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Abstract—A shell is a body enclosed between two closely spacedit. The normal at each contact point changes its direction, s
and curved surfaces. Classical theory of shells [49], [3542], [19] does the corresponding contact friction cone. Even if the tw
assumes a parametrization along the two lines of curvaturerothe ngers may not be initially placed at two antipodal pointset

middle surface of a shell. Such a parametrization, while ahays . t i f fricti tain the Ii t
existing locally, is very dif cult, if not impossible, to derive for ~M€rSECUON Ol Iriction cones may contain the line segmen

most surfaces. Also, since it is not necessarily by arc lerigt Connecting the contact points after the deformation, tael
generalization to an arbitrary parametric shell is not immediate in a force-closure grasp. Deformable modeling plays a very
from differential geometry. This paper rst extends the linear jmportant role in understanding this process.

and nonlinear shell theories to describe extensional, sheag, This paper investigates shape modeling for shell-like ctsje

and bending strains on a shell, given a displacement eld, in . .
terms of geometric invariants including the principal curvatures that are grasped by a robot hand. A shell is a thin body

and vectors, and the related directional and covariant dewatives. Pounded by two curved surfaces whose distance (i.e., the
To our knowledge, this is the rst non-parametric formulation shell thickness) is very small in comparison with the other
of thin shell strains. A computational procedure is then ofered  dimensions. The locus of points at equal distances from the
for general parametric shells. two bounding surfaces is thaiddle surfaceof the shell.

The deformation of a shell is conveniently represented by a . .
subdivision surface [9]. Through minimization of the potertial Shells have been studied based on the geometry of their

energy, we have simulated deformations of algebraic surfas Middle surfaces which are assumed to be parametrized along
under point and area loads, and compared the results over a the lines of curvature [49], [19], [42]. The expressions of
couple of benchmark problems with their analytical solutis.  extensional and shear strains, and strain energy, thougtede
Experimental validation involves regular and freeform shdl-like in a local frame at every point, are still dependent on the

objects (of various materials) grasped by a robot hand, wher . R . .
computed deformations are compared with scanned 3-D data speci ¢ parametrization rather than on geometric prosti

(accuracy 0.127mm). On modeling large deformations, a much Only. The Green-Lagrange strain tensor of a shell is present
higher accuracy can be achieved using the nonlinear elastty  in general curvilinear coordinates in [22], [40]. Howevtre
theory than its linear counterpart. The presented work poirts to  geometry of deformation is not revealed due to heavy use

the nonlinear theory in research on robot grasping of defornable o covariant and contravariant tensors to express strais a
objects, which often undergo sizable shape changes.

stresses.
The strain energy of a deformed shell depends on the
. INTRODUCTION geometry of its middle surface and its thickness, all prior

to the deformation, as well as the displacement eld. In
SRis paper, we will rewrite strains in terms of geometric

; i invariants including principal curvatures, principal @, and
cables, balls, tires, toys, sofas, f.runs, vegetables,thpra- the related directional and covariant derivatives. We feillow
cessed food (e.g., cakes, dumplings, buns, noodles),spla

. ; . ) - . With simulation over closed-form surfaces and an experimen
animals, biological tissues, and so on. The ability to manip ;- e modeling of deformations generated by two- nger

late deformable objects is an indispensable part of the humg?rasping where the results yielded by linear and nonlinear
hand's dexterity and an important feature of intelligence. shell the(’)ries will be compared

In robotics, grasping of rigid objects has been an .actlve All shell-like objects addressed in this paper satisfy the
research area in the last two decades [6]. The geometric fo'f&lowing three assumptions:

dation for form-closure, force-closure, and equilibriumagps 1) Th hvsically I b icallv either i
is now well understood. However, grasping of deformable ) or iiﬁ?ﬁe&ﬁysma y linear but geometrically either ane

objects has received much less attention until recentlys Th 2 Th idered di o
is in part due to the lack of a geometric framework to ) ey are considereiomogeneousind ISotropic 1.e.,
having the same elastic properties in all directions.

characterize this type of manipulation, and in part due to3 Their middl ; bitraril i
the high computational cost of modeling the physical preces ) Their middie surlaces are arbitrarly parametric or so
approximated.

itself.
In a grasping task, since the number of degrees of freedoml hiS paper extends the results from our conference pa-

of a deformable object is in nite, it cannot be restrained bers [25], [48]. It delivers a clear geometric interpredatiof

only a nite set of contacts. Consequently, form closure i§1€ shell strains. For a parametric shell, geometric irres

. g o .
no Ionger appllcable. Does force closure still apply. S| Iphysical linearityrefers to that the elongations do not exceed the limit

two ngers squeezing a deformable object in order to gras proportionality so the stress-strain relation is goeetrby Hooke's law.
Geometric nonlinearityrefers to that the angles of rotation are of a higher
Department of Computer Science, lowa State University, & 50011, order than the elongations and she&@sgometric linearityrefers to that they
USA. jiangt,jia@cs.iastate.edu . are of the same order.

include clothes, plastic bottles, paper, magazines, (opiess,



are now computed based on the original parametrizatioeratt3. Robot Manipulation
than its subdivision surface approximation, hence morel-acc

racy. This paper also adds simulation results on two bendhmab_comparehd :N'th plegty Odf reslearch In .graipln% of ”g',?j
problems, and presents more experimental results. objects in the last two decades, less attention has beerteal

The rest of the manuscript is organized as follows. Se8rasping of deformable objects. Work on robotic manipofati
tion Il surveys related work in the nite element method®f deformable objects has been mostly limited to linear and

