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Abstract

This paper extends the multicriteria decision paradigm to the heuristic search domain in a systematic way. A useful
formal definition of multicriteria heuristic graph search problems is provided. Then the fundamental issues in multi-
criteria search are described in detail and a general framework is developed. Several new procedures are presented and
analyzed for the usual multicriteria decision rules: multiobjective, multiattribute, goal satisfaction, and lexicographic

search.
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1. Introduction

Best-first search algorithms are a class of opti-
mization algorithms for graph search problems.
The uninformed case of best-first search was in-
troduced by Dijkstra (1959) for problems with
scalar additive cost measures. The informed or
heuristic version is the celebrated A* algorithm,
developed by Hart et al. (1968, 1972). An impor-
tant analysis of scalar best-first search algorithms
was carried out by Pearl (1984). This excellent
work included the development of several gene-
ralized best-first procedures, including BF* for
problems with general heuristic evaluation func-
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tions, and Z* for the particular class of problems
with recursive heuristic cost measures. The A" al-
gorithm is, in fact, a particular case of Z*. Pearl’s
work also includes detailed formal and empirical
analysis of behavior for A* under different as-
sumptions, as well as a discussion on how heuristic
information can be obtained.

In recent decades, the classical decision-making
paradigm based on scalar optimization has been
replaced in many settings by the more general and
powerful paradigm of multiple-criteria decision
making (Yu, 1985; Chankong and Haimes, 1983).
Some important decision rules have caught the
attention of researchers in this area. These are
the multiobjective, multiattribute and goal-based
decision-making frameworks. The lexicographic
multiobjective framework, although less frequently
used, will also be considered in this paper.

Although several researchers have felt the need
to develop multicriteria best-first search algorithms,
no systematic studies on general multicriteria
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search have been carried out yet. Some funda-
mentals of this task were established by Loui
(1983). His work addressed the development of an
uninformed multiattribute search algorithm. Mul-
tiobjective versions of A" have been also developed
for the restricted case of trees (Navinchandra,
1991), and for the general case of graphs (Stewart
and White, 1991). Applications of these algorithms
are described in (Navinchandra, 1991; Sykes and
White, 1991). The interesting work on generalized
dynamic programming (GDP) by Carraway et al.
(1990) has thus far resulted only in the highly
limited U* multiattribute search algorithm (White
et al., 1992). However, the ideas behind GDP are
also potentially relevant for general multicriteria
heuristic search (MHS).

This paper addresses the task of developing a
general framework for MHS algorithms. The first
step is the formalization of the class of MHS
problems. Then, the fundamental components for
a general MHS procedure are presented in detail.
An important contribution in this sense is POP*, a
general multicriteria search procedure that can be
suitably instantiated for several particular classes
of search problems. Another important contribu-
tion of this paper is the development of POP-Z",
the multicriteria counterpart of the scalar Z* al-
gorithm. Different algorithms are obtained from
POP-Z* for the different classes of multicriteria
decision rules (multiobjective, multiattribute, goal-
based, and lexicographic multiobjective). An im-
portant result of this work is that the particular
contributions of previous research efforts in this
field can be easily identified as particular cases of
the proposed procedures. Furthermore, new multi-
criteria counterparts of A* have also been easily
developed for the first time for goal-based and
lexicographic multiobjective problems. These are
described elsewhere with applications (Fernandez
et al.,, 1999; Mandow et al., 1998). The multi-
objective counterpart of A" resulting from the
work described in this paper also represents an
interesting improvement over the MOA™ algo-
rithm described in (Stewart and White, 1991).

Although the new algorithms proposed in this
paper are certainly applicable to many domains,
the authors’ motivation for this research is the
need to introduce multicriteria decision aid tools in

the domain of design problem solving. A descrip-
tion of the opportunities offered by different clas-
ses of MHS algorithms in design is presented in
(Mandow, 1999; Mandow and Pérez de la Cruz,
2000).

The paper is organized as follows. Section 2
defines MHS problems. Section 3 presents POP”,
a new procedure for general preference-based
search. The workings of this procedure are illus-
trated with an example and some interesting
properties are proved in Section 4. Then, reason-
able conditions for pruning are analyzed, and a
useful kind of heuristic evaluation functions is
presented. A family of multicriteria search proce-
dures is described, and formal properties for some
of these are presented in Section 7. The results
obtained for POP" are generalized in Section 8,
where the search for all solutions to a problem is
considered. Section 9 is devoted to practical issues
in the selection and use of the proposed search
algorithms. Finally, Sections 10 and 11 describe
how previous works relate to the results presented
in this paper, and some conclusions and future
works are outlined.

2. Multicriteria heuristic search problems

Many important decision problems can be
adequately modeled using a graph or network
representation. For example, the state space rep-
resentation conceptualizes problems by means of a
discrete space of states linked by transitions that
can be easily assimilated to a graph. Typical ex-
amples cover a wide range of applications, from
pattern recognition to path planning or resource
allocation. The use of graph search methods is
ubiquitous nowadays in the solution of these kinds
of problems. Some of these methods simply search
for a feasible solution, while others are able to rank
feasible solutions according to some preference
and provide an optimal solution. Search techniques
usually involve a heavy computational burden.
However, heuristic search strategies that use some
kind of additional (heuristic) information can re-
duce these computational costs for many problem
instances. This section provides a formal definition
for graph search problems that use multicriteria
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preferences assuming that some heuristic infor-
mation may be available. The following sections
will be devoted to introducing a class of graph
search procedures suitable for solving these prob-
lems.

A MHS problem consists in finding a path in a
graph that is optimal according to a given set of
criteria. The definition of a MHS problem pre-
sented here is an elaboration of the usual formal
definition of graph search problems. A graph
search problem is defined by a tuple (G,s,I'). G is
a locally finite graph (i.e., only a finite number of
arcs emanates from each node). Let NODES(G)
be the set of nodes in G. Then, s € NODES(G) is a
start node, and I' C NODES(G) is a set of goal or
destination nodes. A path P in G is a sequence of
nodes (n,ny,...,n;) such that for every pair of
consecutive nodes n;, n;,1, there is an arc in G from
n; to n;. A solution to a search problem (G, s, I'),
or feasible solution, is any acyclic path in G from
node s to any node y € I'. The set of feasible so-
lutions to a problem will be denoted P-SET(s, I').
A partial solution path is any acyclic path in G
starting from node s.

Frequently, graph search problems are not ex-
plicitly provided as a tuple (G,s,I"). A successor
function SCS: NODES(G) — 2NOPES(O) | that re-
turns the set of nodes reached by arcs emanating
from node n, may be provided instead of G. A pred-
icate function destination-node : NODES(G) —
{TRUE, FALSE}, that is true only for destination
nodes, may be provided instead of I'. However, the
notation (G,s,I') will be used regardless of the
explicit or implicit nature of the problem.

A more general class of problems considers
preferences over the set of feasible solutions.
Preferences are statements concerning pairs of
solutions that establish whether these are equally
good for the decision maker (DM), or one is better
than the other. In multicriteria decision theory,
preferences are frequently established in the fol-
lowing way:

(a) Let X be the set of feasible solutions to a prob-
lem.

(b) A set of real attribute functions over solutions
is selected: y1(x),1n(x),...,y(x), where Vi,
y,: X - R. An attribute vector y(x)=

(1 (x),22(x),...,y,(x)) can be calculated then
for each alternative, y : X — RY.

(c) A binary relation “is better than” (denoted by
<) is established over attribute vectors, so that
if y(x1) < y(x2), then alternative x; is preferable
to alternative x, for the DM.

The solutions to a problem with preferences, or
minimal solutions, are all feasible solutions with
minimal attribute vectors. Given a set of vectors,
Y C R?, and a binary relation, <, the set of opti-
mal or minimal vectors in ¥, MINIMAL(Y, <), is
defined as,

MINIMAL(Y,<) ={yeY/3y €Y, y <y}

Different kinds of preference relations can be
obtained from the relation, <:

e —: “Is worse than”, the antagonistic of “is
better than™, y, =y, <=y, < ¥,.

e ~: “Is as good as”, y, ~ y, iff none of the rela-
tions y; <y, ory, >y, holds.

e =:“Is as good or better than”, y, 3y, <y, <
Y2V ¥~ Y.

e ~: “Is as good or worse than”, y, =y, <=y, >
Y2V¥1~ Yo

To be consistent with the notion of preference,
both < and > need to be irreflexive and asym-
metric, and ~ needs to be reflexive and symmetric.
According to Yu (1985), neither of < or > need to
be transitive to induce a preference. However,
all usual multicriteria preferences do define at
least a partial order relation, i.e., < and > are
transitive.

The set of all preference statements defined by
the previous relations over a set of alternatives is
called a preference structure. The notation (f, <) or
(F, =) will be used to denote a preference structure
induced by the relation < over the set of vectors
calculated for each alternative using function f or
F.

A MHS problem is defined by a tuple
(G,s,T,8,=,,F,<s,E, <.), where (G, s, I') denotes
a graph search problem, and,

e (g, <,) induces a preference structure over
feasible solution paths, where g is an attribute
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function g: P-SET(s,I') — R? that associates
an attribute vector to each feasible solution,
and <, is a binary relation that establishes pref-
erences over these vectors.

e (F,=</) induces a heuristic preference structure
over partial solution paths, where F is a heuris-
tic evaluation function F :P-SET(s, NODES
(G)) — 2% that associates a finite set of heuris-
tic vectors to each partial solution path, and <,
is a binary relation that establishes preferences
over these vectors. The relation <, will be read
“is heuristically preferable to”.

e (E,<,) induces a pruning preference structure
over partial solution paths, where E is a heuristic
function E : P-SET(s, NODES(G)) — 2% that
associates a finite set of pruning vectors to each
partial solution path, and <, is a binary relation
that establishes preferences over these vectors.
The relation <, will be read “allows eliminating
(discarding or pruning)’’. Frequently, the heuris-
tic function E provides only a single pruning vec-
tor for each path. In such cases, the preference
structure will be denoted by (e,<.), where
e: P-SET(s, NODES(G)) — R".

The set of solutions to a problem (G,s,I,
g, <¢, F, <, E,<.), or minimal solutions, are all
feasible solution paths with minimal attribute
vectors according to (g, <,). This set will be de-
noted P-SET"(s, I', g, <,). The set of the associated
minimal attribute vectors will be denoted
G-SET"(s, I, 8, <g).

