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Abstract

In this paperwe presenta methodfor learningthe structure
of Bayesiametworks(BNs)withoutmakingary assumptions
on the probability distribution of the domain. This is mainly
usefulfor continuousdomainswherethereis little guidance
andmary choicesfor the parametriadistribution familiesto
be usedfor thelocal conditionalprobabilitiesof the Bayesian
network, andonly afew have beenexaminedanalytically We
thereforefocus on BN structurelearningin continuousdo-
mains. We addresghe problemby developinga conditional
independenceest for continuousvariables, which can be
readily usedby ary existing independence-basé&N struc-
ture learningalgorithm. Our testis non-parametricmaking
no assumption®n the distribution of the domain. We also
provide aneffective andcomputationallyef cient methodfor
calculatingit from data. We demonstratéhe learningof the
structureof graphicalmodelsin continuousdomainsfrom
real-world data, to our knowledge for the rst time using
independence-basedethodsand without distributional as-
sumptions.We also experimentallyshav that our testcom-
paresfavorablywith existing statisticalapproachewhich use
prediscretizationandverify desirablepropertiessuchassta-
tistical consisteng.

Intr oduction and Moti vation

Oneof the rst problemsthataresearchewhois interested
in learning a graphicalmodel from datais facedwith, is

makinga choiceon thekind of probability distributionsshe
will use. Suchdistributions are usedto modellocal inter

actionsamongsubsetsof variablesin the model. For ex-

ample,in a Bayesiametwork (BN), a local probability dis-

tribution function (PDF) needsto be de ned betweenev-

ery variableandits parents.The choiceis easiefin discrete
domains,whereevery variablecantake only a x ed num-

ber of values;the standardchoicefor discretePDFsis the

multinomial, which is usually sufcient for modelingcom-

plex interactionsamongvariablesandwhoseparameterare
straightforvardto estimatefrom data.

In continuousr mixedcontinuous-discretégomainshow-
ever the problemis considerablyharder promptingthe use
of simplifying assumptionsThe commonassumptiors for
the local PDFs betweenparentsand childrento be linear
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relationswith additive Gaussiarerrors(Geiger& Hecler

man1994; Spirtes,Glymour, & Scheines993). However,

there are mary real-life situationswhere this assumption
fails (e.g., stockmarket prices,biometricvariablesweather
status,etc), wherethe interactionsare far from linear In

thesecasessuchan assumptiorcanleadto inaccuratenet-

worksthatareapoor t to thedataandtheunderlyingprob-

ability distribution, andcanproduceincorrectstructures.

Ourwork addressethelearningof thestructureof graph-
ical modelswithout making ary such assumptionsabout
the distributions of the local PDFs. Although we focuson
Bayesiametwork structurelearning,applicationto Markov
network structurelearningis straightforvard. To learnthe
structureof a Bayesiannetwork, there exist two general
classef algorithms. The rst, calledthe scoe-basedap-
proach,employs a searchin the spaceof all possiblelegal
structuregguidedby a heuristicfunction, usuallypenalized
log-likelihood (Lam & Bacchus1994). The searchproce-
dure maximizesthis score,usually by hill-climbing. Other
searchtechniguehave alsobeenused(Heckerman1995).

The secondclassof Bayesiametwork structurelearning
algorithmsusethefactthatthestructureof aBN impliesthat
asetof conditionalindependencstatement$old in thedo-
mainit is modeling. They exploit this propertyby conduct-
ing a numberof statisticalconditionalindependencéCl)
testson the dataand usetheir resultsto make inferences
aboutthe structure. Assumingno errorsin thesetests,the
ideais to constrainjf possiblethesetof possiblestructures
thatsatisfythe conditionalindependenciethatarefoundin
the datato a singleton,andinfer that structureasthe only
possibleone. For this reasonthesealgorithmsare called
constrint-basedr independence-based