(FEMs) for shells and other deformable modeling work ineshed objects [S3], [32]. Most of the developed models are
robotics and computer graphics. Section Il goes over nec&l1€'9y-based and some are not experimentally veri ed.
sary background in surface geometry. Section IV presemts th Wakamatsu et al. [51] examined whether force-closure and
displacement eld on a shell which describes the defornmatidorm-closure can be applied to grasping of deformable dbjec
completely. Based on the linear elasticity theory of shell§Orm-closure is not appropriate for grasping of deformable
Section V establishes that the strains and strain energy @i€cts which have in nite degrees of freedom and cannot be
a shell under a displacement eld are decided by geometf@nstrained by a nite number of contacts.
invariants of its middle surface including the two prindipar- ~ The deformation-space (D-space) of an object was intro-
vatures and two principal vectors. A computational progeduduced in [18] as the C-space of all its mesh vertices, with
for arbitrary parametric shell is then described. Section Vnodeling based on linear elasticity and frictionless conta
frames the theory of nonlinear elasticity of shells in terofis Hirai et al. [23] proposed a control law for grasping of
geometric invariants. deformable objects. They used both visual and tactile nistho
Section VI sets up the subdivision-based displacement efo control the motion of a deformable object. Most recently,
and describes the energy minimization process. Sectioh V@ “ shbone” model based on differential geometry for belt
presents simulation results on algebraic surfaces and amrap objects was presented and experimentally veri ed [54].his t
those over two benchmark problems with their analyticanodel, the deformed shape of a belt object was estimated by
solutions. Section IX experimentally investigates the elimdy Minimizing the potential energy.
of deformable objects grasped by a BarrettHand. It comparesPicking up a highly exible linear object such as a wire
the linear theory for small deformations and the nonlinear rope can be easily done with a vision system [41]. Knot-
theory for large deformations through validation agaimstge ting [43], [30], unknotting [26], and both [52] are the typic
data generated by a 3-D scanner. We will see that nonlinea@&nipulation operations on this type of linear objects, alihi
elasticity based modeling yields much more accurate resutian be carried out without the need for deformable modeling.
when large grasping forces are applied. Section X discusses
future improvements on modeling, and mentions the next
phase of our research on grasping of deformable objects. C. Computer Graphics

1. RELATED WORK Gibson and Mirtich [17] gave a comprehensive review

This paper is about deformable modeling, which has be€A deformable modeling in computer graphics. The main
studied in the elasticity theory, solid mechanics, rototiad ©Objective in this eld is to generate visual effects ef cign

computer graphics across a range of applications. rather than to be physically accurate. Discrepancies whith t
theory of elasticity are tolerated, and experiments withl re
A. Elasticity objects need not be conducted. For instance, the widely used

The Finite Element Method (FEM) [16], [44], [4], for formulation [45] on the surface strain energy, equal to the

modeling deformations of a wide range of shapes, repregent§tegral sum of the squares of the norms of the changes in
body as a mesh structure, and computes the stress, straiin, 3§ St and second fundamental forms, does not follow the
displacement everywhere inside the body. FEMs are used!#Ory of elasticity. .
model the deformations of a wide range of shapes: fabrig [10] !N this eld, there are generally two approaches to modeling
a deformable object interacting with a human hand [zoﬁeformable objects: geometry-based and physics-basdd [17
human tissue in a surgery [7], etc. n a geometry-based approach, splines and spline surfacks s
Thin shell nite elements originated in the mid-1960s. Yang@s Bézier curves, B-splines, non-uniform rational B-spdi
et al. [57], [58] did two comprehensive surveys on thin shelNURBS), are often used as representations [3], [14].
nite elements. Cirak et al. [9] introduced an FEM based on Physics-based modeling [33] of deformation takes into
subdivision surfaces. Assuming linear elasticity, theggented account the mechanics of materials and dynamics to a certain
simulation results for planar, cylindrical, and spherishklls degree. Mass-spring systems, though inaccurate and slow on
only. The work was extended in [47] to model dynamics ifimulating material with high stiffness, are used exteglgiin
textile simulation. animation [8], facial modeling [56], [46], and simulation$
Other thin shell FEMs include at plates [59], axisym-cloth [2], animals [50], and surgery [12]. The “snake model”
metric shells [21], [38], and curve elements [11]. More remeanwhile, is widely used in medical image analysis [31].
cently, computational shell analysis in the FEM has employe The skeleton-based method [29] achieves efciency of
techniques including degenerated shell approach [24dsstr deformable modeling by computing the stresses/strains at
resultant-based formulations [1], integration techng|[ig, 3- contact points and geometrically salient points and then by
D elasticity elements [13], etc. interpolating over the entire surface.



IIl. SOME BACKGROUND IN SURFACE GEOMETRY

Throughout the paper, we will denote Wy, the partial
derivative of a functiorf (u;v) with respect tau, and byf ,
the second derivative with respect to the same variable. All
vectors will be column vectors by default, and appear in the
bold face. Displacements and strain components (of aIIrs)deng
will be denoted by Greek letters, as will surfaces, cunedur —
and torsions by convention. Points, tangents, normals tret o before
geometric vectors will be denoted by English letters, algo b (a) (b)
convention.

Let (u;v) be a surface patch in three dimensions. It i5ig. 1. Deformation of a shell. The poiptin the shell is along the direction

. L of the normaln at the pointg on the middle surface. After a deformation
regular in that the tangent plane at every pomtis spanned e o points are displaced i and g, respectively.
by the two partial derivatives , and . The unit normal to
the surface i = vk 4 vK. The rst fundamental
formof is de ned asEdu? + 2Fdudv + Gdv?, where

middle surface
s (u,v)

shell is along the normal direction of some poipton the
E= o+ uw F= v v G= | (1) middle surface; that isp = q + zn, wherez is the signed

and thesecond fundamental forasLdu?+2 Mdudv + Ndv?, dlstance- fromg to p. . _

where The displacement(u;v) of g = (u;v) is best described

in its Darboux frame:
L= wn, M= , n; N= , n: (2)

A compact representation of the two fundamental forms com- (u;v)= (Wt + (Ut + (u;v)n: (6)
prises the following two symmetric matrices:

E F L M We refer to the vector eld (u;v) as thedisplacement eld

Fl= £ G and Fu =\ ) of the shell. The new position df after the deformation is

The eigenvalues oF, 1F,, are the twoprincipal curva-
tures ; and , at the pointg. They represent the maximum
and minimum rates of change in geometry when passing ) . N
throughq at unit speed on the patch, and are achieved in twoMeanwhile, the displacement @f has an additional term
orthogonal velocity directions, respectively, unlegs= ,.2 linear in the thickness:
These two directions, denoted by unit vectbysandt,, are #(u: V)
referred to as theprincipal vectors where the indices are ‘Nt @ A A - 7
chosen so thah = t; t,. These three vectors de ne the (Uv)+ z (u., v) ’ )
Darboux frameat the pointg. (u;v))

The Gaussianand mean curvaturesare respectively the
determinant and half the trace of the matfFix E,

°= Auv)= (uv)+ (uv):

from classical shell theory [35, p. 178]. The new positidiof
the pointp may not be along the normal direction qf, due

K = L 5 = LN M 2; (4) to atransverse shear straithat acts on the surface through
EG F? p and parallel to the middle surface. This type of strain tends
y = i1t 2 _ 1 EN 2FM+GL. (5) to be much smaller than other types on a shell and is often
2 2 EG F2 ’ neglected in classical shell theory [28], [49] under Kiroffls