2.1. Example

Let’s consider the following example: a DM
would like to plan a hike to a camping site in a
nature reserve. Let the graph in Fig. 1 denote the
forest trails in the reserve. The trip starts from
node n; and finishes at the camping site located at
node ns. The DM wishes to minimize the walking
distance and the chances of coming upon a hungry
bear on his way. Specifically, the DM would be
willing to walk further to avoid entering zones
populated with hungry bears according to some
subjective multiattribute preference. The DM has
a map of the reserve that indicates walking dis-
tances and the rate at which hikers have recently

Fig. 1. A sample graph. Arcs are labeled with two values: (1)
length (in kilometers); (2) probability that hungry bears will not
be found.

met bears for each trail. However, this map pro-
vides the DM with some additional useful infor-
mation: the straight-line distance from any point n
to the destination ns can be easily estimated. This
problem can be formally defined as follows:

e G is the graph in Fig. 1, all arcs are bi-direc-
tional, s = n; and I' = {ns}.

o Preference: Two attributes will be considered:
g1(P) =“length of path P (in kilometers)” and
g2(P) =“‘probability that hungry bears will not
be met in path P”’. Each arc in the graph is la-
beled with its length (in kilometers) and the as-
sociated probability. Attribute vectors for each
path can be calculated as follows:

g(P) = g(s,m) og(m,n)o---ogm 1,m)

where g(n;,n;) is the attribute vector with the
values of g, and g, associated with arc (n;,n;),
and o = (4, x) is the accumulative vector ope-
rator. It is assumed here that the probabilities
associated with avoiding bears in each arc are
independent, and therefore can be calculated
multiplicatively for each path. A multiattribute
preference over attribute vectors will be defined
as follows:

minimize k(g) = g; x 107%
More formally, Vg, g cR?’ g<,g <
k(g) < k(g').

The function k(g) is intended to be some kind of
overall difficulty measure for paths. Note that the
first attribute is of the kind “‘the less the better”,
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Table 1

Heuristic estimates to node ns (see graph in Fig. 1)
Node h(n) (kilometers, probability of no bears)
n 2,1
n 1,1
n3 11
ny 3,1
ns O, 1)

while the second one is of the kind “the more the
better”. For the sake of simplicity all of the dis-
cussion in this paper is centered around “the less
the better” attributes. However, all the results can
be easily extended to cover both kinds of attri-
butes.

e Heuristic preference: A single heuristic evalua-
tion vector will be calculated for each path:

f(P) = g(P) o h(last-node(P))

where h : NODES(G) — R? is a heuristic func-
tion that returns for each node an optimistic
estimate of the distance and a bear avoidance
probability to the destination node (see Table
1). Notice that 1 is always an optimistic estimate
for the probability of avoiding bears. The heu-
ristic preference will be the minimization of &(f).

e Pruning: The attribute vectors will also be used
as pruning vectors, i.e., e(P) = g(P). The prun-
ing preference will be the Pareto order applied
to paths reaching the same node, i.e., given
two paths P, P, such that last-node(P) =
last-node(P,),

g(P) <. g(P) <= g1(P) <q1(P) N g2(Py)
> g (P) Ng(Pr) # g(P)

Section 7.2.2 shows that this is a good pruning
criterion for this problem, since the minima of
k(g) are among the Pareto optima of attribute
vectors.

3. A general preference-based search procedure

This section introduces POP* (Primero en
Orden de Preferencia, Spanish translation for ‘First
in Order of Preference’), a general procedure for
the resolution of MHS problems. This procedure
can be used as a general architecture in the

development of search algorithms for particular
classes of MHS problems as described in the fol-
lowing sections.

POP* uses a memory structure to record inter-
esting paths or solution alternatives as well as
important information about them (certain labels
and associated attribute, heuristic, and pruning
vectors, as described below). Paths in this memory
are labeled either ‘open’ or ‘closed’. Paths that
have not been considered for extension yet are
‘open’, while those that already have been are
‘closed’. The memory is consulted and updated at
each iteration until a solution path is selected. The
pseudocode of POP* is shown in Table 2.

The function last-node(P) receives a path and
returns its last node. Whenever last-node(P) re-
turns a destination node, then P is a feasible so-
lution.

POP” is essentially a general best-first search
procedure. However, it is not an algorithm in a
formal sense until the memory structure and its
operations are properly described (see below).

POP* tries to find a minimal solution path
starting from node s. To achieve this, it iteratively
and incrementally generates a set of partial solu-
tion paths, hoping that one of them will eventually
be extended to reach a destination node. Three
important features of this procedure are:

e Paths are not selected for extension randomly
or arbitrarily. Paths are selected at each itera-
tion (step 2) on a best-first basis when they have
a heuristic estimate vector that is minimal ac-
cording to (F, </).

e Not all generated paths are kept in memory.
Those with all their pruning vectors dominated
according to (E, <.) are eliminated.

Table 2
Pseudocode of POP*

1. Initialize-memory(s)

2. If not(open-paths-in-memory( )), then return(FAILURE)

3. P — minimal-open-path-in-memory( )

4. If destination-node((last-node(P)), then return(P)

5. For each node n € SCS(last-node(P)).
Extend-paths-in-memory(last-node(P), n)

. Close-associated-paths(last-node(P))

7. Return to step 2

=2}
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e Each path may be selected for extension only
once. Let n be the last node in the selected path.
All possible extensions from »n are considered,
and all paths leading to node n are extended
at the same iteration.

3.1. The memory and its operations

The memory used by POP” stores, in fact, a set
of acyclic paths or partial solutions. However,
since all such paths emanate from the same start
node, the set can be implemented in the form of a
tree or an acyclic graph to save space. A variety of
factors may influence design decisions regarding
the actual implementation. It makes a difference
whether the graph being searched is a tree, an
acyclic graph or a general graph. It is also im-
portant whether the solution to be returned is a
minimal solution path, or just the particular des-
tination node that was reached.

Regardless of the actual implementation, seve-
ral operations need to be performed by POP* on
its memory. These can be classified and described
as follows:

(a) Constructors (operations that change the con-
tents of memory):

¢ Initialize-memory(s): Creates a new memory
structure where there is only one alternative
or path recorded, starting at node s. Associ-
ated vectors are calculated and the path is
labeled ‘open’.

e Extend-paths-in-memory(n’,n): All open
paths in memory ending at node #’ are reco-
vered. The paths resulting from their exten-
sion to reach node n are considered for
inclusion in the memory. This operation in-
volves several important considerations that
may result in the addition and/or elimina-
tion of paths from the memory. Cyclic paths
are never included. But most important, un-
interesting alternatives are eliminated by vir-
tue of the pruning preference structure: only
paths with at least a minimal pruning vector
(according to the pruning preference) are
kept in memory. This may prevent new al-
ternatives from entering the memory, and/

or discard old ones. All new alternatives
added to memory are labeled ‘open’, and
their associated vectors are calculated.

o Close-associated-paths(n): All paths ending
at node n change their label to ‘closed’.

(b) Selectors (operations that do not change the
contents of memory):

e Open-paths-in-memory( ): Returns FALSE
if no alternative in memory is labeled ‘open’,
and TRUE otherwise.

e Minimal-open-path-in-memory( ): Returns
one open path or alternative from memory
with a minimal heuristic vector. An error is
signaled if none are available. If several min-
imal alternatives are available, a tie-breaking
procedure is used to choose among them
(e.g., random selection, or feasible solutions
first).

Note that some of these functions need prob-
lem-dependent data to carry out their tasks. Par-
ticularly, minimal-open-path-in-memory( ) uses
the heuristic preference relation <; initialize-
memory(n) uses the functions £ and F; and extend-
paths-in-memory(n’,n) the pruning preference
structure and heuristic function F.

Suitable management of memory can have a
tremendous impact on overall search efficiency
(measured in time and space). The design and
implementation of suitable data structures and
associated operators is an important research
problem in itself that deserves serious attention.

Many standard solutions or “patterns’ exist in
the literature for this problem in the domain of
scalar search, depending on problem needs. For
example, several heapsort algorithms have been
developed to efficiently carry out the operations
over a list of ‘open’ alternatives.

A specific data structure for multiobjective
search problems is used in MOA™ (Stewart and
White, 1991), though its management is mixed
with the best-first logic of the algorithm. An
analogous structure is presented in (Fernandez
et al., 1999), which represents an improvement
over the one used for MOA*. However, the main
focus of this paper is on the logic of multicriteria
search and sufficient conditions for its success,
which are independent of particular data struc-
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Table 3
Trace of POP*
Iterations Path Paths considered ~ g(P) f(P) for open  k(f) for open  Pruned? Minimal f
selected (e = closed) paths paths open paths (x)

0 - n (0, 1.0000) 2,1 0.2 X

1 mn n e (0, 1.0000) - - -
ny—ny (2, 0.9500) (3, 0.9500) 0.3366 -
n—ns; (2, 1.0000) (3, 1.0000) 0.3000 X
ny—ny (3, 0.9500) (6, 0.9500) 0.6732 -

2 I n e (0, 1.0000) - - -
ni—ny (2, 0.9500) (3, 0.9500) 0.3366 X
n—nj ® (2, 1.0000) - - -
ny—ny (3, 0.9500) (6, 0.9500) 0.6732 -
n—ns—n; (4, 0.9900) (5, 0.9900) 0.5116 -
ny—n3—ny (4, 0.9500) - - x (by mj—ny) -
n—n3—ns (5, 0.8000) (5, 0.8000) 0.7924 -

3 ni—n; n e (0, 1.0000) — — —
n—ns ® (2, 0.9500) - - -
ni—n; e (2, 1.0000) - - -
PR (3, 0.9500) (6, 0.9500) 0.6732 -
ni—n3y—n, e (4, 0.9900) - - -
n—n3—ns (5, 0.8000) (5, 0.8000) 0.7924 -
ny—ny—n; (4, 0.9405) (5, 0.9405) 0.5734 -
ny—ny—ns (3, 0.9025) (3, 0.9025) 0.3755 X
ny—n3—hy—ns (5, 0.9405) (5, 0.9405) 0.5734 -

4 nyj—nx—ns

tures used to record alternatives (provided their
operations behave correctly according to the pre-
vious definitions, of course). Once the needs of
MHS are properly established, particular data
structures can be designed and evaluated.

