A Fast Iterative Nearest Point Algorithm for
Support Vector Machine Classifier Design:

S.S. Keerthi S.K. Shevade = C. Bhattacharyya and K.R.K. Murthy

ssk@csa.iisc.ernet.in  shirish@csa.iisc.ernet.in  cbchiru@csa.iisc.ernet.in murthy@csa.iisc.ernet.in

Technical Report TR-ISL-99-03

Intelligent Systems Lab
Dept. of Computer Science & Automation
Indian Institute of Science
Bangalore - 560 012
India
Ph: (91)-(80)-3092907

! A revised version of this report is under preparation for submission to a journal. We welcome any comments and

suggestions for improving this report.



Abstract

In this paper we give a new, fast iterative algorithm for support vector machine (SVM)
classifier design. The basic problem treated is one that does not allow classification violations.
The problem is converted to a problem of computing the nearest point between two convex
polytopes. The suitability of two classical nearest point algorithms, due to Gilbert, and Mitchell,
Dem’yanov and Malozemov, is studied. Ideas from both these algorithms are combined and
modified to derive our fast algorithm. For problems which require classification violations to be
allowed, the violations are quadratically penalized and an idea due to Friess is used to convert
it to a problem in which there are no classification violations. Comparitive computational
evaluation of our algorithm against powerful SVM methods such as Platt’s Sequential Minimal

Optimization shows that our algorithm is very competitive.

1. Introduction.

The last few years have seen the rise of Support Vector Machines (SVMs)[23 as powerful tools
for solvin classi cation an re ression pro le s ecently fast iterative al orith s that are
also easy to i ple ent have een su este [ 2 latt s SM al orith [ is an
i portant e a ple Such al orith s are oun to wi ely increase the popularity of SVMs a on
practitioners This paper a es another contri ution in this irection Transfor in a particular
SVM classi cation pro le for ulation into a pro le of co putin the nearest point etween two
conve polytopes in the hi en feature space we ive a fast iterative nearest point al orith for
SVM classi er esi n that is co petitive with the SM al orith  Thou h not as easy as SM
our al orith also is uite strai htforwar to i ple ent pseu oco e is inclu e in appen i

sin this pseu oco e an actual runnin co e can e evelope within a few hours ortran
co ei ple ente yuscan eo taine fro wus for any non co  ercial purpose

The asicpro le a resse in this paper is the two cate ory classi cation pro le  Throu h
out this paper we will use to enote the input vector of the support vector achine an to

enote the feature space vector which is relate to  y a transfor ation () sinallSVM
esi ns we onot assu e +to e nown all co putations will e one only usin the ernel
function () () () where enotes inner pro uct in the space

The si plest SVM for ulation is one which oes not allow classi cation violations et 1

e a trainin set of input vectors et the in e set for class an the in e set for



class2 eassu e an et us e ne () The
SVM esi npro le without violations is

in =

st (SVM V)

et us a e the followin assu ption
There e istsa () pair for which the constraints of SVM V are satis e
f this assu ption hol s then SVM V has an opti al solution which turns out to e uni ue
et an the oun in hyperplanes separatin

the two classes the ar in etween the is iven y

2

Thus SVM  V consists of n in the pair of parallel hyperplanes that has the a i u ar in
a on all pairs that separate the two classes

To eal with ata which are linearly insepara le in the space an also for the purpose of
i provin enerali ation there is a nee to have a pro le for wulation in which classi cation vio

lations are allowe The popular approach for oin this is to to allow violations in the satisfaction

of the constraints in SVM V an penali e such violations in the o ective function
in 1
st
(SVM V)
(Throu hout we will use an or whenever the in ices run over all ele ents of ) ere

is a positive inverse re ulari ation constant that is chosen to ive the correct relative wei htin
etween ar in a i iationan classi cationviolation sin  olfe uality theory] SVM V

can e transfor e to the followin e uivalent wual pro le

a l

(SVM V )
st



where an t is co putationally easy to han le this pro le since it
is irectly ase on ( ernel) calculations latt s SM al orith as well as others are ways of
solvin SVM V SM is particularly very si plean atthesa eti e i pressively fast

nvery si pleter s itisan iterative sche e in which only two (appropriately chosen)  varia les
are a uste at any iven ti e so as toi prove the value of the o ective function The nee for
a ustin at least two varia les at a ti e is cause y the presence of the e uality constraint

t is useful to point out that the olfe wual of SVM V is sa e as SVM V
with  set to Therefore any al orith  esi ne for solvin SVM V can e

easily use to solve the ual of SVM V an there y solve SVM V

n arecent paper riess] hassu este theuseasu ofs uare violations in the cost function

st (SVM V)

reli inary e peri ents y riess have shown this for ulation to e pro isin nli e SVMV
here there is no nee to inclu e non ne ativity constraints on  for the followin reason Suppose
at the opti al solution of SVM V is ne ative for so e  Then y resettin we can
re ain feasi le an also strictly ecrease the cost Thus ne ative values of  cannot occur at the
opti al solution
s pointe out y riess| a very nice property of SVM V is that y oin
a si ple transfor ation it can e converte into an instance of SVM V et enote the

i ensional vector in which the th co ponent is an all other co ponents are e ne

— . . ()

Then it is easy to see that SVM V transfor s to an instance of SVM V ( se instea of
) ote that ecause of the presence of  varia les SVM V s feasi le space is always

non e pty an so the resultin SVM V is auto atically feasi le  lso note that if enotes

the ernel function in the SVM V  pro le then the ernel function for the transfor e

SVM Vopro le is iven y



where
if
otherwise

Thus for any pair of trainin vectors ( ) the o i e ernel function is very easily co pute

ur ain ai in this paper is to ive a fast al orith for solvin SVM V The aini ea
consists of transfor in SVM V into a pro le of co putin the nearest point etween two
conve polytopes an then usin a carefully chosen nearest point al orith to solve it  ecause
of e ar 2 our al orith can also e easily use to solve SVMV y e ar al orith s
such as SM can also e use tosolve SVMV  ne pirical testin however we have foun that
( etails are iven in section ) our al orith is oree cient for solvin SVM V  than SM  use
in this way  ven when the typical co putational cost of solvin SVMV  y SM isco pare
with that of solvin SVM V  y our al orith we n that our al orith 1is co petitive
ecently riessetal | ( erivin inspirationfro the atronal orith iven y nlaufan
iehl for esi nin op el nets) an Man asarian an Musicant] (usin a successive overrela
ation i ea) in epen ently su este the inclusion of the e tra ter 2 in the o ective functions
of the various for ulations This is one with co putational si plicity in in hen 2 is
a e totheo ective functions of the pri al SVM pro le s ie SVM V SVMV an SVM
V it turns out that the only e uality constraint in the ual pro le s ie ets
eli inate  Therefore it is easy to ive an iterative al orith for i provin the ual o ective
function si ply y a ustin asin le atati e asoppose tothea ust ent of two such vari
a lesre uire y SM riess et al[ applie the atron al orith to solve SVM V  riess|
applie the sa e to SVM V  while Man asarian an Musicant[ applie the successive over
rla ation sche e to solve SVM V owever the asic al orith ici ea use y the are nearly
i entical choose one eter ine a unconstraine step si e for  as if there are no oun s on
an then clip the step si e so that the up ate satis es all its oun s
f the ter 2 is inclu e in the o ective functions of SVMV an SVM V then these
pro le scan e easily transfor e toapro le ofco putin the nearest point of a sin le conve
polytope fro theori in a pro le thatis wuchsi plerthan n in the nearest istance etween