A curve on the patch is called bne of curvatureif its assumption:
tangent is in a principal direction everywhere. The patch is
orthogonal if F = 0 everywhere. It isprincipal if F =
M = 0 everywhere. In other words, a principal patch is
parametrized along the two lines of curvature, one in each
principal direction. On such a patch, the principal curvasu
are simply ; = L=E and , = N=G, reSpeCtWe_'y' and In this paper,we adopt Kirchhoff's assumption and do not

Straight bers normal to the middle surface of a shell
before the deformation will, during the deformation,
1) not be elongated; and 2) remain straight and nor-
mal to the middle surface.

the corrgsponding principal vectors are¢ = = E and consider transverse shear
t, = = G. For more on elementary differential geometry, When the deformation of a shell is small, the linear elas-
we refer to [36], [39]. ticity theory is adequate. The theory makes no distinction

between the pre-deformation and post-deformation valdies o

) ] ~ the magnitudes and positions of the areas on which the
Let (u;v) be the middle surface of a thin shell withsyress acts. It assumes small angles of rotation (of the same

thicknessh before the deformation, as shown on the left igrger of magnitude as elongations and shears). Furthermore

Fig. 1. The parametrization is regular. Every pomtin the it neglects 1) their squares and products; and 2) them as well
2The point is calledumbilic when 1 = . In this case, geometic @S €longations and shears when compared to unity and terms

variation is the same in every tangent direction. not involving these three types of terms [35, pp. 53, 83-84].

IV. DISPLACEMENTFIELD ON A SHELL



V. SMALL DEFORMATION OF A SHELL ; n n'
Most of the literature [35], [49], [42], [19] on the linear f}
elasticity theory of shelfshave assumed orthogonal curvi-
. . . . ' ty t .
linear coordinates along the lines of curvature. Though in t2,t2 z ti,t

theory there exists a local principal patch surroundingrgve
point with unequal principal curvatures, most surfaceségx
simple surfaces such as planes, cylinders, spheres, etatd
assume such a parametrization.

The exception, to our knowledge, is [22] in which general . . o L .
curvilinear coordinates are used in the study of plates aﬁér?m%”n ddei:gg?(f\rtllog,e;lviiah%mz I;velzt:oté sn(:h\ge;\/m'gu:f[e(')rf
shells. Nevertheless, the geometric intuition behind timek tation of th (ahof g. 2). b tthay st dt
matics of deformation is made invisible amidst its heavy u ation ot the norm rom n apotlt €tz axis toward.
of covariant and contravariant tensors to express straias g |m|IarIy,. let » be the amount of rotation of the normal about
stresses. The forms of these tensors still depend on a meépetl axis towardtz. We have [19, pp. 209-213]

t1 th
Fig. 2. Rotation of the surface normal.

parametrization rather than on just the shell geometry. . = po 1 (12)
Section V-A rst reviews some known results on defor- E

mations and strain energy from the linear shell theory. In 5 = p— o (13)

Section V-B, we will transform these results to make them G

independent of any specic parametrization, but rather de- i js shown that the extensional strains at= q+ zn are
pendent on geometric invariants such as principal curestur
A 1+ Z q; (14)

and vectors. In the new formulation to be derived, geometric 1

meaning of strains will be more clearly understood. Sec- n, 2+ Z o (15)
tion V-C will describe how to compute strains and strain . . o

energy on an arbitrarily parametrized shell using toolsrfro @"d the shearing strain at the point is

surface geometry. Rl +2( 1+ »): (16)
A. Strains in a Principal Patch where the “curvature” and “torsion” terms [19, p. 219] are
Let the shell's middle surface (u;v) be a principal patch. (_1)u P E)y _
Under a load, at the poing on  (see Fig. 1(b)) there 1 = Pt PER 2 17)
exist extensional strains; and », which are the relative (%) p@)
increases in lengths along the two principal directibpnsnd 2 = —pz_—" + p==" (18)
to, respectively. They are given as [19, p. 219]: G pE_G
P_— (,2)v G)u
E = p= gp— 19
L= opa+ HEN 1 ®) 1 G EG 2 (19)
E IOEG (%) DE)
(.G = p2 v 20
2 = p=+ b 2; 9) ? PE EG (20)

G EG _ _ .
whereE; F; G are the coef cients of the middle surface's rst.The geometric meanings of these terms will be revealed

fundamental form de ned in (1) and; and » are the two in Section V-B after they are rewritten into parametrizatio

principal curvatures, all adj. independent forms. - . .
There is also thein-plane shear strain! . As shown Let e be the modulus O_f elasticity and the PO'SSOOS

in Fig. 1(b),t2 andtg are the unit tangents from normalizingconStant of the shelllmaterlal. We I_et= ! +. 2 Thehs.trhaln

the two partial derivatives of the displaced surfack respec- energy, after.lntegratmg over the thickness interv@l 3; 31,

tively. These vectors are viewed as the “displaced location' [35. p. 47]e' z

of the principal vectors; andt,. The angle betweetf and U = ] 24 242 1o+

1 |2
0 : — : : 2(1 '
t; is no longer =2, and! is the negative change frorms 2.

>

3 _
We have! =11+ !, where [19F,) p. 219] +2_2 24 242 1o+ 1 5 2 P EGduav: (21)
G
1 = PLG SPE:éu ; (10) The linear term irh above is due to extension and shear, while
p 5 the cubic term is due to bending and torsion.
l, = 4 Sp—_v : 11
2 PE EG (11)

. . . o B. Transformation based on Geometric Invariants
The extensional and in-plane shear straing,athich is off , )
the shell's middle surface, will also include some compdaen 1 N€ strains (8)—(13), (17)~(20), and the strain energy for-

due to the rotation of the normal. Under the assumption mulation (21) are applicable to a middle surface consisting
of principal patches only. They need to be generalized to

3The theory is distinguished from the membrane theory whiehlsiwith
elongations but ignores shearing and bending. 4py dropping all terms of ordeh 1 orh > when compared to 1.



arbitrary parametric surfaces to widen the applicationpeco The last step uses an equivalent de nition of the principal

An important step in the generalization is to rewrite thaists curvature: ; def | LNt

in terms of geometric invariants like principal curvatus@®  The st term t4[ ] in (28) represents a component of the

vectors that are independent of any speci c parametripatiogzin due to the change rate of the displacement intthe

This is presented below. _ direction. As illustrated in Fig. 3(a), we consider a point
The middle surface (u;v) of a shell remains to be a jnse toq on some surface curve passing througlat unit

prin_cipal patch. Let us start with rewriting the extensibn%peed in thet, direction. The two points are displaced 18
strain (8) as follows:

oo m L wv) ()
ul 0 u
V) + .
- I|m ( (u,V) u u) ( (u,V))
u! 0 u
= (22)
Here [ ]is de ned to be the directional derivative ofwith
respect to . By the linearity of the directional derivative
operator, we rewrite the rst term in (8):