3.2. Example

Table 3 summarizes a trace of POP* applied to
the problem presented in Section 2.1. Several in-
teresting features of POP” are illustrated in this
simple example. The set of all paths considered for
inclusion in memory is shown for each iteration
together with their attribute and heuristic estimate
vectors. Note that cyclic paths are never consi-
dered. Initially only path (n;) is in memory. At
iteration 1 it is selected and three new paths are
stored in memory. At iteration 2 the path (n;,n3) is
selected for expansion. Two different paths to node
n, are then considered, as well as two different
paths to node n4. In the first case neither of them

can be pruned, but in the second one the path
(n1,n3,n4) can be discarded in favor of (n,ny). At
iteration 3 the path (n;,n,) is selected. Since there
is another open path (ny, n3, n,) leading to node n,,
it is also closed and its extensions are also con-
sidered and included in memory. At iteration 3 a
solution path (nj,n3,ns) is selected as the “best”
open alternative and the procedure terminates.
Note that if the search had been conducted with-
out heuristic information, i.e. Vu, h(n) = (0, 1), the
path (ny,n4) would also have been selected.

4. Properties of POP*

There exist several interesting properties that
are desirable for any search algorithm. First of all,
it is nice if an algorithm terminates whenever a
solution exists. Second, it is important to terminate
with a feasible solution. Finally, it is interesting to
terminate giving an optimal solution. This section
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proves these properties for POP* making very
general assumptions about heuristic and pruning
preferences. More practical details about pruning
and heuristic preferences are presented in Sections
5 and 6, respectively. First, several useful defini-
tions are introduced.

Definition 1. Given a path P = (ng,ni,na,...,1,),
the set of partial solution subpaths of P, denoted
PSSP(P), is the set of g + 1 subpaths of P starting
from ny. In other words, it is the set formed by
all paths Py, i=0,...,q, such that Py = (no),
P()] = (11()7}’11),. .. ,P()q =P.

Definition 2. An algorithm is 1-admissible if it
terminates with a minimal solution path whenever
at least one solution exists.

Definition 3. An algorithm is N-admissible if it
terminates with the set of all minimal solution
paths, whenever this set is finite, and at least one
solution exists; or if it does not terminate when
there is an infinite number of minimal solutions.

Definition 4. Let us consider a MHS problem
(G7 S, Fa g, _<gaF7 _</"7E7 _<e)'

e The heuristic preference structure (F,=<;) is
optimistic whenever for each minimal solution
P e P-SET"(s,I', g, <,) there is a heuristic esti-
mate f* € F(P) such that,

VP € PSSP(P) 3f' € F(Py)/t' <, f* VI =1

e The heuristic preference structure (F, <)
agrees with (g, <,) if all feasible solution paths
have only a single heuristic estimate vector,
and for any two feasible solutions, P, P”, with
estimates F(P') = {f'} and F(P") = {f'}, holds
that,

f < " < g(P) <, gP")

e The pruning preference (E, <) is 1-cautious ac-
cording to (g, <,) whenever for each minimal at-
tribute vector g* € G-SET"(s, I', g, <, ), there is
at least one solution path P, such that
g(P) = g*, and all its partial solution subpaths
have at least a pruning vector that is minimal
according to (£, <.). The subset of minimal so-

lutions that makes this condition true will be
called the set of reachable minimal solutions.

Lemma 1. If (E,<.) is l-cautious according to
(g, <¢) and at least one solution exists, then for each
reachable minimal solution P*, there is always one
open path in memory Py; € PSSP(P*) before termi-
nation.

Proof. By induction on the number of iterations.
The path Py = (s) is open in memory in the be-
ginning. Let Py; = (s,...,n;), Py € PSSP(P*) be an
open path in memory at iteration #;. Since P, has a
minimal pruning vector according to (E, <.) it will
never be eliminated from memory. Therefore, if at
iteration f,,; a path leading to a node n # n; is
selected, Py will remain open. If a path leading to
node n; is selected, then all extensions of Py, will be
considered for inclusion in memory. One of them
will be Py = (S, R ,I’l,—,l’lH_]), Py € PSSP(P*)
Since Py, has also a minimal pruning vector ac-
cording to (E, <,), it will be certainly included and
opened. [

Lemma 2. If (E,<.) is l-cautious according to
(g, <¢) and at least one solution exists, then POP*
cannot terminate returning FAILURE.

Proof. Trivial from the proof of Lemma 1. O

Proposition 1. POP* always terminates on finite
graphs.

Proof. When G is finite, there is only a finite
amount of partial solution paths. At each iteration
POP” closes at least one path. Each path can be
opened (i.e., added to memory) only once, so in
the worst case all would be examined and closed in
a finite number of iterations, and POP* would
terminate returning FAILURE. O

Proposition 2. POP* is l-admissible for finite
graphs under the following (sufficient) conditions:

1. The heuristic preference structure (F, <) is opti-
mistic.

2. The heuristic preference structure (F, <) agrees
with (g, <,).
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3. The heuristic preference < is transitive.
4. The pruning preference (E,=<.) is l-cautious
according to (g, <,).

Proof. Let us assume at least one solution exists.
Proposition 1 guarantees that POP* will termi-
nate, and condition 4 guarantees that POP* will
not terminate returning FAILURE (Lemma 2). It
suffices to prove that POP* terminates with a min-
imal solution according to (g, <,). However, by
condition 2 this amounts to proving that POP”
terminates with a minimal solution according to
(F, <f).

Since (F,~<,) is optimistic, then for each
reachable minimal solution path P* holds that,

F(P") ={f"} AVPy; € PSSP(P*) 3fy; € F(Py;)/fo; = 1

Now, by virtue of conditions 2 and 4, for each
dominated solution path P’, there exists at least
one reachable minimal solution path P* such that,

F(P) = {F}AF(P) = {f} Af <, f

Since <, satisfies the transitive property, then it
will also hold that,

VP € PSSP(P*) 3y, € F(Py)/fo =, £ =<, 1’

Since one subpath Py; € PSSP(P*) is always open
before termination, then POP* can never select a
dominated solution path in step 3. So the only
remaining option is that POP” is 1-admissible. [

Proposition 3. POP* is 1-admissible for infinite
graphs when, in addition to conditions 1, 2, 3, and 4,
the following (sufficient) condition holds,

5. For each minimal solution path P* with F(P*) =
{f*}, there exists only a finite number of partial
solution paths P' such that,

3 € F(P)/(F' 3,8 VI =1)

Proof. Note that condition 5 implies, by definition,
that P-SET"(s,I,g,<,) is finite. The proof is
quite trivial. Assume at least one solution exists.
Then condition 5 guarantees that the number of
partial solution paths with estimates preferable to

any minimal solution will also be finite. Therefore,
in the worst case, POP* will terminate selecting a
minimal solution after selecting in a finite number
of steps all those partial solutions. [

5. Conditions for cautious pruning

Only very general notions have been provided
so far on the relationship between the pruning
preference (E,<.) and the problem’s preference
(g, <.). However, the role of pruning in search
should not be overlooked. Good pruning preferen-
ces constrain the search and hence result in more
efficient procedures. This section reviews the
‘order-preserving’ property used in many scalar
optimization algorithms, and provides operational
conditions that guarantee cautious pruning in
multicriteria problems.

5.1. Order-preserving property

The order-preserving property (Pearl, 1984, p.
102) can be defined as follows.

Definition 5. Let P.P; denote the concatenation of
two paths. A real function e(P) is order-preserving
whenever for any set of paths P, i=1,2,3 in a
graph G such that PP; and P,P; are also paths in
G, the following holds,

@(P]) <e(P2) = e(P1P3) < e(P2P3)

Some simple scalar functions, like the additive
cost measure used with A*, straightforwardly satisfy
this condition, and therefore can be used also as
pruning criteria. Some scalar best-first algorithms
like A" or Dijkstra’s algorithm use the problem’s
preference (g, <) also as pruning preference. How-
ever, Loui (1983) showed that the analogous
solution is not always possible in multicriteria
search.

The following simpler definitions will be useful
in the next sections.

Definition 6. Let P, i = 1,2,3 be any set of paths
in a graph G such that PPy and P,P; are also paths
in G.



262 L. Mandow, J.L. Pérez de la Cruz | European Journal of Operational Research 150 (2003) 253-280

e A real function e(P) preserves the order < if,
e(P) <e(Py) = e(PiP;) < e(PP3)

e A real function e(P) preserves the order < if,
e(P) < e(P,) = e(PP) <e(PP;)

e A real function e(P) preserves equality if,

e(P]) = @(Pz) = e(P1P3) = e(P2P3)

5.2. Multicriteria order preservation

Multicriteria order preservation is a multicrite-
ria generalization of the order-preserving property
used in scalar algorithms like BF*, Z* or A*, and is
another contribution of this paper.

Definition 7. Let (G,s, I, g, <,,F,<;,e,<.) be a
MHS problem (note that a vector function e(P) is
used for pruning). Let PP, denote the concatena-
tion of two paths, and P, i = 1,2, 3 any set of paths
in G such that P, P; and P,P; are also paths in G.

(a) The pruning preference (e, <,) preserves the
preference (g, <,) iff,

e(Pr) <. e(Pr) = g(P1P3) <, g(PP3)

(b) The pruning preference (e, <.) preserves or is
richer than the preference (g, <,) iff,
e(Pl) ~e e(Pz) = g(P1P3) jg g(P2P3)

(c) The pruning preference (e, <.) preserves equal-
ity with (g, <,) iff,

e(P) = e(P>) = g(PP3) = g(PP;)

Note that preference statements in the previous
definition apply only to pairs of paths leading to
the same node. The pruning preference between
paths leading to different nodes is undefined.

Proposition 4. Given a problem (G,s,I',g, =,
F,<r,e,=<,), if (e,<,) preserves or is richer than
(8, <), then it is also 1-cautious.

Proof. Let P* be any minimal solution path, and
Py = (s,...,n;) € PSSP(P*). Let us assume Py is
pruned. Then, there must be some partial solution

path P’ leading to n;, such that, e(P') <, e(Py).
Now, let P” be an extension of P, such that
P* = PyP". Since (e, <,) preserves or is richer than

(g, <)
e(P'P") <, e(P") = g(P'P") <, g(P)

However, the relation g(P'P") <, g(P*) contra-
dicts the assumption that P* is a minimal solution.
Therefore, a minimal solution path P* can only be
discarded by another minimal solution path P**
such that g(P*) = g(P**). Consequently, the prun-
ing is l-cautious. [

Proposition 5. Let (G,s,I',8,<,,F,<,e,<.) bea
problem where (e, <,) preserves equality with
(g,<,). Let P, P' be two partial solution paths
leading to the same node with e(P) = e(P'). If any
of P, P is discarded, then the resulting pruning is
1-cautious.