two conve polytopes  ur nearest point al orith entione earlier si pli es consi era ly for



this si pler pro le
n spite of all the co putational si plicity rou ht a out y the inclusion of the 2 ter
our testin shows that these si pli e al orith s o not perfor as well as al orith s which
solve pro le s without the 2 ter Iso since the e ect of inclu in the 2 ter on SVM
perfor ance such as enerali ation etc is yet to e fully un erstoo the value of inclu in the
2 ust for the sa e of havin so ee trai ple entational ease is uestiona le
The paper is or ani e as follows n section 2 we refor ulate SVM V as a pro le of
co putin the nearest point etween two conve polytopes n section 3 we iscuss opti ality
criteria for this nearest point pro le  Section iscusses i portant practical issues concernin
appro i ate stoppin of wual solutions t points out the an er of si ply stoppin the wual
solution usin ualo ective function accuracy an erivesasi plechec for stoppin nearest point
al orith ssoasto et uarantee accuracy for the solution of SVM V The ainal orith of the
paper is erive in sections an Two classical al orith sfor oin nearest point solution ue
to il ert] an Mitchelletal[ areco ine an o i e to eriveourfastal orith  Section
concerns the si pli cation of this al orith to treat the case correspon in to the inclusion of
2 in the o ective functions of SVMV an SVM V etaile co paritive co putational
testin of e istin al orith s a ainst our al orith s is ta en up in section = The two appen ices

ive all etails nee e fori ple entin our ain al orith

or u tion o r t oint ro

iven a set we use co to enote the conve hull of ie co 1is the set of all conve

co inations of ele ents of

co
1 1

et co an co where an are as in the e nition

of SVM V Since an are nite sets an are conve polytopes onsi er the followin

eneric pro le of co putin the ini u  istance etween an
in st ( )

t can e easily note that the solution of ay not euni ue e can rewrite the constraints



! w*.z+b=0

w* . z+b*=1 w* . z+b*=-1

maximum
margin
=awl
i ure on all pairs of parallel hyperplanes that separate the two classes the pair with the
lar est ar in is the one which has ( ) as the nor al irection where ( ) is a pair of
closest points of an ote that ( ) for chosen such that 2
of al e raically as
(2)
The e uivalence of the pro le s SVM V an can e easily un erstoo y stu yin the
eo etry shown in i ure ssu ption is e uivalent to assu in that an are non
intersectin ~ Thus i plies that the opti al cost of is positive f ( ) enotes the
solution of SVM  V an ( ) enotes a solution of then y usin the factsthat a i u
ar in 2 an ( ) for so e we can easily erive the followin

relationship etween the solutions of SVM V an

— 2 ) - 3)

The followin theore states this relationship for ally



( ) solves SVM  V if an only if there e ist an such that

( ) solves an (3) hol s
irect eo etrically intuitive proof is iven y Sanchetian  eerthi[2 with reference to a
eo etricalpro le in o otics ater ennett[2 prove aso ewhat close result in the conte t of
learnin al orith s ereweonly ivea iscussionthat follows the tra itional olfe ual approach
e ploye in the SVM literature The ain reason for oin this is to show the relationships of

an the varia les in it with the olfe wual of SVM V an the varia les there

sin  olfe uality theory| we rst transfor SVM V to the followin e uivalent wual
pro le
1
a 1
(SVM v )
st
where as efore an Since i plies that
we can intro uce a new varia le an rewrite as two constraints

fwe also e ne

then SVM V can e rewritten as
a 2 —
()
st

n this for ulation it is convenient to rst opti i e  eepin constant an thenopti i e on
the outer loop pti iin with respect to yiel s

2

Su stitutin thisin ( ) an si plifyin  we see that ( ) eco es e uivalent to

a 2 ( )

st

This pro le is e uivalent to the pro le
in 1

st



fwe e nea atri whose colu ns are 1 i then it is easy to note that

f satis es the constraints of ( ) then where an Thus ( ) is e uivalent
to

olfe uality theory| actually yiel s

sin this ( )an ( ) wecani e iately verify the e pression for  in (3) The e pression for
can e easily un erstoo fro eo etry

The a ove iscussion also points out an i portant fact there is a si ple re

un ancy in the SVM V for ulation which ets re ove in the for ulation ote

that has two e uality constraints an SVM V has only one while oth have the

sa e nu er of varia les Therefore when ua ratic pro ra in al orith s are applie to

SVM V an separately they wor uite i erently even when starte fro thesa e

e uivalent startin points
ti it rit ri or

irst let us ive so e e nitions concernin support properties of a conve polytope or a

iven co pact set let us e ne the y

() a ()

See iure2 euse ( )to enote any one solutionof () ie () satis es

() () an () ()

ow consi er the case where is a conve polytope 1 an co t is well
nown|[ thatthe a i u of alinear function over a conve polytope is attaine yane tre e
point This eans that an Therefore  an can e eter ine yasi ple

enu eration of inner pro ucts



s (n) |

i ure2 e nition of support properties ( )isthee tre everte of inthe irection

istance etween the hyperplanes 1 an iseualto ()

The

Thus () provi esasi ple proce ure for evaluatin the support properties of the conve polytope

co et us also e ne the function y

) ()

y () it follows that

)

e now a apt these eneral e nitions to erive an opti ality criterion for

eo etrical analysis shows that a pair ( ) solves if an only if

() an ()

where in other wor s ( ) solves if an only if ( )an

uivalently () isopti alifan only if

et us e ne the function y

si ple



Since an are nonne ative functions it also follows that ( ) is opti al if an only if

() The followin theore states the a ove results (an relate ones) for ally
Suppose an Then the followin hol (a) ( )
()if is a point that satis es then there is a point on the linese ent co
such that (c) if is a point that satis es then there is a point
on the line se ent co such that () ( ) solves if an only if

()