PE" P?[ I=tf I (23)

The termt[ ] is independent of parametrization.
To examine the second summand in (8), we rst observe
that

t5) t, (u+ u;v) t2( (Uv)) 1
PEL = im p—
E ul' o u E
. t + u t 1
= im 209+ ) ta(@) 1
ut 0 u p p E tangent plane
tz q+( v= E) u E ty(q) (b)
- [al
= n p—
u E!'O u E Fig. 3. Strain along a principal directiony partly due to (a) the change
) tz(q + tq S) tz(Q) rate of displacement in that direction and (b) displacenierihe orthogonal
= li n, S principal directiont, due to its rotation along; .
S!
def
= r t1t2: (24)

andq® after the deformation. Leq9 andr ¢ be the projections
The covariant derivativer {,t, measures the rate of changef q° andr® onto t; (before the deformation). The relative
of the principal vectot; as a unit-speed surface curve passesange in length from the distance betwagris projection
through the pointy in thet; direction. Next, we make use of gnto t1 to q?r? is thenty[ ] asr approachesg) along the

the following identity: curve.
_ (p E), To understand the second term in (28), frgmto r the
(t2)u = =P G ta; (25) two principal vectors have undergone some rotations. Tis i

. o . - . ._shown in Fig. 3(b), where is now placed on the; axis
of which the proof is given in Proposition 1 in the Appendlx.Since it is very close tay. The two pointsqd and r are

Combine equpatlons (24) and (25): the projections of the displaced locatiog$andr ° onto the
E)v _ ) second principal axes &t andr, respectively. The cosine of
IF:JG ti = rutz andhence the angle overkr gk is the projection of the covariant

E)y derivativer ,t, ontot;. Letw be the projection of § onto
Spr— = It to (26) t,. The displacement alongt, also contributes a component

A second identity follows by symmetry:

P_
G

ngi()_?,u =T tgtl to: (27)

o ) . (normalized ovekr gk) to the strain ;. This component is

Substitutions of equations (23) and (26) into (8) results e second term in equation (28).

a formulation of the extensional strain independent of the
parametrization:

kw rk=kry rkcos = cos

Similarly, the third term in (28) is the part of the normal
displacement convolved onta; due to the variation of the
1 = [ J+(r 2 ta) 1 normaln alongt;.
tal J+(r ¢tz t1) +(rgn ty): (28) Similarly, parametrization independent formulations ¢en



derived for other strain components (9)—(20): In the strain energy integral (21),,the area element

EGdudv now needs to be replaced byEG F2dudv

2 = LLI*+(ret o) +(ren t); (29) " {6 be applied to a regular patch on which the two partial
o=t ] (rot t2); (30)  derivatives are not necessarily orthogonal, ife.6 0. Hence
o = tal ] (ryte ta); (31) we have 7

L=t J+(rgn to); 32 ,_.__e 2 h 2+ 242 4,4+ 12+

2=t 1+(r ,n t); (33) 21 ?)

3 -

1= taf ]+ (r e th) 2 34 M 24 242 1o+ ! 2 P EG F2dudvy(38)

2 = tof 2]+ (1 t,ta t2) 1 (35) _12 S 2

1= o] 1 (ot ta) 2 (36) with all strains given in (28)—(37).

2= tif 2] (rete t1) a (37)

C. Strain Computation on a General Parametric Shell

The term ; in (29) is interpreted similarly as; in equa- , L _ .
tion (28). Now we offer a geometric explanation!of in (30). With strains in term§ of geometrlf: mvanaryts, we can
Fig. 4 shows that every neighborhood point along the pr'micipcompute them on an arb_ltrary parametrlc _sheII using toqlmfr
surface geometry. In this section, the middle surfage; v)
t, t is not necessatrily parametrized along the lines of curvailoe
J compute the strains according to equations (28)—(37), vee ne
@/ to be able to evaluate the directional derivatives of thegipial
q t curvatures 1; 2 and the displacements ; with respect
— a —= to the principal vectors; andt,, as well as the covariant
derivativesr  tj, i;j =1;2 andi 6 j. All these derivatives
should be expressed in terms of the middle surface parasneter
u andv.
1) Differentiation of Principal Curvatures:Express the
principal curvatures in terms of the Gaussian and mean cur-
vatures (choosing; 2)

p
H+pH2 K; (39)
» = H H2 K: (40)

Fig. 4. Rotation of one principal vector toward another undeformation.

vectort; is displaced by an amount in the direction equal
to the value of the function (see (6)) at that point. After the
deformation, these neighborhood points at their new looati
project (approximately) onto a vecttd in the original tangent
plane. This new vector can be viewed as a rotatioty @furing 1
the deformation. Since these points often do not have the sam
value,t9 is unlikely orthogonal td ;. The change rate,[ ]
thus gives the rotation df, towardt, after the deformation.  To obtain the partial derivatives of; and » with respect
The second term in (30) represents the amount of rotatitmu andv from the above equations, we rst differentiate the
from t, towardt; that ought to happen due to the changtindamental form coef cient&; F; G;L;M;N de ned in (1)
in surface geometry afj and the elongation (both along and (2). The partial derivatives #f andH are then computed
t2). Thus this amount needs to be subtracted from the rsiccording to (4) and (5).
term, yielding exactly (30). Similarly, , given by (31) is the = 2) Covariant Derivatives of Principal Vectorsthe princi-
amount of rotation front; towardt,. Together] = !+ !, pal vectors are linear combinations of, and , which span
is the shearing in the tangent plane. the tangent plane a:

By the same reasoning, the negation @f given in (32), is = + ) a1
understood as the rotation from toward the normah after L Lo (41)
the deformation. Under Kirchhoff's assumption, no shegrin t2 = 20t 2 v (42)
happens in the normé&l -n plane. Therefore, the rotation fromHere( 1; 1)7 and( 2; )7 are the eigenvectors 6, 'F,

n towardt; must be ; to ensure that the two .vectors remaincs (3)) corresponding to; and », respectively [39, p. 133].
orthogonal to each other after the deformation. In the sam@. four coef cients i+ i are derived in the Appendix.
way, 2 represents the rotation of towardt,. Using (41)-(42), all the derivatives with respect to the

The geometric meanings of, 2, 1, and 2 in (34)~(37) pincipal vectorsts:t, in equations (28)—(37), repetitive or
can also be explained, though in a more complicated Way,: can be obtained. For instance