Proof. Trivial from the proof of the previous
proposition. [

In the light of the previous result, the following
definition formalizes a pruning preference fre-
quently used in l-admissible graph search algo-
rithms.

Definition 8. Assume that two different paths Py,
P, in a graph reach the same node, and e(P,) =
e(P,). If (e,<.) preserves equality with (g, <,),
then pruning one of both paths still ensures 1-
cautiousness (see Proposition 5). Any arbitrary
pruning criterion used in this cases will be called
equality tie-breaking.

The usual equality tie-breaking procedure is to
keep the path that was generated first during the
search and prune the newly generated one. How-
ever, any other arbitrary tie-breaking procedure
will also work.

6. Cumulative attributes and heuristic evaluation
functions

This section focuses attention on a particular
class of search problems; those with cumulative
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attribute functions. These problems allow efficient
computation of attribute vectors as well as a sim-
ple and effective kind of heuristic estimates.

6.1. Cumulative attributes

Cumulative attribute functions can be easily
calculated in best-first search algorithms.

Definition 9. A real attribute function g;(P) is
cumulative if it can be calculated for any path
P = (n,n,,...,n;) using an associative combining
operator o; in the following way,

8i(P) = E(m) 01 E(ny) o; - - - 0 E(ny)

where E(n) is some local property of node n, i.e.,
the cost associated to the arc arriving to (or ema-
nating from) node n.

A multicriteria search problem is cumulative if
all its attributes are cumulative.

The importance of these problems stems from
the fact that many usual combining functions are
cumulative, e.g., addition (+), product (x), maxi-
mum (max), or minimum (min).

6.2. Evaluation functions for cumulative attributes

Cumulative attributes offer a simple and natural
way to combine with a usual kind of heuristic
information.

Let %;(n) be a heuristic function that returns an
estimate of the value of attribute g;(P) for a path
in P-SET(n,I'). Then an estimate of attribute
gi(P) for an extension of a partial solution path
P = (ny,ny,...,n;) to a goal node can be easily
calculated as follows:

E(ny) 0; E(ny) o; -+ - 0; E(ny) o; hi(ny)
= &i(P) o; hi(ny)
The following definitions extend these concepts

to multicriteria problems with cumulative attribute
vectors.

Definition 10. Let (G,s, I, g, <., F, </, E,<.) be a
MHS problem with cumulative attributes. A mul-
ticriteria heuristic function H: NODES(G) — 2%

is a function that for each node in G returns a finite
set of vectors, that are attribute estimates of the
paths in P-SET(n, I).

Definition 11. Let (G,s,I',g, <., F,<,,E,<.) be a
MHS problem with cumulative attributes. A heu-
ristic evaluation function F(P) is direct if it is
calculated using a multicriteria heuristic function
H(n) in the following way:

F(P) = {f/f = g(P)oh Ah € H(last-node(P))}
where o = (01, 0,,...,04) is the vector combining

function, i.e., each o; is the combining operator of
the ith attribute in g(P).

In short, the function F(P) may provide one or
more attribute estimates for one or more exten-
sions of path P to destination nodes.

6.3. Conditions for direct evaluation functions

Definition 12. Let (G,s,I’,g, <., F,<,,E,<.) be a
problem where g is cumulative with operator o,
and F is direct. A multicriteria heuristic function
H(n) is admissible for the problem when the fol-
lowing conditions hold:

(a) Vy € I, H(y) = {n}, where n is the neutral ele-
ment of operator o, i.e.,

Vv € RY,

(b) VP* € P-SET"(s,I',g, <,) with F(P) = {f"} A
VP € PSSP(P*),

7h € H(last-node(Py;))/g(Py) oh <, f°

von=yv

Proposition 6. Let (G,s,I',g, <., F, < E,<,) bea
problem where g is cumulative with operator o, and
F is direct. If an admissible heuristic function is
used, then,

(@) (F,=y) agrees with (g, <q)-
(b) (F, =) is optimistic.

Proof. In fact, the definition of an admissible
heuristic function (see Definition 12) is a more
operational reformulation of conditions (a) and
(b) for these particular kinds of problems,



264 L. Mandow, J.L. Pérez de la Cruz | European Journal of Operational Research 150 (2003) 253-280

(a) It is rather simple to show that (F, <,) agrees
with (g, <,),

Vyel, H(y)={n}=VPePSET(s,T),
F(P) = {g(P)on = g(P)}

(b) It is easy to prove that (F, <) is optimistic.
From the previous result,

VP* € P-SET" (5, T, g, <,),
F(P) = {f" =g(P)}

Now, by definition of an admissible multicri-
teria heuristic function,

¥P* € P-SET"(s,I',g, <), Py € PSSP(P")
Jh € H(last-node(Py;))/g(Py) oh <, f*

And, also by definition g(Py;)oh € F(Py).
Therefore, (F, <) is optimistic. [

7. Formal properties for some new search proce-
dures

This section combines the results presented in
previous sections to obtain a set of useful MHS
procedures. All the procedures discussed in this
section are obtained as instances of a procedure
called POP-Z", that results from a triple instanti-
ation of POP":

(a) First, (g, <,) is limited to cumulative attribute
functions.

(b) Then, (F,=</) is limited to direct evaluation
functions, and the preference relation <, =<,
(see Section 6).

(c) Finally, the pruning preference (e,=<,) pre-
serves or is richer than (g, <,) and preserves
equality with (g, <,) (see Section 5). Normally,
e is the function g, i.e., no heuristic informa-
tion is used for pruning.

The result is a simple and powerful procedure
that can be further instantiated for the usual
multicriteria decision rules: multiobjective, lexico-
graphic, multiattribute, and goal satisfaction. It is
not difficult to obtain sufficient conditions for
these decision rules that imply the assumptions of
POP-Z" and are therefore 1-admissible.

For each preference rule, two different local
pruning preferences have been tested,

(a) The preference relation <, with equality tie-
breaking. This is usual in scalar best-first
algorithms with additive attributes, but unfor-
tunately it is not suitable for many multicrite-
ria problems.

(b) The Pareto order with equality tie-breaking.
This was proposed by Loui (1983) for multiat-
tribute blind search, but turns out to be useful
for other multicriteria decision rules as well.

Note that pruning preferences will be estab-
lished only between paths leading to the same
node.

The result are six different procedures (sum-
marized in Table 4) that are 1-admissible under
different conditions. Four of them can be further
instantiated for the case of additive attributes, and
result in different multicriteria counterparts of A*.

All these procedures are shown in Fig. 2. Pro-
cedures using Pareto order as pruning preference
are labeled with subscript L (e.g., METAL-Z],
Z}). Those using <, as pruning preference do not
carry subscript (e.g., METAL-Z", Z").

7.1. Multiobjective search

The preference relation in multiobjective prob-
lems usually involves the minimization of multiple
attributes. This is the so-called Pareto order. Given
a set of alternatives X, and a set of attribute
functions g;(x), it is usually stated as,

Vi minimize g;(x)

More formally, this preference relation can be
defined as follows:

g<.g=Vig<gnrg#g

where g; denotes the ith component of vector g.

Vg, g € RY,

7.1.1. Procedure MO-Z*

Since the problems’ preference is also the Pareto
order, only one pruning preference has been con-
sidered for multiobjective problems: Pareto order
with equality tie-breaking. The resulting procedure
is called MO-Z" (Multi-Objective Z7).
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Table 4

Some instances of POP-Z* according to different problem and pruning preferences

Pruning preferences Problem preferences

(paths leading to the

Multiobjective Multiattribute Lexicographic Goal satisfaction
same node)
=g MO-Z* 7z PRIMO-Z" -
Pareto order ) zZ PRIMO-Z; METAL-Z;
POP*
J g: cumulative
e(P) =g(P)
POP-Z* F: direct evaluation
Additionally,
known <g==
A/ ¥ / '/ 4 \< v Additionally,
* 1 1 % ro s
PRIMO-Z,* PRIMO-Z* METAL-Z;* MO-Z i.Z_L.*_! 0 known <,
.
_————— * Additionally,
PRIMO-A* METAL-A*  'MOLA% | additive g
; !

'U* uses e(P) = f(P).

Fig. 2. A family of multicriteria search procedures. Algorithms previously described in the literature are shown inside squares. MO-A"

and Z] extend or improve previous algorithms.

Proposition 7. MO-Z" is 1-admissible on finite
graphs if,

(a) H(n) is admissible.
(b) Each attribute g;(P) preserves equality and one
of < or <.

It is also 1-admissible for infinite graphs if addi-
tionally,

(c) Estimate vectors in F(P) are not bounded in any
of their components for infinite paths.

Proof. Let us check whether the admissibility
conditions of POP* are satisfied:

o Admissibility of H(n) implies conditions 1 and 2
(see Proposition 6).

e The Pareto order is trivially transitive (condi-
tion 3).

e Let us examine condition 4. It suffices to prove
that condition (b) implies that (g, <,) preserves
or is richer than itself, which by proposition 4
implies it is 1-cautious. Let G be a graph, and

P, i=1,2,3 any set of paths in G such that
PPy and P;P; are also paths in G. Let us assume
g(P) <, g(P,), that is,

Vi gi(P1) < gi(Py) A Jjgi(Pr) < gi(P2)

When each g;(P) preserves equality and one of
< or <, then

Vk gi(P1) = gi(P2) = gi(P1Ps) = gi(PaP3)
Vm gu(P1) < &n(P2) = gu(P1P3) < gu(P2P3)
In consequence,

Vi g/(P1P;) < gi(PyP3)

and (g, <,) preserves or is richer that itself.
Note that this proof is independent of the cu-
mulative nature of the attributes.

Finally, let us examine condition 5, regarding
infinite graphs. Let f* = (f{". f;,...,f;) be the
heuristic estimate of any reachable minimal so-
lution path P*. Condition (c) implies that there
can only be a finite number of partial solution
paths with estimates f' = (f{, /3, ..., f;) prefera-
ble equal or indifferent to f*, i.e., such that,
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Therefore, P* will be selected after all those
paths in a finite number of steps. O

It can be trivially shown that functions like
addition, multiplication (constrained to non-neg-
ative attributes), calculating the maximum of a set,
and calculating the minimum of a set, preserve <
or <, and equality, and therefore can be used
safely in multicriteria problems solved with
MO-Z".