Ourwork usesthe seconctlassof algorithmsto learnBN
structurein continuousdomains. The crucial obsenation
is thatthe independence-basedgorithmsinteract with the
data only throughthe conditionalindependencéestsdone
during their opemation. Therefore the useof a Cl testbe-
tweencontinuousvariables,andin particularonethatdoes
not assumeanything aboutthe distribution of the variables
involved in the test, would be sufcient for learningthe
structurdan suchdomaingn adistribution-independerfash-
ion. CI teststhat do not assumeary particularfamily of
distributionsarecallednon-paiametric Althoughsuchtests
exist for discretevariables—the 2 (chi-squarej}estof inde-
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Figure 1: Two very different data setshave similar 3 3 his-
tograms.Left: X ;Y stronglydependentRight: X ;Y indepen-
dentby construction.

pendencés perhapghe mostcommonone—forcontinuous
variablesthe standardapproachs to discretizethe continu-
ousvariablesandperformadiscretetest. Oneproblemwith
this methodis that the discretizationhasto be donewith
care; for example, Fig. 1 depictstwo very different situa-
tionswhereX andY aredependen(left) andindependent
(right), thatproducewo verysimilar histogramsftera3 3
discretization. The (unconditional)multi-resolutiontest of
Margaritis& Thrun(2001),outlinedin the next section,ad-
dressegasessuchasthis. Independence-basedgorithms
however requireconditionalindependencéests.In this pa-
per we extendthe above-mentionedinconditionaltestto a
conditionalversionthatcarefullydiscretizegsheZ axis,per
forms an (unconditional)independencéeston the datain
eachresultingbin, and combinesthe resultsinto a single
probabilisticmeasuref conditionalindependence.

Outline of Unconditional Test

In this sectionwe outlinetheunconditionaimulti-resolution
testof independencéetweentwo continuousvariablesX
andY of Margaritis& Thrun (2001). A centralideais the
comparisorof two competingstatisticaimodels M (thein-
dependeninodel)andM . (thedependentodel),accord-
ing to the datalikelihood of a datasetconsistingof (X;Y)
pairs.For agiven x edresolutionthetestusesadiscretized
versionof the datasetat that resolution(resolutionis the
size of the histogramor “grid” placedover the datae.g.,
3 3inFig.1). ThedependenmodelM. correspondo a
joint multinomial distribution while the independenimodel
M, totwo mamginalmultinomialsalongtheX - andY -axes.
Margaritis & Thrun calculatethe datalikelihoodsof each
modelanalytically:
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whereD denoteshedatasetandc; thecountsoftheN M
histogram. This closedform is dueto the useof a Dirich-
let conjugateprior distribution over the parameterof the
multinomials(whicharetypically unknovn). Theterms j; ,
i and ; aretheparametersf the Dirichlet (hyperparam-
eters). Using Bayes'theorem,the posteriorprobability of
M, isgivenby
1 P Pr(DjM, )
P Pr(D jM,)

andPr(M, jD)=1 Pr(M, jD). P £ pPr(M,)is

the prior probability of theindependenimodel. A common
choicefor P in situationswherethereis no prior informa-
tion is guidedby theprincipleof indifferencewhich assigns
equalprior probabilityto eithercase.e., P = 0:5.

The above equationshold for a given resolutionand a
given placementof the histogramboundaries. Margari-
tis & Thrun average(integrate)in a Bayesianfashionover
all possiblepositionsthat the histogramboundariesmay
take. Since this is prohibitively expensve for anything
but very small datasets,the practicalimplementatiorem-
ploys a maximum-walueapproximatiorto the Bayesianin-
tegral. They alsousethis x ed-resolutiortestto developa
multi-resolutiontestby discretizingthe datasetat a num-
ber of graduallyincreasingresolutionsand combiningthe
results—sedlargaritis& Thrun(2001)for details.

To conclude independenceor dependence the ratio
Pr(M, j D)=Pr(M,) is comparedvith unity:

Pr(M, jD) _ 1) X;Y independent
Pr(M,) ~  <1) X;Y dependent.