(a) This follows fro ( 2)an ( )
() e neareal varia le an a function () ( ) escri es the variation
of as a eneric point varies fro to  over the line se ent oinin the Since
() 2 ( ) the result follows
(c) The proof is alon si ilar lines as that of ( )
() irstlet ( ) et Since  ( ) an () we have
an Su tractin the two ine ualities we et where

ow

2( )

an hence () is opti al for n the other han if () is opti al for we can set
() () an wuseresults (a) an ( ) to show that ( )
to in ritri or orit

hen a nu erical al orith is e ploye to solve any of the pro le s entione earlier ap
pro i ate stoppin criteria nee to e e ploye n SVM esi n a ual for ulation (such as
SVM V an ) is solve instea of the pri al (such as SVM V) ecause of co puta
tional ease  owever it has to e eptin in that it is the pri al solution that is of nal interest
an that care is nee e to ensure that the nu erical al orith has reache an appro i ate pri al
solution with a uarantee speci e closeness to the opti al pri al solution e will show usin
ane a plethatsi ply stoppin when the wual appro i ate solution has reache the ualopti al
solution within a oo accuracy can e an erous

onsi er the e a pleshownin i ure3 et usta eitthat lass 2 has a sin le point which

is the ori in Thus et e on the linese ent oinin a an which are the support



b a

i ure 3 a ple to illustrate the an er of stoppin with only oo  ual solution accuaracy
vectors fro lass (ie those vectors in which have positive ultipliers in a representation
of ) et us use the notation ~ to enote the istance etween the two points an et
- the opti al istance etween the two classes an — Suppose it turns out that
is very uch lar er than (This con ition is uite typical of ost classi cation pro le s)
Suppose we are solvin an we stop when we reach an appro i ate solution that satis es
- )  etusassu ethat is uchs allerthan  fweassu e that the support vectors

arei enti e correctly ( ost al orith s infact o this well) then lies on the linese ent oinin
the two support vectors a an et e as shown in i ure 3

onsi er trian le

™ ) 2 ) 2

Thensin 2 ( ) 2 owconsi ertrian le —) )

() lso — et e the point of intersection of the line oinin
an with the line which has as the nor al irection an passes throu h learly — is
the ar in correspon in to the appro i ate solution ote that the opti al ar in for
the pro le is e ual to To et an esti ate of  consi er trian le T~ T sin 2
Then

— — T ) T



ro this we nally et

() C ) 5

ors all itisthe rstter ontheri ht han si ethat o inates Thus when islar e the
error in the ar incan everylar e s all eviation fro thus lea s to a lar e chan e in
the ar in fro si ply ecause of the reason that is uch farther fro than hat
is ane erous is that even with a s all canen up ein ne ative an hence at the en of
the al orith we cannot even enerate a feasi le () pair for SVM  V usin the appro i ate
ual solution  fcourse when is a everyverys all thesepro le s isappear owever a ey
uestion still re ains to e answere how o we syste atically stop the ual solution al orith
in or er to pro uce a feasi le pri al solution that has a speci e closeness to the opti al pri al
solution e will ne t show that the function that we intro uce in ( ) reatly ai sin oin
such a wuarantee stoppin
Suppose we have an al orith for that iteratively i proves its appro i ate solution
in such a way that an where ( ) is a solution of y
part ( ) of Theore 2 an the fact that is a continuous function ( ) Iso
where an y assu ption Thus we also have
( ) Suppose is a speci e accuracy para eter satisfyin an that it
is esire to stop the al orith when we have foun a ( ) pair that is feasi le to SVM V an
( ) where ( ) is the opti al solution of SVM Ve will show that this is

possi le if we stop the wual al orith when () satis es

() ()

iure eo etrically epicts the situation et e the ar in correspon in to the irec

tion learly

ote that since () () () we have
() () C ) ()
Thus ( ) The eter ination of  that is consistent with the feasi ility of

SVM V can e easily foun y settin



i ure situation satisfyin ( ) ere () () 1 ()
() an C ) )
an choosin  such that 2 sin () we et
2
()
C ) ()
Since the e uation of the central separatin hyperplane has to e of the for we

can also easily et the e pression for as

(2)
() ()
sin () ( )an the fact that we et
- () Q) () Q) ()
To erivea oun for note that ( () () Then
() ) ()
Thus we have prove the followin i portant result
et ( ) e a solution of an ( ) e the opti al
solution of SVM Vet Suppose an ( )hol s Then( )
as ene y( )(2)isfeasi lefor SVM V an
in( ) )




f one is particularly intereste in ettin a oun on the cost function of SVM V then it can

e easily o taine

(— )  2)

si ilar oun can e o taine for
11 these iscussions point to the i portant fact that ( ) can e use to e ectively ter inate

anu erical al orith for solvin

It r tl orit or

has een well stu ie in the literature an a nu er of oo al orith s have een
iven for it[ 2 3 est eneral purpose al orith s for such as  olfe s al orith [2
ter inate within a nite nu er of steps however they re uire e pensive atri stora e an
atri operations in each step that a es the wunsuita le for use in lar e SVM esi n  terative
al orith s that nee ini al e ory (ie e ory si e nee e is linear in the nu er of
trainin vectors) ut which only reach the solution asy ptotically as the nu er of iterations oes
to in nity see to e etter suite for SVM esi n n this section we will ta e up so e such

al orith s for investi ation

il ertsal orith [ wasoneofthe rstal orith ssu este forsolvin t was ori inally
evise to solve certain opti al control pro le s ater its o i cations have foun oo wuse in
pattern reco nition an ro otics[2 n this section we rie y escri e the al orith an point

to how it can e a apte for SVM classi er esi n
et an e as in the e nition of et enote the Min ows i set

i erenceof an [ e

t is interesting to point out that the active set method used by aufman to solve s is to Wolfe s

algorithm when both are used to solve



learly is e uivalent to the followin ini u mnor pro le

in M )
nli e this pro le has a uni ue solution M is very uchli e an see sliea
si pler pro le than ut it is only super cially so is the conve polytope co
where
2)
a set with 1  points ( 1 ) To see this ta e two eneral points an

with the representation

Then write as

an note the fact that ( )( ) n eneral it is possi le for to
have ( 1 ) vertices Since 1 can eco everylar e itis e nitely nota oo i ea to for
an then e ne usin it
il ert sal orith isa etho ofsolvin M  that oes not re uire the e plicit for ation of
ts steps re uire only the evaluations of the support properties an ortunately these

functions can e co pute e ciently

() () 2 ( )

Thus for a iven the co putation of ( ) an () re uiresonly ( ; )t e
n opti ality criterion for M can e eagily erive as in section 3 This is state in the
followin theore e will o it its proof since it is very uch alon the lines of proof of Theore