Recall from surface geometry that the derivative of a rotati

of the normaln about some tangent vector is the normal ti[ ] (1 u* 1]

curvature in the orthogonal tangent direction. The teing », = 1 J[1+ 1 [

respectively), referred to ashange in curvatureaccounts for - + by (22}
the change rate of the angle ( », resp.) along the principal tu L

directiont; (t,, resp.), plus the effect of the angle ( 1, We also have, fof;j =1;2,

resp.) due to the change tf (t1, resp.) along; (t, resp.).
Together, ; and , measure the bending of the surfaces. The

sum = 1+ », referred to axhange in torsionmeasures = 0r A or

the twisting of the surface due to the deformation. = qr (G out o (ot v)i(43)

rtit]': r



The rst summand in (43) is computed as follows: at g which, before the deformation, were parallel to the two
principal directiong; andt,, respectively:

" — 1 2 2 2y.
= i u[j] ut jr o, ot u[j] vt ogr o, v) 1 - 1+§(1+!1+ 1 (46)
@; @; . 1
= i @Ju ut j ow t _@]u vt jow 2 = o+ é( %+ !§+ g), 47

The rst step above uses a fact about covariant derivatives’ well as the shear in the tangent plane spanned Bpdto:

ra(fb) = aff] b+ f r yb. The second step uses (22); "= i+ lo+ qlo+ ol + 4 o (48)

namely, the directional derivatives of a scalar alongand , . . ) .

respectively, are just its partial derivatives with respteai and " (46)-(48),"i, 1i, i,1=1;2 are given in (28)-(33). Note

v. The same rule applies to the covariant derivatives of aovecf® @Ppearance of nonlinear terms in equations (46)—(48. T
with respect to , and . Similarly, we express the secondSt@ins”i, i;j = 1;2,3, symmetric in the indices, together
summand in equation (43) in terms of partial derivativeshwitConStitute the Green-Lagrange strain tensor of a shell [40,

respect tou andv. Merge the resulting terms from the twoPP- 201-202]. ) i i
The rate of displacement in (7) along the normaat q is

summands: .
determined as follows:
@; @; @; @;
rtitj = i@]u'F i@lv ut i@lu'F i@JV \Y # = 1(1+ 2) 2! 1, (49)
Fagw Gt ) wt g owi (44) S )l (50)
= 1+ 2+ 12 gl (51)
VI. LARGE DEFORMATION OF ASHELL The relative elongations and shear @t(off the middle

. . surface) are affected by the second order changes in gepmetr
When a shell undergoes a large deformation, the linegfii projectiory in the middle surface. They are characterized

elasticity theory as presented in Section IV is no longey, gy “cyrvature” terms which are rewritten in termstaf t,
adequate. This is illustrated below using the example of &4 in the same way as in Section V-B:

rotation about thez-axis through an angle:

0o ,1 0 ogl0 10 1 n = U+ (rute )" +(ren th);
X cos sin X X : _
@yA=@sin cos 0A@yA @yA: 2 = [+l R#FH(1 e t2);
20 0 0 1 z z 12 = U] (rute t)#
= tof# rety ta);
No deformation happens, hence no strain alongxtfaxis, as 2 _ t2{ } Ef tznl tz))#.
con rmed by the nonlinear theory [34, p. 13]: o= " ER
" , , # 23 = t[ ] (re,n t)"
« = QRJ, } @ + @ + Qg =0: Among them, 313 and ,, describe the changes in curvature
@x 2 @x @x @x alongty andt,, respectively; 1» and 1 together describe

the twist of the middle surface in the tangent plane; angl
and ,3 describe the twists out of the tangent plane.

@R The six terms jj form the following three parameters that
= ax cos L together characterize the variations of the curvatureshef t
middle surface along the principal directions:

However, the linear elasticity theory yields a strain

which is negligible only when the rotation angleis small.
As before, (u;v) is the middle surface of a thin shell, in a u = I+ ) n+tlie 13 (52)
regular parametrization. We look at a pomt  (u; V) in the 22 A+ 2) 2+!2 2 2 23] (53)
middle surface with the displacement eld (6) in the Darboux L+ 1) a1+(1+ 2)
. . 1) 21 2) 12
frame de ned by the two principal vectots andt,, and the " . . (54
normaln at the point. A poinp = g+ zn in the shell, which t2utliz 213 123 (54)
projects toq, has the displacement given as (7). Finally, we have the relative tangential elongations arehsh
Under Kirchhoff's assumption, & the relative elongation at p in terms of those aj in the middle surface:
"33 of a ber along the normah, and shear$ 3 and "3,

12

respectively, in theé;-n andt,-n planes, are zero; namely, fnoF ntZag (55)
M2 = "2+ Z 22, (56)
"33 = "13= "23=0: (45) No = "1+ Z 1o (57)

In the rest of section, we present the nonlinear shélheir derivation neglects terms ?, as well as products of
theory [34, pp. 186-193], transforming related terms intp with the principal curvatures ,n tyandr ,n to.
expressions in terms of geometric invariants. First, weehav In the case of a small deformation, we neglect elongations
the relative elongations of in nitesimal line elementsritay and shears compared to unity, for instante,”"; 1in (52),



as well as their products (also separately with curvaturadg are barycentric coordinates ranging over a unit triangée (s
such as 1! , in (48). Equations (55)—(57) then reduce to  Fig. 5(b)): f(s;t)js2 [0;1];t 2 [0;1 s]g, and b(s;t) are
quartic polynomials called thbox spline basis function9].

T 1tz The advantage of a subdivision surface is that it can easily
M2 = 2t Z 22 represent an object of arbitrary topology. The shape of a
Mo o= L+ z( 1+ 21); shell after a deformation usually bears topological sirntya
) _ to its shape before the deformation. This suggests us to
where! =1+ 1. These equations are essentially the same,, o imate the deformed middle surface as a subdivision

as (14)—(16) in the linear elasticity theory of shells, with
corresponding toj, 12 to 3, and ,; to ».