7.2. Multiattribute search

The preference relation in multiattribute prob-
lems usually involves the minimization of a scalar
cost function ¢(P) (or, more precisely, ¢(g(P))),
that combines several attributes from each alter-
native P. This preference can be formally stated as
follows:

Vg, g eRY, g=<,g < c(g) <c(g)

This kind of problem has important similarities
with scalar optimization problems. Minimal solu-
tions are the optima of ¢(g). This function induces
a weak order relation between attribute vectors.
Therefore, it is possible to think of each path as
having a single scalar cost estimate,

k(P) = mi f
(P) = min {c(f)}

Two different procedures, Z* and Z;, are ana-

lyzed here for this kind of problem.

7.2.1. Procedure Z*

The use of <,==<, and equality tie-breaking
yields a procedure that is essentially similar to the
scalar optimization algorithm Z* (Pearl, 1984).
Therefore the name has been preserved.

Proposition 8. Z* is 1-admissible for finite graphs if,
(a) H(n) is admissible.

(b) The cost function c(P) is order-preserving (i.e.,
preserves < and equality).

It is also 1-admissible for infinite graphs if addi-
tionally,

(c) The function k(P) is not bounded for infi-
nite paths.

Proof. Let us check that the admissibility condi-
tions of POP" are satisfied:

e Admissibility of H(n) implies conditions 1 and 2
(see Proposition 6).

e The multiattribute preference is a weak order
and, in consequence, transitive (condition 3).

e Let us consider condition 4. Since <, is order-
preserving, it is also trivially I-cautious.

e Finally, let us consider condition 5. Let £* be
the optimum value of k(P) reached by all min-
imal solutions. Condition (¢) implies that there
can only be a finite number of partial solution
paths P’ such that k(P') < k*. Therefore, a
minimal solution will be selected in the worst
case after all these paths in a finite number
of steps. [

Apparently, there are only two multiattribute
cost functions that are order-preserving, and both
are cumulative (Carraway et al., 1990):

(a) All attributes g,(P) additive, and c¢(g) =
K181 + Koy + - -+ Kq8q, VK; € R.

(b) All attributes g;(P) multiplicative and non-
negative, and,

ol o2

c(g) = kgl g5 ...ggq, where k € R.

Therefore it does not make sense to seek a
multicriteria generalization of BF* (Pearl, 1984)
where the cumulative requirement for cost func-
tions is relaxed, but order-preservation is still
required. In fact, POP" is a multicriteria general-
ization of BF* where the pruning preference was
kept intentionally generic. Of course, the scalar
BF* is also a particular case of POP”".

7.2.2. Procedure Z;
In Z] the pruning preference is the Pareto order
with equality tie-breaking.

Definition 13. A cost function ¢(g) is monotonous
with attribute vectors if,
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(a) All attributes g; are either of the kind ‘‘the
more the better” or “the less the better”.

(b) If an attribute g; is of the kind ‘“‘the more the
better”, then, for any two vectors g, g’ € RY,

Jig>gNVji#i g =g =c(g <cg)

(c) If an attribute g; is of the kind “the less the
better”’, then, for any two vectors g, g’ € R?,

Jig<gAVj#i g =g = c(g) <c(g)
Proposition 9. Z; is 1-admissible for finite graphs if,

(a) H(n) is admissible.

(b) The cost function c(g) is monotonous with at-
tribute vectors.

(¢) All attribute functions are order-preserving (i.e.,
preserve < and equality).

It is also 1-admissible for infinite graphs if addi-
tionally,

(d) The heuristic function k(P) is not bounded for in-
finite paths.

Proof. Let us check that the admissibility condi-
tions of POP" are satisfied:

e The proofs for conditions 1, 2, 3 and 5 are iden-
tical to those presented for the Z* algorithm (see
Section 7.2.1).

e Let us examine condition 4. Since ¢(g) is mo-
notonous, then the optima of ¢(g) are among
the Pareto optima of {g(P)/P € P-SET(s,I')}.
Since all g;(P) are order-preserving, then the
pruning of Pareto optima will be 1-cautious,
and consequently, the pruning of ¢(g) optima
will be 1-cautious too. O

Procedure Z; is, in fact, a heuristic version of
the procedure described by Loui (1983).

7.3. Lexicographic search

Lexicographic preference (see for example
Chankong and Haimes, 1983, pp. 200-205) is
based on the idea of sequential elimination of al-

ternatives. It can be easily stated as: minimize
g1(x); then minimize g,(x) among the minima ob-
tained in the previous step; then minimize g;(x)
among the minima obtained in the previous step;
and so on. More formally, this preference can be
stated as,

Vg, g € RY,
&i :g;

g=, g =3 g <gAVi<

Two new procedures are analyzed for these
kinds of problems: PRIMO-Z* and PRIMO-Z]
(PRIoritized Multiple-Objective Z*).

7.3.1. Procedure PRIMO-Z*

PRIMO-Z" uses the lexicographic preference
relation with equality tie-breaking as the pruning
preference.

Proposition 10. PRIMO-Z" is 1-admissible for fi-
nite graphs if,

(a) H(n)is admissible.
(b) All attribute functions preserve < and equality.

It is also 1-admissible for infinite graphs if addi-
tionally,

(c) Estimate vectors in F(P) are not bounded in any
of their components for infinite paths.

Proof. Let us check that the admissibility condi-
tions of POP" are satisfied:

e Admissibility of H(n) implies both conditions 1
and 2 (see Proposition 6).

e The lexicographic preference is a strict order
and, in consequence, transitive (condition 3).

e Condition 4 is proved as follows. Let us assume
g <. g thatis, 3j g; < g, A\ Vi < jg = g. Now,
since g;(P) preserves <, and all the remaining
attributes preserve equality,

WeR! gov<,gov=3gov
<g§-ojv//\\7i<jgi0ivi =g, 0 V;
Therefore pruning will be 1-cautious.

e The proof of condition 5, regarding infinite

graphs, is also very simple. Let f*=
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S fq*) be the heuristic estimate of any
reachable minimal solution path P*. Condi-
tion (c¢) implies that there can only be a finite
number of partial solution paths with estimates

=,/ ,f;) such that,

vl f;/ g‘f;*

Therefore, the number of partial solution paths
preferable equal or indifferent to f* is also nec-

essarily finite, and P* will be selected after all
those paths in a finite number of steps. O

Note that preservation of < is not enough to
guarantee cautious pruning. Some accumulative
functions, like maximum (max) do not preserve <,
and therefore cannot be used safely with
PRIMO-Z".

7.3.2. Procedure PRIMO-Z;

This procedure has more relaxed conditions for
admissibility than PRIMO-Z*, though pruning
may not be as effective. The pruning preference is
the Pareto order with equality tie-breaking.

Proposition 11. PRIMO-Z; is l-admissible for
finite graphs if,

(a) H(n) is admissible.
(b) All attribute functions preserve equality and one
of < or <.

1t is also 1-admissible for infinite graphs if addi-
tionally,

(c) Estimate vectors in F(P) are not bounded in any
of their components for infinite paths.

Proof. Let us check that the admissibility condi-
tions of POP" are satisfied:

e The proofs for conditions 1, 2, 3 and 5 are iden-
tical to those presented for the PRIMO-Z" algo-
rithm (see Section 7.3.1).

e Let us now consider condition 4. Lexicographic
optima are, by definition, among Pareto optima.
Since preservation of equality and one of < or
< is l-cautious with Pareto optima, it is also
1-cautious with lexicographic optima. [

7.4. Goal satisfaction search

Although goal satisfaction is a solid decision-
making paradigm (Romero, 1991) with many
recognized practical applications, it has not re-
ceived much attention in graph search contexts.
METAL-A", the first heuristic search algorithm
developed for goal satisfaction (Fernandez et al.,
1999), is an instance of the procedure described
here. In fact, it was largely developed in parallel
with the work described in this paper.

Goal satisfaction preferences can be stated as a
set of goals over solution attributes. Each goal
results from the combination of an attribute g;(x)
with a non-negative target value ¢, using inequal-
ity relations, e.g.,

Vi gi(x) <t

Goals may have associated weights w;, and/or
be organized into preemptive priority levels (the
so-called lexicographic goal satisfaction). These
preferences can be formally described as follows:

o Weighted goals:
Ve, g R, g <, g < p(g) <p(g)V
(p(g) =pg)NVigi<ging#8g)
where the following assumptions are made: all
goals take the form g; <¢; all attributes are of
the kind “the less the better”; and p(g) is a
measure of the weighted deviation of g from the

set of targets.
e Lexicographic goals:
Ve, g R, g=, g < (Ji/p(8)

< p;(g) AVi <jpi(g) =pi(g))

V (Vk pi(g) = pe(8) NVigi<giNg#g)
where the following assumptions are made:
goals are grouped in preemptive priority levels;
goals in priority level i take the form g; <t#;;
all attributes are of the kind ‘“‘the less the
better”’; and p;(g) is a measure of the weighted

deviation of g from the set of targets of all
goals in level i.

There are several proposals for deviation func-
tions p(g) in the literature. The usual ones are
(Romero, 1991),
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o Weighted sum of deviations:

q
p(g) = Z w; x max{0,g; — #;}
i=1

e Maximum weighted deviation (minmax strat-
egy):

p(g) = max {w; x max{0,g;, — ;}}

These can additionally be normalized dividing
each term by the corresponding target ¢;, provided
that Vi ¢, #% 0. The algorithm described below
works very well with all of these kinds of deviation
measures.

7.4.1. Procedure METAL-Z;

Using a goal-satisfaction preference for prun-
ing does not seem to lead to an admissible algo-
rithm in any case. Just consider that deviation
measures are, in fact, multiattribute functions,
and that none of them are among the ones de-
scribed in Section 7.2.1 for Z*. The only alternative
analyzed here for pruning is the Pareto order with
equality tie-breaking. The resulting algorithm is
called METAL-Z; (METAs Lexicograficas Z"—
Spanish translation for ‘lexicographic goals Z*’).

Proposition 12. METAL-Z; is l-admissible for
finite graphs if,

(a) H(n) is admissible.
(b) All attribute functions preserve equality and <.

It is also 1-admissible for infinite graphs if addi-
tionally,

(c) Estimate vectors in F(P) are not bounded in any
of their components for infinite paths.