2 The function of ( 2) as applie to playsa ey role



Suppose Then the followin hol (a) ( ) () f isany point
in  such that there is a point in the linese ent co satisfyin
(c) solvesM ifan onlyif ( )

il ert s al orith is ase on the results in the a ove theore = Suppose we start with so e

f ( ) then the solution of M n the other han if ( )
then () satis es y part ( ) of the theore then searchin on the line
se ent connectin  to yiel s a point whose nor iss aller than These o servations yiel

il ert s al orith

hoose
o pute ( )an ( ) £ ( ) stop with else set ()
o pute the point on the line se ent oinin  an which has least nor  set

an o ac to step

n e cient al orith for co putin the point of least nor on the line se ent oinin two
points is iven in appen i i ure shows a few iterations of il erts al orith on a two
i ensionale a ple il ert showe that if the al orith  oes not stop with  at step within
a nite nu er of iterations then asy ptotically as the nu er of iterations oes to
in nity e also showe that the al orith has a linear rate of conver ence
e now iscuss how il erts al orith can e a apte to solve an that arises fro an
SVM classi er esi npro le Step can eeasilyi ple ente y choosin any an
settin n a typical usa e of il erts al orith is actually aintaine in e ory
This is possi le for linear SVM esi n where the space an space coinci e owever in a
nonlinear SVM esi n pro le thatis ase on ernel functions islocate either in a very lar e
i ensional space or in an in nite i ensional space n such a case instea of aintainin  one

has to aintain a conve hull representation of

where (see (2 ))  nly the an so e etails associate with each  nee to e
store an  aintaine et us now e plain what these etails are +t is easy to note that new

points arise only fro in step 2 Thus each  has the representation where



~ Z (0)= starting point

e S S Z()

S(-Z(0)

= $(-2(2)

i ure few iterations of il ert s al orith on atwo 1 ensionale a ple



() an () The pair ( () ()) carries full infor ationa out an henceitissu cient
to store this etail for each

Step can ei ple ente usin (22) an (23) To o the co putations e ciently it is useful

to aintain a cache of the inner pro uct for all those in ices which are
nee e in the e nition of et  enote the set of such in ices ie () () n
step 2 ta es the for ( ) where an are eter ine in
step t the en of step 2 the inner pro ucts cache isup ate usin the followin se uence
of steps () f set co pute

an inclu e it in the cache (2) epeat the a ove step for (3) Then for each set
( ) ( ) Then the are up ate y the followin se uence of steps

() Set ( ) (2) f is e ual to so e alrea y e istin then a e a further
o i cationto (only for that ) (3) ntheother han if is not e ual to any
of the alrea y e istin then inclu e asanew e erof an set its to ote

that the up atin s involve two trainin vectors ( an  )an re uire2  ernel evaluations where
is the nu er of in ices in the representation of  Since islar e (hun re s or thousan s)
for ost pro le s the cost of co putin the ernels an oin the up atin of cache an is
usually uch hi her than the cost of oin all other operations (such as ini iin nor on a line

se ent) si ilarco ent can e a e for all al orith s consi ere in this paper
t each iteration of the al orith  a pair of points an that yiel is

always availa le

Typically the con ition  ( ) oes not occur at a nite owever since as the

nu er of iterations oes to in nity we have ( ) t is easy to use () to see that

ecause of this the al orith can e ter inate (after a nite nu er of iterations) when



is satis e lea in to the eter ination of an appro i ate solution of SVM V that satis es the
oun s iven in Theore 3

ei ple ente il erts al orith wusin all the a ove i eas an teste its perfor ance on

a variety of classi cation pro le s hile the al orith always a es rapi ove ent towar s

the solution urin its initial iterations on any pro le s it was very slow as it approache the

nal solution  1so suppose there is a  which ets pic e up y the al orith  urin its initial

sta es ut which is not nee e at all in representin the nal solution (ie )
then the al orith is slow in rivin the correspon in to ecause of these reasons il erts
al orith y itself is not very e cient for solvin the s that arise in SVM classi er esi n

Many years after il erts wor Mitchell e yanovan Malo e ov][ in epen ently su

este a new al orith for M e will refer to their al orith as the M M al orith nli e

il ert sal orith M M al orith fun a entally uses the representation inits a
sic operation  hen it is clear that for all which have f ( )
then an hence the a ove con ition auto atically hol s owever at an appro i ate point

the situation is i erent The point coul e very close to an yet there coul very

well e ist one or ore such that
an 2)

(thou h iss all) ore ciency of representation as well as al orith perfor ance itisa oo
i ea toeli inate such fro the representation of ith thisin in e ne the function (see
iure )

() () () @)

learly () an () ifan only ( ) ie
t each iteration M M al orith atte ptsto ecrease ( ) whereas il ertsal orith only
tries to ecrease ) This can e seen eo etrically in i ure M M al orith tries to
crush the total sla towar s ero while il erts al orith only atte pts to push the lower sla

to ero This is the essential 1 erence etween the two al orith s ote that if there is a



1 ure e nition of ere () an () ( ) ( )

satisfyin (2 ) then M M al orith hasa wuch etter potential to uic ly eli inate such fro
the representation

et us now escri e the ainstep of M M al orith et e an in e such that
in ( )

et () ith the re uctionof ( )in in M Mal orith loo sfori prove
ent of nor value alon the irection at or let an () Since
() 2 2 () it is easy to see that ovin alon  will strictly ecrease if
Since in the representation for ecreases urin this ove ent hasto eli ite to the
interval € ne 'y e ne So the asic iteration of M M al orith
consists of n in the point of ini u nor on the linese ent oinin an
The structure of M M al orith is essentially the sa e as il ert s al orith an so we feel
there is no nee to state it for ally 1lso all the re ar s that we a e for il erts al orith
concernin its a aptation to the solution of s arisin in SVM classi er esi n hol oo for
M M al orith too The etails are only sli htly ore co plicate ecause of the fact that the
e nition of involves e ersof n particular note that the up atin of the re uires
ernel evaluations in each iteration where is the nu er of in ices in the representation

of eo it ivin full etails of the up ates so as to avoi repetition



ei ple ente an teste M M al orith t wor s faster than il erts al orith es
pecially in the en sta es when approaches 1 orith s which are wuch faster than M M
al orith can e esi ne usin the followin two o servations ( )it is easy toco ine thei eas
of il erts al orith an M M al orith into a hy ri al orith which is faster an (2) y
wor in irectly in the space where an are locate it is easy to n ust two ele ents of
that are use to o ifythe an atthesa eti e eep the essence of the hy ri al orith
entione a ove n the ne t section we escri ethei eas ehin the hy ri al orith  Then we
ta e up full etails of the nal al orith incorporatin oth o servations in section an the two

appen ices

careful loo at M M al orith shows that the ain co putational e ort of each iteration is
associate with the co putationof ( ) the eter ination of an theup atin of an of
the inner pro ucts cache ence we can uitea or to a ethere ainin steps of an iteration
a little ore co ple provi e that lea stoso e ain an oes not istur the eter ination
of an the up atin s Since il erts al orith ainly re uires the co putation of
( )an () which are anyway co pute y the M M al orith it is possi le to easily
insert the ain i ea of il erts al orith into M M al orith so as toi prove it nu er

of i ease er e fro this atte pt e will rst escri e these i eas an then co  ent on their