The strain energy of the shell has a similar form as (38)
the linear case:z

e
Vi oy " Tmrtmr2iutar

surface Yu;v) over a triangular mesh that discretizes the
original surface (u;v).® The nodex; of Yu;v) are at the
wositionsxi(o) =  (uj;Vv;) before the deformation; they are
1 "2 later displaced by = X; xi(o), respectively.
2 12 Every surface elememrtof Cis parametrized with barycen-
he ) tric coordinatess andt. To compute the strain energy
+ o U + H+2 12t in (38) or (58), we need to set up the correspondence between
- (s;t) and the original parameterfu;v). The subdivision
EG F2dudv: (58) surface °induces a subgivision of the domain of the original
surface so that(u;v) = ,1:21 b (s;t)(ui;Vvi). Then the cor-
VII. ENERGY MINIMIZATION WITH A respondence betweemand a region on the original surface
SUBDIVISION-BASED DISPLACEMENT FIELD can be derived as follows:

The displacement eld (u;v) = ( ; ; )T of the middle W2
surface of a shell describes its deformation completely. At (u;v) = b (s;t)(ui;vp)
the equilibrium state, the shell has minimum total poténtia i=1
energy [15, p. 260], which equals its strain energy (38) R2 A2
or (58) minus the work of applied loads. Applying calculus bB(s;t) (uisvi)= bi(s;it)xi: (59)
of variations, (u;v) must satisfy Euler's (differential) equa- i=1 i=1
tions to minimize the shell's potential energy. A varia@n |, the second step above, the functiofu: v) is approximated

method [55] usually approximategu;v) as a linear combi- aq jinearly over the small domain region corresponding.to
nation of some basis functions with the coef cients deteraa The displacement of a point on the middle surface in its

via the potential energy minimization. Darboux frame is, from (6)
Since the curvature terms, 2, and contain second order ' '
derivatives of the displacement, to ensure nite bending en Gi: )= quv) (V) (tiitin):  (60)

ergy, the basis functions interpolatinu; v) have to be square

integrable. Loop’s subdivision scheme meets such req@rtmusing the Jacobian for the coordinate transformation (59),
[27]. Recently, shape functions of subdivision surfacegehathe strain energy of the shell can be integrated over each
been used as nite element basis functions in simulation gfibdivision element of °. For accuracy, all needed geomet-

thin shell deformations [9]. ric invariants are nonetheless computed using the original
A subdivision surface, piecewise polynomial, is contrdlleparametrization .
by a triangular mesh witim nodes positioned at1;:::;Xm The middle surfaces of many shells are not parametric, but

in the 3-D space. Every surface element corresponds tog@ either free-form or described by implicit equations. To
handle such a shell, the subdivision surfac¥u;v) for the
deformed shape is subtended by a triangular mesh over the
shell's 3-D range data before the deformation. Essentitily
original middle surface is approximated by with the nodes

at their pre-deformation positions.

In either case, assume the subdivision surfaehasm
nodes. The deformed shape is characterized by the column
vector =( 1;:::; +)T, which consists oBm coordinate
(@) (b) variables. We rewrite the strain energy in (38) or (58) into

) ) ) ) a matrix form:
Fig. 5. (a) A regular patch with 12 control points de ning aface element

which is described in (b) barycentric coordinagsindt. U = "Ksg ; (61)

triangle (shown shaded in Fig. 5(a)) on the mesh but deper¥dereKs is the (symmetric) stiffness matrix.
on the locations of its three vertices as well as the nine

vertices in the immediate neighborhoo (a" numbered in5Subdividing the surface domain to approximate the disphese eld
directly does not generate a good result, as we have foundi@simulation

. L 12 .
the gure). The equat'or? of the element '?i:l h(s’t)xi* with several surfaces, because the topology of the displane eld is
where x;s are the locations of these vertices, am@ndt unknown beforehand.



Denote byq(u;v) the load eld. The work done by all A. Square Plate

applied loads is , The rst problem involves a square plate under uniform
_ . . . TA. load of gravity. In this case, bending dominates elongadiah
Ya= auv)  (uvdA= "Q (62) shearing. As shown in Fig. 7, the shell is simply supported
whereQ is the vector of all nodal forces. The total potentiaht its boundary which is xed during the deformation. The
energy of a shell is

U=U Ug= "Ks Q: (63) L =100:0
To minimizeU, a system of equations in can be derived h=1:0 .
by differentiating (63) with respect to the vector and sefti E=1:0 10
all partial derivatives to zero. Boundary conditions arediad f fg’

in the same way as described in [9] — the boundary displace- f——— p
ments are determined only by vertices at most one edge away
(including added arti cial vertices just outside the domhai Fig. 7. Plate under gravitational load and supported at thenbiary.

In the case of a small deformation, the system is linear
following the linear elasticity theory and can be easilyved.  4yre also lists on the right the values of the plate's length

A large deformation is governed by a system of no”“”e%icknessh, Young's modulusE , and Poisson's ratio .
equations, which can only be solved iteratively. Consitt®ri  The maximum displacement at the center of the plate
point contacts, a conical initial displacement eld is pac g U 0:443 according to the analytical solution [49,
around each contact point. Minimization over the radius (H 120], which is in the form of a trigonometric series. Fig. 8
the deformed region sets the initial value of The conjugate o5 the computed maximum displacements, using different
gradient method is employed to improve on Interpolation nympers of control points, as a curve. It converges to a value
in the local neighborhood improves the computational ef 355 roximately 109% less than the analytical value. The measo
ciency. It usually takes several minutes to obtain the &mut j ha¢ the analytical solution considers bending only, rehe
compared with several seconds in the linear case. our formulation also incorporates in-plane extension asing

VIIl. SIMULATION and torsion.

The metric system is used in our simulation and experiment. 11

For instance, the unit of Young's modulus is Pa while the unit
of length is meter. Simulation tests under linear elastieite i i
conducted on two simply supported shells: a half ellipsoid ol |
and a monkey saddle. Neither has a known parametrizatior '
along the lines of curvature. The boundary condition forreac oglk \ |
shell requires that its edge does not change position dtinag \
deformation. The results are shown in Fig. 6. 07p \ 1
06} \\ E
\'\
osf e \
04 L . - ! . e

Fig. 8. Convergence of the maximum displacement for the lsirsypported

plate in Fig. 7.
ellipsoid | monkey saddle The geometry, load, and boundary condition of the model
1000 100 are all symmetric in the example. The total potential energy
0:3 0 has a linear relationship with the Young's modulus and the
thickness (m) 1.0 1.0 load. Therefore, these two terms represent only a scalictgrfa
max disp: (m) 34:3 286 and do not affect the overall deformed shape. In Fig. 9, the
point load (N) 20.0 5.0 load p is scaled 100 times in order to illustrate the global
2 2 deformed shape.

Fig. 6. Deformations of a half ellipsoi(%z,Z + i'? + 5z =1 anda

monkey saddlex® 3xy?2 =5000z, (x;y) 2 [ 50;50] [ 50;50]. Their ) )
mechanical properties and maximum displacements arel list¢éhe table. B. Pinched Cylinder

This is another well-known benchmark problem: a cylinder
Next, we solve two bench mark problems and compare the : . : :
. . . . with free ends is subjected to opposing normal point loads
results with their analytical solutiorfs.

through its center (see Fig. 10). The radius of the cylinder
6Closed-form solutions rarely exist for general thin shetgems. is R = 300:0. This problem tests the ability to model



Fig. 9. Calculated deformed shape for the simply supportatt gde ection
scaled) in Fig. 7.

deformation caused by bending and membrane stresses.
analytical solution yields a displacement$20 10 “ under
the load ofF =1 [37, p. 180].