Proof. Let us check that the admissibility condi-
tions of POP" are satisfied:

e Admissibility of H(n) implies conditions 1 and 2
(see Proposition 6).

e The (lexicographic) goal preferences are trivi-
ally transitive (condition 3).

e Let us examine condition 4. Lexicographic
goal optima and weighted goal optima are
among Pareto optima. Since preservation of
equality and < is 1-cautious with Pareto optima,
it will be so with (lexicographic) goal optima.

e The proof of condition 5 is as follows. Let
=05 fq*) be the heuristic estimate
of any reachable minimal solution path P*.
Condition (c) implies that there can only be a fi-
nite number of partial solution paths with esti-
mates f' = (f{, f3, ..., f,) such that,

vl f;/ glf;*
Therefore, the number of partial solution paths
preferable, equal or indifferent to f* is also

necessarily finite, and P* will be selected after all
those paths in a finite number of steps. [

8. An N-admissible version of POP*

Sometimes it is interesting to find the set of all
minimal solutions to a multicriteria problem. This
is normally the case when multiobjective prefer-
ences are used, and can also be occasionally for the
other usual decision rules.

It is possible to extend POP*, POP-Z", and all
the procedures described in previous sections, to
be N-admissible. These new procedures will receive
the same names, but the superscript * will be
replaced by V* to distinguish them from their 1-
admissible counterparts.

This section describes the necessary extensions
needed to turn POP* into POP"*. Then POP-Z"*
and its family of procedures can be easily deve-
loped with reasoning analogous to that presented
in previous sections. The pseudocode for POP"* is
shown in Table 5.

POP* and POP"* are quite similar. However,
some important differences stem from their differ-
ent termination conditions. Search in POP"* does
not stop when the first solution is found. Instead,
search always continues until all alternatives have
been exhausted, and no more minimal solutions
can be found (step 2).

As new (minimal) solutions are found, they
need to be recorded (step 4.1.1) until termination,
when they are all finally returned. POP"* assumes
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Table 5
Pseudocode of POP™

1. Initialize-memory(s)

2. If not (open-paths-in-memory( )), then return (recover-
solutions-from-memory( ))

3. P «+ minimal-open-path-in-memory( )

4. If destination-node(last-node(P))
then
4.1.1. record-new-solution-in-memory(P)
else
4.2.1. For each node n € SCS(last-node(P))

Extend-paths-in-memory(last-node(P), n)

4.2.2. Close-associated-paths(last-node(P))

5. Filter-open-paths-in-memory( )

6. Return to step 2

solution paths can be recorded in the memory
structure. This can be as simple as adding a new
‘solution’ label to paths in memory. Path extension
(steps 4.2.1 and 4.2.2) proceeds as in POP* for
non-solution paths.

Minimal solutions are an important source of
information to guide search. If a minimal solution
path P is known, then all open partial solution
paths dominated by P can be discarded. This ope-
ration is a new special kind of pruning, called fil-
tering, that is carried out in step 5. Filtering is not
only important to reduce search effort, it also plays
a vital role in guaranteeing termination on infinite
graphs, as explained below.

8.1. Memory operations

In addition to the memory operations described
in Section 3.1 for POP*, the procedure POP"* uses
the following ones:

(a) Constructors (operations that change the
memory structure):

e Record-new-solution-in-memory(P):  The
path P, that must be already present in
memory, is given a new extra ‘solution’ label,
and the label ‘open’ is changed to ‘closed’.

e Filter-open-paths-in-memory( ): Let HEV
be the set of heuristic evaluation vectors
of all paths currently labeled ‘solution’ in
memory. For each open path such that all
its evaluation vectors are dominated by vec-
tors in HEV according to </, its label is
changed from ‘open’ to ‘closed’. It is op-

tional to remove these closed paths from
memory. Removing them saves space, but
keeping them may provide future chances
for pruning.
(b) Selectors (operations that do not change the

memory structure):

e Recover-solutions-from-memory( ):  All
paths in memory labeled as solutions are
grouped and returned in a set.

8.2. Example

Let us consider a new example, similar to the
one presented in Section 2.1.

e G is the graph in Fig. 3, all arcs are bi-direc-
tional, s = ny, and I' = {ns, ng}.

e Preference: The same attributes described in
Section 2.1 will be used in this example. How-
ever, this time a goal-based preference will be
defined as follows:

gi(P)<5km, g(P)=09

Recall that the first attribute is of the kind “the
less the better”’, while the second one is of the
kind “the more the better”. The following de-
viation function will be used (normalized
weighted deviation),

Fig. 3. A sample graph. Arcs are labeled with two values: (1)
length (in kilometers); (2) probability that hungry bears will not
be found.
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max{0,g; — 5} max{0,0.9 —

e Heuristic preference. A single heuristic evalua-
tion vector will be calculated for each path,

f(P) = g(P) o h(last-node(P))

Heuristic estimates h(n) are provided in Table 6.
The heuristic preference will be the goal satis-
faction preference described above, but applied
to heuristic estimate vectors.

o Pruning: The attribute vectors will also be used
as pruning vectors, i.e., e¢(P) = g(P). The prun-
ing preference will be the Pareto order applied
to paths reaching the same node.

Table 7 summarizes a trace of POP"* applied to
this problem. Relevant information is provided for
each iteration. Initially only path (n;) is in me-
mory. At iteration 1, it is selected and five new
paths are stored in memory. Their attribute and
heuristic estimate vectors are shown. In order to
select a minimal alternative for expansion, the
deviation of heuristic evaluation vectors from the
goals, p(f), is calculated. Four of them satisfy
the goals, but only one is minimal according to the
heuristic preference. As search proceeds through
iterations 2, 3, and 4, several new paths are
pruned. At iterations 3 and 4 there are several
open paths with minimal heuristic evaluation
vectors, so ties are broken arbitrarily.

At iteration 5 a minimal solution path is se-
lected, (ny,ny,ns). Its heuristic evaluation vector
(3, 0.9025) is added to the set HEV (and shown
underlined in Table 7). This allows filtering two
open paths from memory. Obviously, since a so-
lution has been found with p(f) = 0, no candidate

Table 6
Heuristic estimates to goal nodes ns and n4 (see graph in Fig. 3)

Node h(n) (kilometers, probability of no bears)

n (3, 1)
n (1, 1)
n3 (1, 1)
N4 2,1
ns (0, 1)
ne (O, 1)
ny (1, 1)
ng (L1

with a worse heuristic estimate will be allowed to
be open any more.

Again, two open paths qualify for expansion.
The tie is broken arbitrarily in favor of the mini-
mal solution (ny,n3,ne). This allows filtering path
(ny,ng). Finally, the only remaining minimal so-
lution path (ny,n,,ns,ns) is selected. There are no
more open paths in memory, so POP"* terminates
returning the set of all recorded minimal solutions,

(n1,n2,ns) with attribute vector (3,0.9025)
(ny,n3,n6) with attribute vector (5,0.9405)
(ny,my,n3,n6) with attribute vector (4,0.9311)

8.3. Properties of POP"*

N-admissibility is a desirable property for
POP"*. Fortunately it can be easily proved under
the same conditions used for POP* with one ob-
vious exception: the pruning preference needs to be
N-cautious according to (g, <.). In other words,
all minimal solution paths need to be reachable.

Lemma 3. If (E,<.) is N-cautious according to
(8, <), (F,=y) is optimistic, < transitive, and at
least one solution exists, then, for each minimal
solution P*, there is always an open path from
PSSP(P*) in memory before P* is selected for ex-
pansion.

Proof. Since (E,<.) is N-cautious, all minimal
solution paths are reachable by definition.

The same reasoning presented for Lemma 1 (see
Section 4) suffices to prove that all open paths
from PSSP(P*) cannot be pruned before P* is fi-
nally found. However, now it is also necessary to
prove that they will not be filtered either. To prove
this let P’ be any minimal solution path such that
F(P') = {f'} and P € PSSP(P') is open in memory
(this is at least initially true for Py = (s)). Since
(F,=<y) is optimistic,

3" € F(Py)/f" =, (1)

If no solution has been found yet, then the fil-
tering operation does not change the contents of
memory. Let us assume some minimal solutions
have already been found, and that HEV is the
set of heuristic evaluation vectors of all paths
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Table 7
Trace of POP"*
It. Path Paths considered g(P) f(P) for p(f) for Pruned? (p.) Minimal f
selected (e = closed, open paths open paths filtered? (f.) open paths (x)
! = solution)
0 - n o, 1) 2,1 0 X
1 n n e ©, 1) - - -
ni—ny (2, 0.95) (3, 0.95) 0 -
n—n; (4, 0.95) (5, 0.95) 0 -
ny—ng (1, l) (3, 1) 0 X
n—n; (5, 0.90) (6, 0.90) 0.20 -
ni—ng (4, 0.94) (5, 0.94) 0 -
2 ny—ny n e (0, 1) — — -
ni—ny (2, 0.95) (3, 0.95) 0 X
n—n; (4, 0.95) (5, 0.95) 0 -
ni—ng e 1,1 - - -
n—ny (5, 0.90) (6, 0.90) 0.20 -
ni—ng (4, 0.94) (5, 0.94) 0 -
n—ng—n; (3, 0.95) (5, 0.95) 0 p. (by nj—n3) -
ny—ng—ng (6, 0.85) (6, 0.85) 0.25 -
3 ni—ny n e ©, 1) — — —
ni-—n, e (2, 0.95) - - -
n—n; (4, 0.95) (5, 0.95) 0 X
ni—ng e 1,1 - - -
n—n; (5, 0.90) (6, 0.90) 0.20 -
ni—ng (4, 0.94) (5, 0.94) 0 -
ny—ng—ng (6, 0.85) (6, 0.85) 0.2555 -
ny—ny—ns (3, 0.9025) (3, 0.9025) 0 X
n—ny—n; (3, 0.9405) (4, 0.9405) 0 X
4 nj—ns n e (0, l) - - -
n-n; e (2, 0.95) - - -
n-—n; e (4, 0.95) - - -
ni—ng ® (1, 1) — — —
ni—ny (5, 0.90) (6, 0.90) 0.20 -
n—ng (4, 0.94) (5, 0.94) 0 -
ny—ng—ng (6, 0.85) (6, 0.85) 0.2555 -
n—ny—ns (3, 0.9025) (3, 0.9025) 0 X
ni—n,—n; (3, 0.9405) - - -
ni—nz—np (5, 09405) — — p. (by nlfnz) —
ny—ns—ns (5, 09025) - - p. (by nl—nz—n5) -
ny—n3—ng (5, 0.9405) (5, 0.9405) 0 X
ny—ns—ngy (6, 09025) - — p. (by nl—n4) —
n|1—ny—n3—ns (4, 08935) - - p. (by nlfnrns) -
ny—ny—n3—ng (4, 0.9311) (4, 0.9311) 0 X
n1—Ny—N3—"Ny (5, 08935) - p. (by }11*}14) -
5 ny—nx—ns n e (0, l) - - -
ni—n; e (2, 0.95) - - -
ni-—n; e (4, 0.95) - - -
ni—ny e 1,1 — — —
ni—ny (5, 0.90) (6, 0.90) 0.20 f. (by ny—ny—ns) —
nj—ng (4, 0.94) (5, 0.94) 0 -
ny—n4—ng (6, 085) (6, 085) 0.2555 f. (by nl—nz—n5) -
n—ny—ns e ! (3, 0.9025) (3, 0.9025) - -
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Table 7 (continued)