The comparisorof the ratio to a numbergreater(smaller)
thanunity canbeusedto re ect abiasof aresearchetoward
dependencéndependence).

An extensionto testingfor independencdetweentwo
setsof variablesX andY , ratherthan single variablesX
andY , is straightforvard.

Pr(M, jD)=1 1+

Probabilistic Measure of Conditional
Independence

The unconditionaltest describedin the previous section
takes a datasetof continuous-alued(X;Y) pairsandre-
turnsthe estimatedgosteriorprobability of the modelrepre-
sentingindependences. the onerepresentinglependence.
In this papeme extendthisto aconditionalversionthattests
for conditionalindependencef X andY givenZ, in ado-
mainthatcontainccontinuous-aluedtriples(X;Y; Z). This
is denotedasX ? Y j Z andde ned at “all valuesof Z
excepta zero-supporsubset’(Lauritzen1996).

We make the standardassumptionthat the data points
are drawn independentlyand from the samedistribution,
namely the domain PDFE This is frequently called the
i.i.d. assumptionstandingor independentlandidentically
drawvn data,andis a basicassumptionn statistics—forex-
ampletheanalyticaformsof traditionaldistributions(multi-
nomial,Poissonhypeigeometricetc.) dependnit.

Ourprocedurdor testingfor conditionalindependencef
X andY givenZ canbesummarizedn thefollowing three
steps:



2. Measureconditionalindependencén eachbin by per
forming anunconditionaindependenceestof X andY,
usingthetestdescribedn the previoussection(obtaining
aposteriomprobability of independencéom eachbin).

3. Combinetheresultsfrom eachbin into a singlenumber

This immediatelyintroducesthe following threequestions:

(a) Whatdiscretizatiorof theZ axisis appropriatgstepl)?
(b) Whenandwhy is conductingan unconditionaltestin a
bin sufcient to measureconditionalindependencén that
bin (step2)? (c) How do we combinethe (unconditional)
testresultsusingtheresultfrom eachbin (step3)?

Testingfor Conditional Independenceln Each Bin

For clarity of exposition,we startwith question(b). Let us
assumeve aregivena subsebf thedataD; thatfall within
a particularbin by, producedby somediscretizationof the
Z -axis. Todeterminavhether(X 2 Y j Z) inthishin,itis
sufcient totest(X 2 Y) if weknowthat(fX;Yg? Z)
(in this bin), asthefollowing theoremnstates.

Theorem1. If (fX;Yg ? Z),then(X ? Y j Z)if and
onlyif (X 2 Y).

Proof. We are usingthe following theoremshat hold for ary
probability distribution, dueto ? (?): DecompositionContraction,
andWeakUnion.

(Proofof) ): Wewantto prove that

fX;Yg? Z)and(X 2 Y [jZ)) (X 2Y):

FromDecompositiorand(f X;Yg ? Z) weget(X 2 Z).

From Contractionand(X ? Z) and(X 2 Y j Z) we get

(X 2 fY;Z9).

FromDecompositiorand(X 2 fY;Zg) weget(X 2 Y).

(Proofof ( ): Wewantto prove that

fX;Yg? Z)and(X 2 Y)) (X2 Y|jZ):

FromWeakUnionand(fX;Yg? Z) weget(X ? ZjY).

From Contractionand(X ? Z j Y) and(X 2 Y) we get

(X 2 fZ;Y0Q).

FromWeakUnionand(X ? fZ;Yg) weget(X ? Y jZ).

We canusethe above theoremasfollows. Supposehat
we conductan unconditionattest(f X;Yg ? Z) in bin by,
usingthe unconditionaltest of Margaritis & Thrun (2001)
(extendedo handlesets)obtainingPr(f X;Yg? Z j D;).
Denoting(fX;:Yg 2 z) € u, (x 2 v) € 1, and
X2Y|jzZ) el , considertwo extremecases:

Givencertainindependenceff X ; YgandZ,i.e., Pr(U j
Di) = 1, conditionalindependencef X andY givenZ
is the sameas unconditional,accordingto the theorem.
ThereforePr(CI j U;D;) = Pr(l j Dj).