00 ness
The situation at a typical iteration is shown in i ure s efore let usta e the representation
for as
ithout loss of enerality let us assu e that ( ) for so ein e (f ()
is not e ual to any we can always inclu e it as one ore an set the correspon in to
without a ectin the representation of in anyway ) The points an are respectively
shownas an  inthe wure The point ( )(ie the of M M al orith )

is shown as

t step 2 of each iteration of M M al orith ta e to e the point of ini u



i ure llustratin the various i eas for i prove ent ere ()
il ert line se ent M M linese ent( isparallelto ) 1 trian le
trian le ua rilateral an trian le
nor on 1 the trian le for e 'y an

n al orith for co putin the point of ini u nor on a trian leis iven in appen i
Since the line se  ent connectin  an (the one on which M M al orith n sthe ini u

point) is a part of 1 thisi ea will locally perfor (in ter s of ecreasin nor ) at least as well

as M M al orith ote also that since the ini u mnor point on ; can e e presse as a
linear co ination of an the cost of up atin an the cache is the sa e as that of
M M al orith

ora iven letus e ne
() —( )

learly () is the point in o taine y re ovin fro the representation of an oin a

re nor ali ation etus e ne ( ) see i ure Since

it follows that lies on the line se ent oinin an

22



t step 2 of each iteration of M M al orith ta e to e the point of ini u
nor on the trian le for e y an

ecause contains ; i ea2willpro ucea whosenor islessthan or e ualto that pro uce

y ea
ne can carry this i ea further to enerate two orei eas et ( ) an e the
point of intersection of the line oinin an the line oinin it is easily chec e that
is the point o taine y re ovin oth the in ices an fro the representation of

an then oin arenor ali ation ie

( )( )

et enote the ua rilateral for e y the conve hull of an e the trian le
for e y an learly Iso alon the lines of an earlier ar u ent it is easy
to show that
t step 2 of each iteration of M M al orith ta e +to e the point of ini u
nor on
t step 2 of each iteration of M M al orith ta e +to e the point of ini u
nor on
ei ple ente an teste all of these i eas ea ives a very oo overall i prove ent
over M M al orith an  ea2i provesit further alittle ore owever we have foun that in
overall perfor ance ea 3 perfor sso ewhat worseco pare to ea2 an ea perfor seven
worser ( e omnot have aclear e planation for these perfor ances) nthe asisofthesee pirical

o servations wereco en ea2to ethe estoneforusein o ifyin M M al orith

t u nti orit or
n this section we will ive an al orith for irectly in the space in which an are
locate The ey i eais otivate 1y consi erin il erts al orith et an e

the appro i ate solutions at so e iven iteration an

e say that an in e satis es con ition at ( ) if
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- 2
. 2)
Suppose satis es (2 ) f is the point on the line se ent oinin  an that is closest to

then y ( ) we et an apprecia le ecrease in the o ective function of

in( —) (2)

where parallelco entcan e a eif satis es (2 ) n the other han if we

areuna leto n anin e  satisfyin then (recall the e nitions fro section 3) we et

C ) 3 C ) 3 ) 2)

which y Theore 3 isa oo way of stoppin These o servations lea us to the followin eneric
al orith  which ives a ple scope for eneratin a nu er of speci c al orith s fro it The

e cient al orith that we will escri e soon after is one such special instance

hoose an set
in anin e satisfyin fsuch an in e cannot e foun stop with the conclusion
that the appro i ate opti ality criterion (2 ) is satis e Ise o to step 2 with the foun

hoose two conve polytopes an such that an
if if (3)

o pute ( ) to ea pairof closest points ini iin the istance etween an Set

an o ac to step

Suppose in step 2 we o the followin f choose as thelinese ent oinin an
an Ise if choose as the line se ent oinin  an an Then
the al orith 1is close in spirit to il ert s al orith ote however that here only one in e
plays a role in the iteration whereas il ert s al orith re uires two in ices (one each fro an
) to e ne n a si ilar spirit y appropriately choosin an the various i eas of section
3 can ee ten e while involvin only two in ices efore we iscuss a etaile al orith we
prove conver ence of the eneric al orith
The eneric se uential al orith ter inates in step with a ( ) satisfyin

(2 ) after a nitenu er of iterations



The proof is easy  irst note that (2 ) hol s ecause of the way an are chosen in step 2
Since y assu ption is unifor ly oun e elow y ero thereis a unifor  ecrease in
at each iteration Since the ini u  istance etween an is nonne ative the iterations
have to ter inate within a nite nu er of iterations
onsi er the situation in step 2 where anin e  satisfyin  isavaila le Suppose the al orith

aintains the followin representations for an

)

where an
e will refer to a as a consistent with the ter inolo y a opte in the
literature et us e nei inan in as follows (see i ure )
i in ar in (32)
in ar in
(Thou h re un ant we have state the con itions an to stress their i portance
Iso in a nu erical i ple entation an in e havin coul occur nu erically
nless such in ices are re ularly cleane out of it is est to eep these positivity chec s in
(32))
There are a nu  er of ways of co inin an onein e fro i in in an then

oin operations alon i eas si ilar to those in section 3 to create a variety of possi ilities for
an e havei ple ente an teste so e of the pro isin ones an e pirically arrive at
one nal choice which is the only one that we will escri e in etail
irst we set  in as follows in i inif else in in
Then step 2 is carrie out usin one of the followin four cases epen in on an in See
iure fora eo etric escription of the cases
in et e the point in o taine y re ovin fro the

representation of ie
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_________________ .
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A
B
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___________________ .
D
i ure llustration of i in in i a an a ere an
where ( )  hoose to ethetrian lefor e y an an
in et e the point in o taine y re ovin fro the

representation of ie

ﬁ( ) ( ) 3)

where ( ) hoose to ethetrian lefor e y an an
in hoose to e the line se ent oinin  an an to e the
line se ent oinin  an where  isasin (3 )
in hoose to e the linese ent oinin  an an to e the
line se ent oinin  an where  is as in (33)
This e nes the asic operation of the al orith owever tre en ousi prove ent in e

ciency can eachieve y oin twothin s ( ) aintainin an up atin caches forso e varia les

an (2) interchan in operations etween the support vector an non support vector sets These

i eas are irectly inspire fro thoseuse y lattinhis SM al orith et us now o into these
etails