Fig. 10. Pinched cylinder.

Adept Robot Open End
/

BarrettHand Fingertip

Tennis Ball

/ Scanner
Pin
The Soda Can Setup

Fig. 12. Experimental setup with a tennis ball.

and a NextEngine's desktop 3-D scanner (with an accuracy of
0.127mm). Every nger of the BarrettHand has a strain gauge
sensor that measures contact force. To model point cdntact
a pin is mounted on each of the two grasping ngers. A
triangular mesh model of a deformed surface due to nger
contact is generated by the scanner. In our experiment, we
measure the modeling accuracy by matching the deformed
surface from computation against the corresponding mesh
model and averaging the distances from the mesh vertices to
the deformed surfack.

A. Tennis ball

Due to symmetry, only half of the cylinder needs to be g4 comparison, we have conducted an experiment on a

discretized into subdivision-based nite elements. Theves-

tennis ball grasped at antipodal positions by the BarrettHa

gence of our simulation is shown in Fig. 11, where the vektic?See Fig. 12). The rubber ball has an outer diamet&5dimm

Normalized max displacement

0 500 1000 1500 2000 2500
Number of control points

Fig. 11. Convergence of the displacement under load foritihehpd cylinder
in Fig. 10. Our linear equation solver stops2&00 control points.

and thickness a2:5mm. The Young's modulus of the rubber is
approximated adMPa, and its Poisson's ratio approximated
as 0:5. Two subdivision-based displacement elds, one for
each nger contact, are used. Each eld is de ned over a
45mm  45mm patch, which is large enough to describe the
deformed area based on our observation.

The results are described in the rst four rows of Table |I.
The rst column in the table lists the force exerted by each
nger. The second column (consisting of two subcolumns)
lists the deformed shapes produced by the scanner. The third
and fourth columns present the corresponding deformations
computed according to the nonlinear and linear elasticity
theories, respectively. In the table, each row correspdads
one instance of deformation.

From the table, the nonlinear modeling results have smaller
errors than the linear modeling results in three out of four

axis represents the de ection at the point of contact normdPws, all corresponding to large deformations. In the rst
ized over the analytical displacement value. The normdlizéow, the two simulation results have comparable errorsctvhi
maximum disp|acement approacheas the number of control suggests that the deformation is within the range of linear
points increases, which means that our solution approabieselasticity. Starting from the second row, the two methods

analytical valu€'.

IX. EXPERIMENT

generate shapes that are visibly different from each other.
In the second instance, the shape generated by the nonlinear

8is assumed between an object and a BarrettHand nger in thigp

The experimental setup, as shown in Fig. 12, includes angTo align these two surfaces, we select a small underformeal faom the

Adept Cobra 600 manipulator, a three- ngered BarrettHan

“Due to inability to use more control points, we cannot dertrams exact
convergence.

omputed one by observation. Pick a vertex from the area, pece it at a

'ertex on the scanned mesh model. Align their normals, atatedhe small
area to nd the best match. Iterating over all vertices of fmanned mesh
model will register the computed shape after deformatioto dhe scanned
shape.



scanned deformation nonlinear deformation linear deformation
force measured average average

shape max disp. shape error shape error
(N) (mm) (mm) (mm)
10.63 2.56 0.31 0.30
16.50 6.05 0.62 0.85
20.37 9.12 0.81 2.0
21.48 10.27 0.65 2.37
0.76 1.42 0.21 0.36

TABLE |

COMPARISONS BETWEEN LINEAR AND NONLINEAR DEFORMATIONS ON A ENNIS BALL (FIRST TO FOURTH ROV AND A SODA CAN (LAST ROW).

method has an obvious dent comparable to the one on the
real shape shown to the left, whereas the shape by the linear
method to the right hardly shows any dent. We see that the
larger the force, the bigger the error of linear deformation
The error of nonlinear deformation does not increase with th
force.
Grasping causes deformations in the regions around the
contact while the rest of the surface hardly deforms. Fig. 13
shows the deformed regions, under the nger forc 8N,
superposed onto the scanned undeformed model of the tennis
ball. The gure corresponds to the fourth instance in Table |
The red curves, one at the top and the other at the bottom, mark
the borders of these deformed regions. The measured mag- 13. Deformed tennis ball under grasping. The pointsdntact with
mum displacement ol0:27mm is achieved at two markedte ngers have maximum displacements 1df.27mm.
points. Due to symmetry, we only display the top deformed
area. We see that the two antipodal contact points MO¥g.sircted using the nonlinear and linear methods.
closer under the force exerted by the two ngers. The scanned
deformations on the tennis ball and the nonlinear resubs g .. tom object
within 7% of each other from the fourth instance in Table I.”" ] ] ]
We also use both linear and nonlinear elasticity theories '€ surface of a real object usually has two varying prin-
to model the deformation of half of a soda can. The averaéb?al curvatures. To demonstrate the ability to model free-
modeling error has decreased fr@36mm of the linear result 0" objects, we CO“‘_’UCt an experiment on a rubber _dUCK
to 0:21mm of the nonlinear result. The last row in Table fOY- The rubber has thicknegsOmm, its Young's modulus is

displays the scanned imadeof the deformed can and those?PProximated adMPa, and Poisson's ratio a&5.
Fig. 14 displays the back and the front of the deformed

105ince the deformed area is small, our scanned image is jiget &nough rubber duck under an antipodal grasp by the BarrettHand. The
to show it. average modeling error i8:58mm, which is within 7.4% of



under applied loads through minimizing the total potential
energy. Simulation results are shown on various algebraic
surfaces. A comparison between nonlinear and linear eiysti
theories is conducted via a validation experiment over derp
shapes.
The linear modeling is computationally very fast. In con-
trast, optimization in nonlinear modeling is time consugin
An evolutionary algorithm rarely works due to its high dimen
Fig. 14. Deformed rubber duck under an antipodal grasp wdtivef of sional Sear(,:h space. T_he CompUtation,al ef Ciency,is_ ?mpnbv
19:22N exerted by each nger. Two images show deformations fronear r DY the conjugate gradient method, with a good initial guess
view (left) and a front view (right) with maximum displaceme(marked by gbtained by interpolation over the local neighborhood.
dark points) of8:56mm and6:73mm, respectively. There are two sources of errors in the simulation. The rst
one is the difference between the original surfade; v) and
its “deformed” shape Yu;v) as a subdivision surface, even

the scanned maximum displacemeramm. under no deformation. This is because subdivision surfaces
Next, the duck head's is constrained and poked by a nge :

[
of the hand with forcel833N. Fig. 15 shows the deformedCannOt represent some curved shapes exactly. The second

regions superposed onto the scanned undeformed model ofSpUrce occurs in modeling the deformation of the subdinisio

duck. The point in contact with the nger has maximum dis§U%ace’ a process that simpli es a variational problemighh

placement o7:52mm. The average modeling errord63mm. nds a _shape funchon satisfying Euler's equation) to_that 0
determining a nite number of degrees of freedom, i.e., the

positions of the control points of (u; V).