Givencertaindependencef f X;YgandZ, i.e, Pr(U j
Di) = 0, nothingcanbe said aboutthe conditionalin-
dependencef X andY givenZ without actually con-
ducting a conditional test; this is becausehe distribu-
tion of fX;Yg is certainto changewith Z within the
bin, makingthe theoreminapplicable. Therefore,in this
casethe posterioris takenequalto the prior probability:
Pr(Cl j: U;D;) = P = 05.

In the generalcase,by the theoremof total probability,
Pr(Cl jDj)is:

Pr(Cl jDj) = Pr(Cl jU;D;)Pr(UjD;j)+ ()
Pr(Cl j: U;D;)Pr(: UjDj) =
Pr(l jD{)Pr(UjD;)+ P@ Pr(UjD;))

Thetestof Margaritis& Thrun(2001)canbe usedfor both
Pr(U j Dj) andPr(l j D) sincethey are unconditional.
We thereforenow have a way of estimatingthe posterior
probability of conditionalindependencéom the resultsof
two unconditionaindependencests,jn eachbin of agiven
discretizatiorof the Z -axis.

Discretization and Probabilistic Measure

We now addressjuestiongc) and(a). Eventhoughwe can
useEg. (1) directly to calculatethe posteriorprobability of
conditionalindependencentheentiredatasetD of sizeN,
thiswill beuselessn mostcasesbecaus¢hedistribution of
fX; Ygwill likelyvaryalongtheZ -axis,resultingin Pr(U j
D) OandthereforePr(Cl jD) P = 0:5accordingo
Eq.(1). Toimprovethechancehatthe PDFof f X ; Y g will
be uniform alongZ, we divide the Z axis into subregions,
resultinginto apartitionof D into subsets.

Let us assumehat we are given a discretizationresult-

independencef X with Y in eachbin by, i.e., Pr(Cl j

Di) def I ; andtheindependencef fX;Ygwith Z in b,

i.e,Pr(UjDj) def U, . Theseestimatesreindependentor

differentvaluesi andj dueto thei.i.d. assumptionwhich
implies thatthe (X;Y; Z) valuesof the i-th datapoint do
notdependnthevaluesary of theremaining(N 1) data
points. Therefore] ; is independensf | ; (andU; of U, ) for
i 6 j, becausehey arefunctionsof the independentata
setsD; andD; .

We thereforemeasureconditionalindependencéy the
productof the correspondingstimates ; overall bins. Due
to the practicalconsideratiorthat the fewer datapointsan
interval contains,the more unreliablethe test of indepen-
dencebecomeswe scaleeachtermin the productby the
fractionof datapointsin the correspondindpin, resultingin
thefollowing expression:

Y NN
|l =  Pr(CljD)%™N =157 ()

i=1 i=1

wherec; is thenumberof datapointsin bin by. Eachtermin
the productcanbe calculatedusingEqg. (1). | rangesfrom
0to 1. We useit asa probabilisticmeasureof conditional
independenctor agivendiscretization.To concludedepen-
denceor independenceye compared  with its valuewhen
we have nodatai.e.,

\id

Pr(Cl)«=™ = paN = p:
i=1 i=1
This addressequestion(c) (combinationof results).For

question(a), the determiningfactoron the appropriateness
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;U) = RECURSIVE-MEDIAN(X;Y;Z;D):

1. ifjDj 1,

2. return (0:5; 0:5)

3. U=Pr(fX;Yg? ZjD)

4. | =PrX?2YjD) U+P (1 UV

5. z = median(D;Z)

6. D3 = fpointsj of D suchthatz; z g

7. D2 = fpointsj of D suchthatz; > z g

8. (l1;U1) = RECURSIVE-MEDIAN(X;Y;Z;D1)
9. (l2;U2) = RECURSIVE-MEDIAN(X;Y;Z;D?)
10. fl = (Z Zmin ):(Zmax Zmin ) /* fl 05 */
11. f2 = (Zmax Z )=(Zmax Zmin) [*f2 0:5%*