It. Path Paths considered g(P) f(P) for p(f) for Pruned? (p.) Minimal f
selected (e = closed, open paths open paths filtered? (f.) open paths (x)

| = solution)
ny—n,—n; e (3, 0.9405) - - -
ny—ns3—ng (5, 0.9405) (5, 0.9405) 0 X
ny—ny—n3—ng (4, 0.9311) (4, 0.9311) 0 X

6 n1—n3—ng n e (0, 1) - - -
n—n, e (2, 0.95) - - -
n-n; e (4, 0.95) - -
n—ng ® 1,1 - - -
ny—ng (4, 0.94) (5, 0.94) 0 f. (by my—n3—ng) -
ny—ny—ns e | (3, 0.9025) (3, 0.9025) - -
ni—ny—n; ® (3, 0.9405) - - -
ny—ns—ng o ! (5, 0.9405) (5, 0.9405) - -
n1—Ny—N3—Ng (4, 0.931 1) (4, 0.931 1) 0 X

7 ny1—ny—N3—Ng n e (O, 1) - - -
n-n, e (2, 0.95) - - -
n-n; e 4, 0.95) - - -
n-—ng e (1, 1) - - -
ni—ny—ns e | (3, 0.9025) (3, 0.9025) - -
ny—ny-—nz e (3, 0.9405) - — _
ny—ns—ng o | (5, 0.9405) (5, 0.9405) - -
ni—ny—ny—ng ® ! (4, 0.9311) (4, 0.9311) - -

currently labeled ‘solution’. Let us assume then
that Py, is filtered, i.e.,

Vi, € F(Py) 3f € HEV/f* <, f, (2)

However, applying the transitive property of <,
to the results of (1) and (2) results in a contradic-
tion that P’ is minimal,

3" e HEV, 3f" € F(Py)/f" <, " <, 1
=1 =<1 O

Proposition 13. POP"* always terminates on finite
graphs.

Proof. Identical to the proof of Proposition 1 (see
Section 4). [

Proposition 14. POP"* is N-admissible on finite
graphs under the following (sufficient) conditions,

1. The heuristic preference structure (F, <) is opti-
mistic.

2. The heuristic preference structure (F, <) agrees
with (g, <,).
. The heuristic preference < is transitive.
4. The pruning preference (E,=<.) is N-cautious
according to (g, <,).

W

Proof. The proposition states that POP"* termi-
nates with the set of all minimal solutions ac-
cording to (g, <,) whenever at least one exists and
the set is finite. However, by condition 2 this
amounts to proving that POP"* terminates with all
minimal solutions according to (F, <;) whenever
at least one exists and the set is finite.

Since G is finite, then the sets of all partial so-
lutions and of all minimal solutions is necessarily
finite. From Proposition 13 the procedure always
terminates on finite graphs. The only termination
condition is that all paths in memory are closed.
Therefore, all minimal solution paths will be nec-
essarily found unless some subpath of them is
either pruned or filtered previously. However,
Lemma 3 proves that this cannot be the case.
Consequently, all minimal solutions will be finally
selected and labeled as solutions.
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Let us prove now that dominated (non-mini-
mal) solutions will never be selected and labeled as
solutions. Let P’ be a dominated solution. There
exists by definition a minimal solution P* such that
F(P)={f"}, F(P")={f'}, and f* <, f".

If P* has not been found yet, then by lemma 3
there exists some open path Py € PSSP(P*) in
memory such that,

Iy € F(Por) Ao <4 17 <, f’

Consequently, P will never be selected prior to
Pr.

If P* has already been found, then f* € HEV.
Therefore, if P is ever included and open in
memory, it will be immediately filtered. O

Proposition 15. POP"* is N-admissible on infinite
graphs if, in addition of the conditions presented in
Proposition 14, the following condition holds,

5. For each minimal solution path P* such that
F(P*) ={{"}, there is only a finite number of
partial solution paths P' such that,

3 € F(P) /(3,8 VI =1f)

Proof. Note that condition 5 implies (by definition)
that the set of minimal solution paths is finite.
Each minimal solution will be found in a finite
number of steps after expansion of all partial so-
lution paths with preferable, indifferent of equal
estimates. Since the set of minimal solutions is fi-
nite, it will be found in a finite number of itera-
tions.

Condition 5 also implies that the set of all
partial solution paths not dominated by some
minimal solution is also finite. Therefore, after all
minimal solutions are found, all paths in memory
will be eventually closed, pruned or filtered in a
finite number of steps. [

8.4. Instances of POPY*

Proposition 16. If (E, <,) preserves (g, <,), then it
is N-cautious.

Proof. Trivial from the results presented in Section
5. 0

This result opens the way to POP-Z"* and its
family of procedures. It is unnecessary to repeat
all the discussion presented in previous sections.
Obviously N-admissible procedures do not use
equality tie-breaking in pruning.

9. Selecting the right algorithm

This section is intended to serve as a guide to
the selection of the right algorithm for a particular
multicriteria search problem. Therefore, it sum-
marizes in practical terms the results presented in
previous sections. Several implementation details
are also discussed at the end of this section. The
following assumptions apply,

(1) A graph search problem (G, s, I') and the DMs
preference structure (g, <,) have already been
formally defined (see Section 2).

(2) The requested solution is either a minimal so-
lution or, more likely, the set of all minimal so-
lutions.

The minimality requirement forces the selection
of admissible algorithms. If this requirement were
relaxed, a different set of techniques might also be
appropriate.

The selection of an admissible algorithm is di-
vided into two steps. These consider in turn which
heuristic (F, <) and pruning preferences (E, <,)
are suitable for a given DMs preference (g, <,).
Fig. 4 summarizes the decision process described
below for N-admissible algorithms. However, the
same applies to 1-admissible ones.

9.1. Decision maker’s preference

The selection process outlined in Fig. 4 depends
completely on the DMs preference (g, <,). This
preference is defined by an attribute function over
paths g(P), and some preference relation between
attribute vectors <,. While many different kinds of
attributes and preference relations are possible
from a mathematical point of view, special care
has been taken in previous sections in order to
present a small but highly representative set of
possibilities:
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e Only four typical preference relations have been
discussed in this paper: multiobjective, multiat-
tribute, goal satisfaction, and lexicographic.
Their formal definitions can be found in Sec-

tion 7.

o In the case of attribute functions, an important
distinction has been made between cumulative

275

and non-cumulative ones. Basically, cumulative
attributes use some associative combining oper-
ator over some property of the arcs/nodes of a
path (see Section 6). Some examples of cumula-

tive combining operators are: addition (+); mul-

(G, s, 1) and (g. <)
available

Develop new instance of
POP™* with particular
heuristic and pruning
preferences.

Use direct
evaluation function
and <=~

.

Build admissible
heuristic function
H(n)

<

Multiobjective

Y

Vigi(P)
preserves =
and <or <?

Multiattribute Goal satisfaction

Lexicographic
Y

Vig(P)
preserves =
and <?

YES

Vigi(P)
preserves =
and <or <?

PRIMO-Z ™

Fig. 4. Selection of heuristic and pruning preferences. Search involves a graph G that is not a tree.

Develop new pruning criteria or
consider POP-Z* without pruning

Other

tiplication (x); obtaining the maximum of a set
(max); or obtaining the minimum of a set (min).
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Addition is the most frequent combining opera-
tor, e.g., it can be used to add costs or distances
associated to arcs in a path. Multiplication is
frequently associated to probability calcula-
tions. The max and min operators are useful in
‘minmax’ or ‘maxmin’ decision strategies, e.g.,
‘minimizing maximum arc costs in a path’, or
‘maximizing minimum arc capacities in a path’.
An example of a non-cumulative combining
function could be the median of a set. The me-
dian of a set of numbers N is the (|V|/2)th small-
est number in N.

The selection of the right algorithm for a given
DMs preference depends both on the cumulative/
non-cumulative nature of the attributes, and on
the kind of preference relation under consider-
ation.

9.2. Heuristic preference

The first step in the selection process defines
a suitable heuristic preference (F,<,). In order
to guarantee admissibility, both the heuristic and
DMs preference must have the same set of min-
ima when applied to a given set of alternatives. In
such a case both preferences are said to agree.

The nature of the attributes, g(P), largely de-
termines future decisions. Practical applications of
best-first search algorithms involve cumulative
attributes, and most frequently, additive ones.
Otherwise, it is not clear how a heuristic preference
should be constructed, or what kind of pruning
preference should be used. When non-cumulative
attributes are involved, new instances of POP"*
need to be devised.

However, when the DMs preference involves
only cumulative attributes, the heuristic preference
can always take the following form:

(a) The heuristic preference relation <, is the
same as the DMs <,.

(b) Fis a direct evaluation function (see Definition
11, Section 6.2).

In this case, the only additional element needed
to construct the heuristic preference is an admis-
sible multicriteria heuristic function H(n) (see

Definitions 10 and 12, Sections 6.2 and 6.3). Pearl
(1984, Chapter 4) discusses how admissible heu-
ristic functions can be devised for individual at-
tribute functions. Good heuristic functions can
reduce search effort considerably in certain prob-
lem instances. However, obtaining them is a diffi-
cult task for most attributes, and strongly depends
on the particular features of the problem being
solved. An important exception are additive attri-
butes related to some kind of physical distance. In
this case well-known heuristics are available (see
Pearl, 1984, pp. 140-149).

A simple admissible multicriteria heuristic
function could be,

H(n) = {(hi(n),h2(n), ... hy(n))}

where each /;(n) is an admissible heuristic function
for the scalar g;(P) attribute in the sense described
by Pearl (1984). The following are admissible
heuristic functions for different kinds of scalar at-
tributes:

Kind of Attribute Combining Heuristic

attribute values operator function

The less Non-neg- + Y n h(n)
the better ative real =0

The more [0, 1] X ¥ n h(n)
the better =1

The less k1, k) max V n h(n)
the better =k

While the heuristic functions presented above do
not add new information to cut down the search
effort (i.e., they amount to what is usually called
blind or uninformed search), at least they allow the
use of these attributes in (g, <,) without compro-
mising admissibility.