Several factors have affected the modeling accuracy in our
experiment; occlusion to the scanner, accuracy of the sgann
and errors in the force readings. Because the scanner is much
larger than the tennis ball and the BarrettHand, images twave
be obtained at different orientations before they are corhi
This process introduces errors. During the experimenizéne
points of the BarrettHand's strain gauge sensors tend foari
little bit, leading to errors in their force readings. Lattte air
inside the tennis ball, a factor not modeled in the experimen
also affects the deformation.

In a real situation, as the object deforms, the surface regio
in contact with the a robot nger usually grows larger and
the load distribution changes. In such a situation, modelin
can be improved by considering area contacts and distdbute
loads. We are planning to install tactile array sensors @n th

This paper investigates deformable modeling of genefdhrrettHand for dynamic detection of contact regions on the
shell-like objects. One objective of our work is to makengertips.
linear and nonlinear shell theories independent of a shell' We would also like to consider solid objects which are more
middle surface parametrization so as to generalize themaoemmon in a robot task than shell-like objects. One plan is
arbitrary parametric shells. Another objective is to comgpato develop an interactive environment that can model defor-
applications of the two theories in the context of deforreabmations of shell-like and solid objects as the shape changes
objects interacting with a robot hand. Potential applmati Such an interface will facilitate the analysis or synthesiis
are tasks from grasping and dexterous manipulation of sgitasp strategies for these types of objects.
objects to robot-assisted surgery. For grasp analysis and synthesis, in the near future we

We transform the classical formulations of shell deformawill begin from two- ngered squeeze grasps. We plan to
tions and strain energy so that they depend only on geome#ftaracterize the evolution of friction cones, design graap-
invariants including principal curvatures and directiomg on thesis algorithms under the minimum strain energy critgrio
a speci ¢ parametrization. We then describe a procedure tiend examine the roles of elasticity constants. It would be
computes the strain energy of a shell whose middle surfaitéeresting to examine the relationship between an olsject'
is arbitrarily parametrized. It is worth mentioning thatrouenergy and its equilibrium grasp (such as where to put the
invariant-based formulation is mathematically equivalem two ngers so that the strain energy is minimum). After that,
the tensor-based one in [22]. However, ours provides muggsistance of a grasp to an external force will be investigat
more clear geometric meanings to the strains in a shell whias well as grasp stability characterization.
are buried in the latter formulation due to its complicated
symbolism of tensor calculus. XIl. ACKNOWLEDGMENT

The subdivision surface representation of the displacémenSupport for this research has been provided in part by
eld allows us to compute deformation of a parametric suefadowa State University, and in part by the National Science
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wherel, is the2 2 identity matrix. The two eigenvalues

APPENDIX of F F;, namely, ; and 5, must be equal. Any tangent
Proposition 1: The following equations hold for partial Vector is a principal vector. We let
derivatives of the principal vectortsg andt, on a principal _ pL
patch (u;v): tl = pi_' with ! = E by (41)
p_ E 1 0
_ (.G, . The other principal vector, = , ,+ »  is orthogonal to
Gy = Pt 64) "o
(tr)y = (_pgtl; (65) (2 ut 2v) u=0; ie, 2E+ F=0: (68)
G

To determine , and ,, we need to use one more constraint:

Proof: Due to symmetry we need only prove one equd2 t2 =1, which is rewritten as follows,

tion, say, (65). Let us express the derivatifte), in the E §+2F 20+ G 5: 1: (69)
Darboux frame de ned byt,, t,, andn. Differentiating the

equationt, t, = 1 with respect tou immediately yields Substituting (68) into (69)Syields

(t2)u t2 =0. Next, we differentiatd, n =0 with respect F2
to u: 2 = v
E(EG F2?
(t2)u n+ty, ny=0: r (E— )
Heren, is the derivative ofn along the principal direction 2 = ﬁi
t; = =k yk, and hence must be a multiple of.'*

In case (b)L iE 60 orN iG 60 for bothi =1;2.

Therefore, the above equation impli n=0.
d Pligt3). Fori =1;2, we know that

Thus,(t2)y has no component alorig or n. We need only
determine its projection ontq . First, differentiate , =0 ‘ P
with respect tou, obtaining (Fu iFi) _ 0: (70)

= : (66) Equation (70) expands into four scalar equations according

uu v = u uv - t (3)
o (3):
Next, we differentiateé, t; = 0 with respect tou:
) t, =t (t) (L E)i+(M iF)i = 0; (71)
2 2w M iF)i+(N  G); = 0; (72)
_ u
- t2 pf u Three subcases arise for edchalue.
uw (b1) L iE =0 butN iG 6 0. It follows from
= t2 19? + p= LU equation (67) tham  ;F =0. Thus equation (72)
w gives us ; = 0. Sincet; tj = E ; =1, we obtain
= b P? i = Pl?
_ wu (b2) L E60butN ;G = 0. This is the symmetric
- _é—EG case of (b1). The coef cients are
1 u uv i 0
= — — by (66 =
ppE P y (66) i oL
= GENV. GreeE= L, L (b3) L E60andN G 60.From equation (71)
G we have M F
[ | i = —_— i (73)
Next, we derive the four coef cients;, 1, 2, 2 in (41) o L _ iE _ _
and (42) as well as their partial derivatives with respect to Substitution of the above into (69) yields a quadratic
u and v. Since the principal curvatures;, i = 1;2, are equation with the solution
eigenvalues of the matrik, F, , we have L E
= D (74)
0 = deFu  F) " EN FMIG 2,(EG FY)
= (L iE) (N iG) (M iF)2: (67) In all expressions of; and ;, the signs are chosen such

. thattl to = n.
There are two cases: (&) {E =N iG=0fori=1 ; _(@.@i _(@i.@iy i —

\ ' ' The gradients i = (g gy) andr i = (G gv) i =
.Or_zl’ ang_(t_))zenheL /E 60 orN /G 80 for both 1;2, are obtained by diff;ren\{iating approprialtje f(;/rms of
I =1andi=z. and ; that hold for all points in some neighborhood (not

110ne can show that, = E 1t though the details are omitted. necessarily the ones at the point).
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