12. |0: exp(fllnI1+ f2|n|2)
13. UOZ exp(flln U+ foln Uz)

14. if U > U°

15. return (I ; U)
16. else

17. return (1 % U%

Figure2: Therecursve-mediaralgorithm.

of adiscretizations a measureof how uniform eachbin is
with respectto f X ; Yg and Z, allowing the useof Theo-
rem1. We measurauniformnessn afashionsimilarto | ,
calling theresultU:

w IV N
U= Pr(UjD)"™N = U™ ®)
i=1 i=1

Aswith | , U alsorangefrom 0to 1. Theinsighthereis that
U is theoreticallyconstantandequalto 1 everywherealong
theZ -axisatthelimit wherethelengthof eachintervaltends
to 0. (Thisis aconsequencef U monotonicallytendingto 1

within aninterval asits lengthis madeshorter The proof of

thisis simpleoncewe obsenrethatindependencef f X; Y g

with Z within aninterval is logically implied by indepen-
dencewithin two intervals that partitionit.) We canthere-
fore useU to comparewo discretizationdy their resulting
U values,preferringthe onewith the greaterU value(i.e,,

theonecloserto 1).

Recursive-medianalgorithm

We can now put all the above togetherin the recursve-
medianalgorithmshawn in Fig. 2. Thealgorithmtakesas
inputthenamewf variablesX , Y andZ andadatasetD . It
beginsby calculatingthemeasuref posteriomprobability of
independencé (usingEg. (1)) andU usinga singleinter
val alongthe Z -axisthatcontainsthe entiredataset. It then
splitsthedatasetalongthe Z -axisat the median producing
in two non-overlappingintervals containingthe samenum-
berof points(plusor minusone)andrecursvely callsitself
on eachof the two subsets.Whenonly one point remains,
therecursiorreachedts basecasejn thiscased.5(theprior)
is returnedbothfor | andU, sinceboththeindependenand
the dependenmodelare supportedy the singledatapoint
equallywell. Uponreturnfrom thetwo recursve calls, the
resultsl 1, | , andU;, U, arecombinedinto | ©and U° re-
spectvely usingEgs. (2) and(3), respectiely. The greater

of U (representinghe estimateduniformnesof theinterval
beforesplitting) andU® (representinghe estimatediniform-
nessaftersplitting)is returnedalongwith thecorresponding
conditionalindependencestimate(l or | 9. At the endof
the run on the entire dataset, the value of U returnedcan
bediscardedr usedasa measuref con dencein themain
result(l value),if desired. We concludeconditionalinde-
pendencéf andonlyif | =P 1.

Related Work

Work speci ¢ to non-parametriconditionalindependence
testingin continuousdomainsis scarce.The mostrelevant
work is in theareaof discretizationVirtually all work in this
areahasfocusedin the paston PDF estimation(e.g., Scott
(1992)). However, it is arguablewhethera methodwell-
suitedfor PDF estimationcanalsoperformwell in indepen-
denceesting(thosetestedheredid not,aswill beseenin the
Experimentssectionbelow). Discretizationrmethodscanbe
catgyorizedassuperviser unsupervisedSinceherethere
existsno concepbf “class; supervisednethodsarenot ap-
plicable. Unfortunately theseform the bulk of theresearch
in thearea(e.g., seesuney in DoughertyKohavi, & Sahami
(1995)).A smallnumberof unsupervisednethodsexist:

Sturgess method is widely recommendedn introduc-
tory statisticstexts (Scott 1992). It dictatesthat the the
optimal numberof equal-widthhistogrambins is k =
1+ log, N, whereN is thenumberof points.

Scott'smethod (Scott1979)dictateshatthe optimalbin
width is i = 3:5°"N 1=+ 9 for multiple dimensions,
where” isthesamplestandardieviationandd is thenum-
berof dimensions.