irst let us iscuss the nee for aintainin cache for so e varia les loo at (2 ) (2 ) an
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(32) shows that an are i portant varia les fany of these varia les
isto eco pute fro scratch it is e pensive for e a ple co putation of (for a sin le
) usin (3 ) re uires the evaluation of | ernel co putations an ( 1) co putation (where
1 the nu erofele entsin )an toco putei inof (32) this has to e repeate 1
ti es Therefore it isi portant to aintain caches for these varia les etus e ne ()
() an
on these cache varia les an are the only vectors Since the al orith spen s uch
of its operation a ustin the of the support vectors it is appropriate to rin in the non support
vectors only rarely to chec satisfaction of opti ality criteria n that case itise cient to aintain
()an only for an for otherin icesco putethese uantitiesfro scratch whenever
nee e
s entione in the last para raph it is i portant to spen ost of the iterations usin
ith thisin in we e ne two types of loops The loop oes over all
se uentially choosin one at a ti e chec in con ition  an if it is satis e  oin
one iteration ie step 2 of the eneric al orith  The loop operates only with
oin the iterations any any ti es until certain criteria are et hereas in latts SM

al orith  the iterations run over one support vector in e at ati e we have a opte a i erent

strate y for Type loop etus e nei a a an a as follows
ia ar a
3)
a ar a
i a if
a 3)
a  otherwise
These can e e ciently co pute  ainly ecause of the cachin of ( ) an () for all
asic Type  iteration consists of eter inin a an oin one iteration usin

a  These iterations are continue until the appro i ate opti ality criteria are satis e
over the support vector set ie when

3)

n the early sta es of the al orith (say a few of the Type then Type roun s)a nearly accurate

set of support vector in ices et i enti e ntil that happens we have foun that it is wasteful to



spen too uchti e oin Type iterations Therefore we have a opte the followin strate y
f at the point of entry to a Type loop the percenta e i erence of the nu er of support
vectors as co pare with the value at the previous entry is reater than 2 then we li it the
nu er of Type iterations to  the total nu er of trainin pairs in the pro le  Thisis one
torou hly a e thecost of Type an Type loopse ual n any case we have foun it useful to
li it the nu er of Type iterations to The al orith is stoppe when (3 ) hol s causin
the al orith to e it Type loop an in the Type loop that follows there is no satisfyin
con ition
The aini easrelatin to Type iterations that we have escri e a ove can also e use in
latt s SM al orith ehave onethisan havealso oneso einitialtestin  ro thisli ite
testin it appears that these i eas o not cause a si ni cant i erence to the SM al orith n
the other han thesei eas a ea 1 i erence foroural orith ie i ple entin Type y
se uentially runnin over all support vector in ices any ti es pro resses uch wuch slower
co pare tothei ple entation ase on a
ull etails concernin the actual i ple entation of the full al orith is a e uately e plaine

in the two appen ices of this report So we will o it the etails here

i i ¢ tion in t tr

n this section we consi er a si pler SVM for ulation su este recently y riesset al]
an riess[ Suppose the ter 2isa e to the cost functions of SVM Van SVM V that
were for ulate in section  Then y appropriate rearran e ent these pro le s can e written
as a special SVM  V pro le in which is a sent et usta e SVM V to illustrate this point

Si ilar to ( ) we can e ne



Then it is easy to see that SVM V transfor s to of the followin pro le

1

in =
st (SVM Vo)
s in the iscussion elow e uation ( ) if enotes the ernel function in the ori inal pro le

then the ernel function for the transfor e pro le is iven y

c > ) =

n the case of SVM V when 2isa e totheo ective function the transfor ation to an
instance of SVM Vo is easier than the a ove steps we only have to leave out

The rest of this section will correspon to the notations in SVM V o et us assu e the
followin

The feasi le space of SVM V o isnone pty
snote in e ar 2 SVM V always has non e pty feasi le space an hence when it is

transfor e to SVM V o it also has a non e pty feasi le space an the a ove assu ption
hol s et an co t is also easy to show that this pro le
is e uivalent to

in st ( )

arallel to Theore we can erive the followin result

solves SVM Vo ifan onlyif solvesM  an

— 3)

s in section 2 the followin  olfe wual pro le of SVM V o0 can e use to un erstan
this result

a — st (3)

ntro uce

to rewrite (3 ) as

st



pti iin for e ives

Su stitutin thisin ( ) yiel s the e uivalent pro le

1

in =
st
which is e uivalent to M if we o serve that co 11 where is as in the
iscussion elow Theore Since where enotes a solution of (3 ) we can

use () an ( 2) to easily erive (3 )

nli e (2 ) here the set that e nes is irectly prescri e in the space
where an are locate an that too in a very si ple fashion Therefore il ert s al orith
M M al orith an its o i cations apply irectly without nee for Min ows i set i erence
transfor ations Thus theiri ple entation eco es uchsi pler than that escri e in section

Since the i eas are very strai ht forwar we o not o into the etails

o ut tion o ri on .

n this section we co pare the perfor ance of our al orith (s) a ainst other iterative al orith s
for SVM classi er esi n Since the o ective of this paper is to esi n fast al orith s our focus
in this section is only on stu yin co putational e ciency hether or not the various SVM
for ulations trie in this paper lea to oo enerali in solutions is a 1 erent issue that is not

ealt with here it isi portant however to o a separate stu y of this issue

The followin etho s were chosen for co parison
_ latt s SM  was applie to SVM V
2 - SVM V  was converte to SVM V which was then solve wusin SM

3 SVM V  was converte to SVM V which was then solve y the near point al o

rith  of section

Man asarian an Musicant s S was applie to SVMV S which is the o i

cation of SVM V o taine ya in the cost 2 in the o ective function



SVM V S the o i cationof SVMV o taine ya in the cost 2 in
the o ective function was converte to SVM V o an then solve wusin the ini u

nor al orith that we rie y outline at the en of section

Thesa epro le solve yM issolve wusin S s we alrea y entione in
section  thisway of usin S  isi entical to riess  atronal orith | owever we have
preferre to call it as S _ since the heuristics (usin two types of loops sortin support

vectors etc ) that cause si ni cant i prove ents are asically ta en fro Man asarian an