9.3. Pruning preference

The second step in the selection process involves
choosing a suitable pruning preference. The
pruning preferences discussed in this paper apply
only to paths reaching the same node. Therefore,
this decision is relevant only when the graph G
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being searched is not a tree. The power of pruning
can reduce the search effort exponentially in cer-
tain problem instances and should not be under-
estimated (see, for example, Russell and Norvig,
1995, Section 3.6).

In order to guarantee admissibility, the minima
of the DMs preference (g,<.,) must be among
the minima of the pruning preference (E,~<.) or
(e,=<.). In such a case, the pruning preference is
said to be N-cautious according to the DMs
preference. Whereas the work of Carraway et al.
(1990) opens the possibility of heuristic pruning,
this paper only analyzes the case where g(P) =
e(P).

Two different alternatives for the preference
relation <, are discussed in Section 7: using Pareto
order, or using the DMs preference relation <.
These do not always guarantee admissibility, and
careful analysis must be made depending on <,.
The results of this analysis are presented in Section
7, and are briefly summarized in Fig. 4.

9.4. Implementation details

Some implementation details of the algorithms
were intentionally omitted in the previous discus-
sion for the sake of clarity. These involve the
structure and management of the memory and are
briefly discussed here from a practical point of
view. Two related issues need to be considered in
this sense:

(a) The effective storage of the generated partial
solution paths.

(b) The selection of the minimal path at each iter-
ation.

The most usual structure to store partial solu-
tion paths is a labeled acyclic graph. More details
on the use of acyclic graphs in multicriteria search
algorithms can be found in (Stewart and White,
1991; Fernandez et al., 1999).

In addition to a graph/tree with all partial so-
lution paths, most shortest path algorithms claim
to maintain a list of ‘open’ paths. Two categories
are usually found in the shortest path literature,
those of ‘label setting’ and ‘label correcting’ algo-

rithms. The former select a minimal alternative at
each iteration. Therefore, they need efficient data
structures to keep them properly sorted after each
new addition or deletion from the set. On the other
hand, label correcting algorithms do not follow
this selection policy and alternatives are added and
deleted from a queue using simple constant time
operations. This results in a much faster selection
process at the expense of increasing the number of
iterations. The algorithms described in this paper
fall within the label setting class.

Traditionally, label setting algorithms have
been considered better than label correcting ones
when it comes to computing the shortest path
between a source node and a single destination
node in a graph. However, it is important to note
that recent results have began to challenge this
view in certain situations (Zahn and Noon, 2000).

In order to reduce the overhead of alternative
selection at each iteration, label setting algorithms
use a priority queue that can be implemented in
several ways (e.g. as a heap) (Knuth, 1973; Carls-
son and Chen, 1992). Sorting algorithms for these
data structures use some simple total order rela-
tion (typically <) to sort elements according to
their scalar cost values. Multicriteria search algo-
rithms also need efficient means to sort candidate
partial solution paths. However, in this case, paths
need to be sorted according to a heuristic attribute
vector and a multicriteria preference relation.
Different possibilities arise, depending on the na-
ture of this preference relation,

¢ Since lexicographic and multiattribute preferen-
ces induce a total order on attribute vectors,
they can be used directly as an order relation
to sort alternatives in a priority queue. The first
element in the queue will always be minimal ac-
cording to the lexicographic/multiattribute pre-
ference.

e In the multiobjective case, paths should be
sorted in the queue in such a way that the first
element in the queue is always Pareto optimal.
Regrettably, Pareto optimality induces only a
partial order. However, any arbitrary lexico-
graphic order can be used here to sort ‘open’
alternatives, since lexicographic minima are
also Pareto optima. Therefore, a Pareto optimal
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alternative will always be the first element in the
queue.

e Goal satisfaction preferences are not enough to
sort the priority queue either. In this case, a
minimal alternative can be placed at the top
of the queue sorting alternatives lexicographi-
cally according to the prioritized deviation mea-
sures (to guarantee one of the most satisfactory
alternatives at the top of the heap), and break-
ing ties with an arbitrary lexicographic order of
the attributes (to guarantee that the top of the
queue is also Pareto optimal).

10. Related work

Fig. 2 displays the relationship between POP”,
POP-Z*, and their family of related procedures
described in previous sections. An analogous gra-
phic could be used to describe their N-admissible
counterparts. This framework, and the conceptu-
alization behind POP?, is a useful tool to describe
the achievements of previous work in the field of
multicriteria graph search. Algorithms previously
described in the literature are shown inside squares
in Fig. 2.

As it turns out, most previous contributions are
related to the multiattribute paradigm, perhaps be-
cause it is conceptually closer to scalar optimization.
The Z* algorithm (Pearl, 1984) can be very easily
adapted to multiattribute search. The only neces-
sary change is to keep an accumulative attribute
vector associated with each partial solution path,
instead of a single scalar attribute. The celebrated
algorithm A” is an instance of Z*, and can also be
adapted to multicriteria search in a similar way.

Regrettably, this simple adaptation of Z* does
not lead to an admissible multicriteria algorithm
except for the two cases described in Section 7.2.1.
This led (Loui, 1983) to propose the Pareto order
as (local) pruning preference in his multiattribute
generalization of Dijkstra’s algorithm (the unin-
formed counterpart of A*). This paper proposes a
heuristic version of Loui’s algorithm called Z;.
While Pareto preference is likely to prune fewer
paths than multiattribute preference, it results in
admissible search for a more general class of
multiattribute functions.

The quest for general and more effective pruning
preferences in multiattribute dynamic program-
ming resulted in the interesting work by Carraway
et al. (1990). These authors describe a cautiousness
condition different from the one proposed in Section
S, that results in an admissible search (GDP) that is
more effective than Pareto pruning. An important
disadvantage of GDP is the need of additional in-
formation that is normally not available, but that
can nevertheless be estimated heuristically. This
opens the attractive possibility of heuristic pruning.
The work of Mandow (1999) proves that the con-
ditions of GDP imply N-cautiousness.

Unfortunately, the interesting ideas behind GDP
have been used so far only in the limited multiat-
tribute search algorithm U* (White et al., 1992).
This algorithm uses a highly unlikely kind of heu-
ristic estimate. Therefore, it is not an instance of
POP-Z*, although it can still be described as an
instance of POP* (see Mandow, 1999).

Another interesting contribution to multicrite-
ria search is the MOA™ algorithm (Stewart and
White, 1991). This is an N-admissible multiobjec-
tive counterpart of A*, that under the terminology
of this paper receives the name of MO-A"".
However, in the work of (Stewart and White,
1991) the explicit conceptualization behind POP*
appears blurred, probably due to the fact that the
preferences <,, <r, and <, are the same for ad-
ditive multiobjective search. An important differ-
ence between Stewart and White’s MOA™ and
POP"* (and, therefore, MO-A"") is the manage-
ment of the memory structure. POP* considers
each different path for extension only once, i.e.,
once a path is ‘closed’ it is not opened anymore.
However, MOA"™ may reopen paths during its
operation under certain conditions, i.e., each path
may need to be examined many times. This subtle
difference has an extremely important impact on
efficiency, and in fact renders MOA™ unsuitable for
certain problem instances, since path extension is
the single basic operation in best-first algorithms
(see Mandow, 1999). Again, this difference stems
from a different conceptualization in which known
paths (and not nodes) are considered for expan-
sion at each iteration.

Thus far, this section has examined previous
work in the light of this paper. Conversely, in the
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light of previous contributions, this work has ex-
tended the ideas behind Loui’s work, formalizing
pruning as a preference, and analyzing admissi-
bility conditions for multicriteria decision rules. In
any case, the quest for efficient pruning criteria
remains an important research topic in multicri-
teria search.

11. Conclusions and future work

This paper extends the multicriteria decision
paradigm to the heuristic search domain in a sys-
tematic way.

A first step towards this extension is a formal
definition of MHS problems. It is particularly en-
lightening to define these problems explicitly in
terms of problem, heuristic, and pruning prefer-
ences.

Two new general procedures, POP* and POP"*,
have been introduced for general preference-based
search. These procedures perform search using a
set of partial solution paths. At each iteration a
path is selected and extensions are considered for
inclusion in the set. Search is constrained to min-
imal paths according to the pruning preference,
and aims at the extension of minimal paths ac-
cording to the heuristic preference. Sufficient
conditions that relate the three kinds of preference
have been provided to guarantee admissible search
with both POP* and POP"*.

As it turns out, a fundamental issue for efficient
multicriteria search is finding pruning preferences
that behave correctly for given problem prefer-
ences. To tackle this problem the paper provides a
set of operational conditions that can be used to
check whether a given pruning criterion is suitable
for any given kind of problem preference.

All these results provide a general framework
that makes the analysis of many multicriteria
search procedures easier. Particularly, the impor-
tant family of search procedures for cumulative
attribute problems has been analyzed. First, a
simple and effective heuristic preference has been
described for these kinds of problems. This is
similar to the one frequently used in analogous
scalar search problems. Then, the most frequent
multicriteria problem preferences (i.e., multiob-

jective, multiattribute, goal satisfaction, and lexi-
cographic preferences) have been combined with
two kinds of pruning preference: the Pareto order,
and the problem’s own preference.

This analysis results in six new l-admissible
search procedures (extensible to be also N-admis-
sible). These can be extended in turn to provide
new algorithms for the additive case. Some of
these resulting algorithms are described elsewhere
(Mandow et al., 1998; Fernandez et al., 1999).

In sum, the results presented in this paper pro-
vide a comprehensive framework that allows the
reasoned development of new multicriteria search
procedures, and also relates to previous research
efforts. In particular, its relationship to the work
described in (Pearl, 1984; Loui, 1983; Stewart and
White, 1991; Carraway et al., 1990) has been noted.

The design of particular data structures and
algorithms that conform to the specification of the
memory operations described for POP* and POP"*
is a necessary and complementary part of this
paper. The effective storage of paths in memory is
a common problem with known scalar optimiza-
tion algorithms, and solved efficiently using trees
or acyclic graphs.

Finally, formal and empirical analysis on the
behavior of MHS algorithms, like the ones carried
out in (Pearl, 1984) for scalar heuristic search, are
an important theoretical continuation of this
work.
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