Freedman and Diaconis's method (Freedman& Di-
aconis 1981) is an improvementover Scotts method
intendedto be more robust to outliers. It setsfi =
2(IQ)N =@+ d) wherelQ is theinterquartilerange(the
distancebetweenthe points splitting the datainto 25%-—
75%and75%—25%subsets).

We compareour approachwith thesemethodsin the next
section.

Experiments
Real-World BN Structur e Learning Experiments

We evaluatedthe suitability of the recursve-medianalgo-
rithm for learningthe structureof a graphicalmodelon the
BOSTON-HOUSING andABALONE real-world datasets:

Dataset | No.of datapoints | No. of variables
HOUSING 506 14
ABALONE 4177 8

HOUSING is a relatively small data set, making non-
parametridestingfor independencespeciallydif cult. We
appliedthe PC algorithm (Spirtes, Glymour, & Scheines
1993)usingtherecursive-mediartestfor learningthe struc-
ture of a graphicalmodelin this domain. The outputof PC
is not alwaysa Bayesiametwork; in domainswhereits as-
sumptiongail, theresultingstructuremaycontainbidirected
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Figure 3: Outputof the PC algorithmfor the HousING domain.
Themodelcontainshidirectedandundirectecedgeqseetext).
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Figure4: Outputof the PC algorithmfor the ABALONE domain.
Themodelcontainshidirectededgeqseetext).

(indicatingtheexistenceof alatentvariable)aswell asundi-

rected(undirectableedges. The resultinggraphicalmodel
is shavn in Fig. 3. This structureimplies a set of condi-
tionalindependenciespr examplethatINDUS (proportion
of non-retailbusinesscregertown)isindependendf other
variablesgiven CRIM (per capitacrime rate by town). We

notethattheresultingnetwork agreeswith theoriginal study
of thedatathatconcludedhatthereis nodirectlink between
NOX (a pollution indicatoryand MEDV (the medianvalue
of owneroccupiedhomes)—theirdependencén Fig. 3 is

througha numberof intermediateelationships.

The ABALONE dataset containsmeasurementrom a
study conductedto predictthe age of abalonesrom their
physical characteristics.The domain contains9 variables
in total, one of which is cateyorical (SEX), 7 continuous,
andoneordinaldiscretg(thenumberof rings,which denotes
theage).Sincethetestfor continuousrariablesassumesin
orderingof the values,we did not usethe cateyorical vari-
able. The network structureresultingfor the ABALONE do-
mainis shavnin Fig. 4. Thestructurendicatesa numberof
conditionalindependencie#cludingthatHEIGHT is inde-
pendenbf othervariablesgiventhe SHELL WEIGHT, and
LENGTH is independenof othervariablesgiven WHOLE
WEIGHT andDIAMETER.

Comparisonwith Prediscretization Methods

We comparedthe recursve-medianalgorithm with meth-
odsthatprediscretizedhe datausing Stuigess, Scott's, and
FreedmarandDiaconiss method,describedn the Related
Work section.After discretizationye conducteda 2 (chi-
square)estof independencéor eachbin of the condition-
ing variable—combiningverall Z intervalsin the standard
way—to producea signi cance (a p-value)in the null hy-
pothesiqconditionalindependence)lo evaluatethe perfor
manceof thesetests arti cial datasetswerenecessaryThis

"Lambda" networks: Sturges

"Lambda" networks: Recursive-median
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Figure 5: 15 Lambda-netwrk results from recursve-median,
Stulges,Scott,and Freedman-Diaconimethods.Only recursve-
median(correctly)indicatesconditionalindependencin all cases.

is becaus¢hegroundtruth (whetherthevariablesn thedata
setarein fact conditionallyindependenbr not) cannotbe
known with certaintyexceptfor arti cially generatediata
sets.We thereforeuseddatasetsgeneratedrom the follow-

ing 3-variableBNs:

“Lambda” networks: Theseare structuredas X
Z ! Y,andtherefore(X ? Y j Z) by construction.