Musicant s paper|

ei ple ente all these etho s in ortran an ran the wusin onaz2 M entiu
achine n the case of SM an S they were i ple ente e actly alon the lines su este
y latt] an Man asarian an Musicant|
hen testin an al orith it isi portant to specify clearly what criteria are use to stop the
al orith hen co parin i erent al orith s this is even orei portant also in this case
it is crucial to select stoppin criteria that are as unifor as possi le n our testin we have use
stoppin criteria which were su este y latt] an oachi s| n each of the

use ythesi etho sliste a ove we have a pair of parallel hyperplanes that for

the oun aries for the two classes et us call these hyperplanes as 1 an The e nitions
of 1 an i ers for i erent transfor e for ulations etus e ne

sin these Ta le e nes 1 an for the si etho s  ote that the notations in the last
two colu ns correspon to the transfor e for ulation or instance for the s use in

the e nitions correspon to those in SVM V which are actually the s e ne in ()
et enote the istance etween the two hyperplanes 1 an iven a relative tolerance
let us for sy etric an s each of thic ness usin the four shifte hyperplanes 1
an as illustrate in i ure et us si ply refer to a varia le use in the pro le s
( or )asa s we now all ultipliers have to satisfy non ne ativity constraints
urther in the case of SM _ an S the ultipliers also have to satisfy the upper oun

constraint for notational purposes we will ta e for all other etho s t a
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Metho ro le Transfor e teration nsof 7 an
a resse or ulation Varia les in space
SM _ SVM V o Transfor ation 2
SM _ SVM V SVM V 2
SVM V SVM V
S SVMV S SVM V  without 2
M SVMV S SVM V o 2
S - SVMV S SVM V o 2
Ta le e nitions of 1 an
particular instance we say that the th ultiplier the stoppin criteria if of the

followin four con itions is et

ultiplier is positive an the resultin SVM output is a ove 1
ultiplier is positive an the resultin SVM output is elow

ultiplier is lower than an the resultin output is elow
ultiplier is lower than an the resultin output is a ove

n al orith is stoppe when there is no ultiplier that violates the stoppin criteria
n the case of note that for the sa e the stoppin
criteria ust escri e isti hter than those su este insection ase onthe function ie ( )

or the sa e of unifor co parison we have use the ti hter criteria entione a ove

The followin stan ar pro le s were use in our testin isconsin reast ancer ata[2 3
Two Spirals ata[22  hec ers ata] 2 ult ata] an e pa eclassi cation ata|
cept for hec ers ata for which we create a ran o set of points on a chec ers

ri (see 1iure ) all other ata sets were ownloa e fro the sites entione in the a ove

references an were use in full for trainin ie no ivision into trainin vali ation test sets was
a e n the case of wult ata set the inputs are represente in a special inary for at as use
y latt in the testin of SM  To stu y scalin properties as trainin  ata rows latt i sta e

e peri ents on the ult an e ata e have use only the ata fro the rst fourth an
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i ure llustration of the notations use in the stoppin criteria

seventh sta es The aussian ernel

() ep )

was use in alle peri ents The  valuese ploye to ether with the i ension of the input
an the nu  er of trainin points are ivenin Ta le 2 The  values iven in this ta le were
chosen as follows or the ult an e atathe  values are the sa e as those use y latt
in his e peri ents on SM for other ata we chose suita lyto et oo enerali ation

Man asarian an Musicant pointe out that the nal solutions o taine with an without the

2 ter inclu e in the cost function of an SVM for ulation are typically close e also have

o serve this in our e peri ents iven this the etho s SM _ M an S _ can
e irectly co pare si ilarly SM _ an S can e irectly co pare To a e a cross
co parison etween these two roups of etho s we i the followin et enote the nal

ar in o taine 7y a solution in the solution space  or each ata set we chose two i erent

ran es for an values in such a way that they cover the sa eran e of values (t ay e
note that  has an inverse relationship with an ) Then we ran all etho s on a unch of
an values sa ple fro those ran es Such a stu yisi portant for another reason as well

hen a particular etho isuse for SVM esi n  or is usually un nown an it hasto e
chosen y tryin anu er of values an usin a vali ation set Therefore oo perfor ance of a

etho inaran eof or valuesisi portant hether or not a particular etho has such a



ata Set
isconsin reast ancer 3
Two Spirals 2
hec ers 2
ult 23
ult 23
ult 23
e 3 2
e 3 3
e 3 2 2

Ta le 2 ata Set roperties

perfor ance ets reveale clearly in our e peri ents
s we have ar ue earlier in this paper the cost of up atin the caches is the o inant part
of the total co putational cost Therefore the total nu er of ernel evaluations is a very oo
in icator of the co putin cost Since such a easureis pretty wuchin epen ent of the co putin
environ ent use it is easy for others evelopin new al orith stoco paretheir etho sa ainst
the ones investi ate here without actually runnin these etho sa ain n Ta les 32 we have
iven the total nu er of ernel evaluations an the nu ers of support upper oun vectors
use y various runs (The nu er of upper oun vectors applies only for SM _ an S ) or
S _ the values are not iven in any rows Thisis ecause co putin ti es involve in these
runs were very lar ean soS _ was not run till co pletion n thecaseof wult an e
ata we co pare only SM an i ures 3 23 raphically show the variation of co putin
cost as a function of the solution space ar in
i ure 2 shows the classi cation re ion for e y the SVM esi ne usin for the
hec ers pro le uations ( ) (2 ) were use to for the pri al solution an the resultin
classi cation re ion t is clear that these e uations lea to oo results The hec ers pro le
is separa le in the space utitis i cult to solve or the no violations case ave est
results as evi ent fro i ure (low  values)

The followin conclusions e er e fro the co putational results
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or the SVM pro le for ulation which linearly penali es classi cation violations SM is

clearly etter than S

2 orthe SVM pro le for ulation which ua ratically penali esclassi cation violations

is clearly the est

3 S _ ( atron)isa veryslow etho
S an M the other two etho s ase on inclusion of 2 ter in the cost function
perfor reasona ly well ut not as fast as SM _ an Iso their co putational cost
increases as are increase to lar e values
hen SM _ an are co pare over a nu er of values they perfor uite

closely on the avera e The runs on  ult an e ata point to the fact that oth these
etho s scale e ually well as a function of ata sie t lar e values see s to
have ane eover SM _ on ost atasets which in icates that it is the etter etho for

solvin SVM V  verall these two etho s ive the est perfor ance

The linear violation for ulation resultsinas allernu er of support vectors when co pare
to the ua ratic violation for ulation hile the i erence is very little in the isconsin
reast ancer Two Spirals an  hec ers atasets the i erence is very pro inentin  ult
an e atasets especially at s all values fsuch alar e i erence oes occur in a
particular pro le  then the linear for ulation oes have a reat a vanta e when usin the

SVM classi er for classi cation after the esi n process is over

onc u ion.

