|Z) > 1 — A/, and reject otherwise. What happens if A, = 0? What happens if
Ar > A7



3. (20 pts.) Let the components of the feature vector ¥ = (x1,...,x4)" be binary-valued (0 or
1), and let P(w;) be the prior probability for the class w; and j =1, ..., c. Now define

pZ]:P(xzzl\wj) izl,...,d, j:17...,C,

with the components of Z being statistically independent given the category (i.e., P(Z|w;) =
Hf  P(z]w;)). Show that the minimum probability of error is achieved by the following
decision rule: Decide wy, if g, (%) > g;(Z) for all j and k, where the discriminant function is
given by

Pij
z:len1 : —l—Zln 1 —py) +1In P(w,).
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(The discriminant functions for Binary Independence Models)

4. (20 pts.) Let x have a uniform density

1/6 0<x<¥6
x|d) ~U(0,0) = -
plelf) (0,6) {0 otherwise.
Suppose that n samples D = {x1,...,x,} are drawn independently according to p(z|0).

Show that the maximum-likelihood estimate for 6 is ml?x xj, — that is, the value of the maxi-

mum element in D. Explain in words why you do not need to know the values of the other
points.

5. (20 pts.) Let & be a d-dimensional binary (0 or 1) vector with a multivariate Bernoulli

distribution
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where § = (01,...,04)" is an unkown parameter vector, 6; being the probability that z; =
1. Let D = {Z,...,%,} be a set of n samples independently drawn according to this

probability density. Show that the maximume-likelihood estimate for 6 is