“V" networks: ThesearestructuredasX ! Z Y,
andtherefore(X 62 Y j Z) by construction.

We usedall pairsof thefunc-

tions shavn in the table on | Functions ]
the right for the BN edges, s X
combinedadditively in the case f, 2sin(x)

of the V-networks, and added fa In jx;j
Gaussiannoise. 20,000 data fa | 15(x=5+ 1)
pointswereusedin eachexperi- fs e

ment. Thematricesof Cl testre-

sultsfor all functioncombinationg@resummarizedn Figs.5
and6. For clarity we do not shaw resultsbelow the matrix
diagonakinceit is symmetric.As canbeseenwhile all pre-
discretizatiormethodswereableto captureconditionalde-
pendencégFig. 6), only therecursve-mediaralgorithmwas
ableto detectconditionalindependencé > 0:5) in all 15
Lambda-netwrks(Fig. 5).

We alsomeasuredtatisticalconsisteng, whichis de ned
asapropertyof anestimatorto have meansquareerrortend
to 0 asthedatasetsizetendsto in nity . For this purposene
usedthe MEANDER dataset,shavn in the top left part of
Fig. 7. It resembles spiral,andis challengingbecausehe
joint PDFof X andY givenZ changeslramaticallywith Z,
making Theoreml inapplicablewithout subdvision of the
Z axis. Thedatasetwasgeneratedisingthefollowing non-
linearequations:

z 0:75 N(0;1=5)+ 0:25 N(1;1=3)
X Z=10+ (1=2)sin(2 Z)+ 0:1 N(0;1)
% Z=5+sin(2 Z + 0:35)+ 0:1  N(0;1)
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Figure6: Top row: 15 V-network resultsfrom recursve-median,
Stulges,Scott,andFreedman-Diaconismethods All methodgcor-
rectly) indicateconditionaldependence.

where N (; ) denotesa normal (Gaussian)distribution
with mean and standarddeviation . Accordingto the
thesefunctional descriptions,X and Y are independent
givenZ. However, ascanbe seenin the top right part of
Fig. 7, they are unconditionallydependent.We generated
20 datasetsof 25,000exampleseach andthenranall algo-
rithmson subset®f each,of sizesrangingfrom 1,000to all
25,000datapoints. For eachdatasetsize,we averagecver
the20 datasetsof thatsizeto obtaina95%con denceinter-
val of our estimateof | andU usingtherecursve-median
algorithm. We plot | and U valuesfor recursve-median,
and also the p-valuesfor the prediscretizatiormethodsin
Fig. 7 (bottom). As canbe seenall threeprediscretization
methodsreturneda very low p-value (too closeto 0 to be
seenclearly in the graph), strongly indicating conditional
dependencéncorrectly),with little or no improvementfor
larger datasets. The recursve-medianreturnsvaluesof |
muchgreatetthan0.5andtendingto 1 with increasingsam-
ple size,indicatingstatisticalconsisteng of bothl andU.

Conclusion

To the bestof our knowledge, this is the rst time the
learningof structureof graphicalmodelsin continuousdo-
mainsis demonstratedjsingindependence-basedethods
andwithout making useof ary distributional assumptions.
This wasmadepossibleby the useof the probabilisticnon-
parametricconditionalindependenceest presentedn this
paper andan effective algorithm (recursve-median¥or es-
timatingit from a dataset. Our evaluationon bothrealand
arti cial datasetsshovsthatcanbeusedto learnagraphical
modelconsistentvith previousstudiesof theapplicationdo-
main, andthatit performswell againstalternatve methods
drawn from the statisticalliterature.
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and p-valuesof the 2 testfor Stugess, Scott's and Freedman
andDiaconiss methods.| (correctly)indicatesconditionalinde-
pendence All p-valuesarecloseto zero, (mistalenly) indicating
conditionaldependence.
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