n this paper we have iven a new fast al orith for SVM classi er esi n usin a carefully
evise mnearest point al orith The perfor ance of this al orith on a nu er of ench ar
pro le sis very encoura in Thou h not as si ple as the SM al orith  our al orith also is
uite strai htforwar to i ple ent as in icate y the pseu oco e in appen i ur nearest
point for ulation as well as the al orith are special to classi cation pro le san cannot e use

for SVM re ression
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n this appen i we ive two useful al orith s one for co putin the nearest point fro the
ori in to a linese ent an one for co putin the nearest point fro the ori in to a trian le
onsi er the pro le of co putin the nearest point of the line se ent oinin two points

an  fro theori in pressin  in ter s of a sin le real varia le  as

an ini iin with respect to it is easy to o tain the followin e pression for the opti al

if
—— otherwise
t is also easy to erive an e pression for the opti al value of
if
otherwise

urther ore suppose the followin con ition hol s

et us consi er two cases

n this case we have y ( 3)an ( )

sin ( 3) we et afterso eal e ra

. ) ()

et for so e nite (f an  are points of a polytope then such a oun e ists

y( )an ( ) we et



o Inin the two cases we et

in — ( )

onsi er ne t the pro le of co putin the nearest point of a trian le oinin three points
an fro theori in e have foun itto e nu erically ro ust to co pute the ini u
istance fro the ori in to each of the e es of the trian le an the ini u  istance fro the
ori in to the interior of the trian le (if sucha ini u e ists) an then ta e the est of these four
values The rst three istances can e co pute usin the line se ent al orith we escri e

a ove et us now consi er the interior This is one y co putin the ini u  istance fro

the ori in to the two i ensional a ne space for e 'y an an then testin whether the
nearest point lies insi e the trian le Settin the ra ient of ( ) ( ) to
an solvin for 1 an yiel s

where 13 1 ( ) ( ) 11 o1 )
an ( ) et 1 learly the ini u point to the a ne space lies
insi e the trian le if an only if { an in that case the nearest point is iven
vy o1 an thes uare of the ini u istance is 1
ndi

- (11 1 )

o putes etails associate with the point of least nor on the line se ent
oinin an iven an on input the proce ure

returns satisfyin such that ( )

nitially set the rst verte

hec if secon verte i1 proves

if ( ) then



en if
hec if the interior of line se ent i
2

if ( ) return

if ( an

) then

en if

return

(

o0 putes etails associate

proves

)

with  the point of least nor on the trian le for e

y the conve hull of three points an iven for all
the proce ure returns satisfyin forall
that

nitially start with the line se ent oinin an

call ine Se ent(

hec if the line se
call ineSe ent(

if ( ) then

en if
hec if the line se

call ineSe ent(

)

ent oinin an i proves

ent oinin an i proves

3 on input

such



if ( ) then
en if
hec if the interior of the trian le i proves

2 2

if ( ) return

if ( an ) then

en if

return

. ( )

et e the line se ent oinin an an e the line se  ent oinin
an This proce ure co putes etails associate with an the pair of points
which ini ie the istance etween the two lines The inputs are ( ) | )
C C ) o) ) an
n return an  are such that ( ) ( ) an
f there is ill con itionin an no reasona le co putation is possi le is set to  otherwise it

1s set to

Thisisasi pli e versionof u els ys etho [
f or set an return

f set an return

if ( ) then



else if ( ) then

en if
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if ( ) then
else if ( ) then
else

2 2 2
return

en if

( )
if ( ) then
else if ( ) then
en if

2 2 2
return
_ (  a success)
iven an in e a that violates the opti ality criteria this proce ure oes one

oie il ert step f there is a failure ue to so e ill con itione situation the proce ure
returns success otherwise it returns success Il re uire varia les an caches are up ate
if success This proce ure is calle fro _ ut very rarely say ust once or twice

urin the entire al orith



o two cases epen in on a
if then

1 a a

i a ernel(i a i a )
i a 2 ( )
Ga) (a)
call ine Se ent( )
if ( ) then
success
return
en if

SUCCess

else
a a
a ernel( a a)
a 2 ()
(a) ( a)
call ine_Se ent( )
if ( ) then
success
return

en if



SUCCeSSs

en if

return

- (  a success)
iven an in e a that violates the opti ality criteria this proce ure chooses
inan oesone iteration fthereisa failure uetoso eill con itione situation the proce ure
returns success otherwise it returns success Il re uire varia les an caches are up ate

if success

o pute in

i in ar in () ()
in ar in () ()
if ( (i in) (i in) ( in) ( in)) then
else
en if

oa o ie il ertstepif
if ( ) then
call il ert_Step( a success)
return

en if
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ernel( in a)

There are four cases to consi er

ase
if an then
1 a a 1 in in
(i in) (i in)
( ernel(i ini in) 2 (i in)) 2
ernel(i a 1 a) 2 (i a)
(ia) (ia)
(G a) G in))
call Trian le ( )
if ( ) then
success
return
en if
success
ernel(i in i in) ernel(i a i a )
2 (ia) 2
(i in) (ia)
() () ernel(i in ) ernel(i a )
if ( ) then

re ovei in fro

else



en if
ase 2
else if an

a a in in

call Trian le (

if ( ) then
success
return
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success
ernel( in
2 (a) 2
(in)
() () emel
if ( ) then
re ove in fro
else
en if

ase 3

then

in)

ernel(

ernel(

a

a

in)



else if an then

1 a a in in

( ( in)  ( in)

ernel(i a i a) 2 (i a)

( ernel( in in) 2 ( in))
call Two_ ines ( )
if ( or ) then

success
return
en if
success
( ) erneli a 1 a ) 2(
( ) () ernel( in in) 2(

( )( ) ( ) ( in)
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() ) () ernel( in )

if ( ) then

re ove in fro
else
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success

return
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else
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s in the paper an respectively in icate the in e sets for the two classes
nthei ple entation thisis est han le y eansofa inary vector in icatin

an in icatin The user has to ive the ernel function ernel(i ) enotes the
ernel function applie tothe than  th input vectors The lists of support vectors an can

e easily represente y aintainin a sin le inte er array alin alin ( ) eans an

alin () eans otherwise = hether isin or can e eter ine wusin part
fro the inte er arrays an alin  entione a ove thei ple entation nee s three real arrays
an each of these arrays have si e where enotes the nu  er of trainin vectors
f course since we have irectly prescri e the ernel function we have not a e any ention of
the e ory nee e for the input trainin vectors These vectors can e han le accor in to the

pro le snee such as real inte er ense sparse etc

nitially choose any an set
2
ernel( ) ernel( ) ernel( ) 2
() () () ()
a ine_ onSV SV_ pti ality onSV_ pti ality
u _Type _ p ates u _Type2_ p ates

hile (SV_ pti ality or onSV_ pti ality )

if any e ists with re ove fro

if ( a ine. onSV ) then

u _Type _ p ates onSV_ pti ality a ine_ onSV
or each o}
() ernel( ) () ernel( )



() O)
if ( an ) or ( an

onSV_ pti ality

if ( ) set else set
call Ta e_Step ( success)
if (success ) then
if ( ) re ove fro else re ove fro
else
u _Type _ p ates u _Type _ p ates
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en if
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else
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en if

en if

if ( u _Type _ p ates an u _Type2_ p ates ) then
pti ality criteria not satis e 1 orith is una le toi prove solution any ore
erhaps istoos all valuate over the entire trainin set to
eci e accuracy of the current solution see Section of the paper

en if

or oin inferenceusin the esi ne para eters set ( ) i a)
() ( a) ( a)co pute an usin ( )an (2 )an wusethesi nof

ernel( ) to eci eifa iven elon sto lass or lass2

(ia)
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