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Abstract

In this paperwe presenta methodfor learningthe structure
of Bayesiannetworks(BNs)withoutmakingany assumptions
on theprobabilitydistribution of thedomain.This is mainly
usefulfor continuousdomains,wherethereis little guidance
andmany choicesfor theparametricdistribution familiesto
beusedfor thelocalconditionalprobabilitiesof theBayesian
network,andonly afew havebeenexaminedanalytically. We
thereforefocuson BN structurelearningin continuousdo-
mains. We addresstheproblemby developinga conditional
independencetest for continuousvariables,which can be
readily usedby any existing independence-basedBN struc-
ture learningalgorithm. Our test is non-parametric,making
no assumptionson the distribution of the domain. We also
provideaneffectiveandcomputationallyef�cient methodfor
calculatingit from data. We demonstratethe learningof the
structureof graphicalmodelsin continuousdomainsfrom
real-world data, to our knowledge for the �rst time using
independence-basedmethodsand without distributional as-
sumptions.We alsoexperimentallyshow that our testcom-
paresfavorablywith existingstatisticalapproacheswhichuse
prediscretization,andverify desirablepropertiessuchassta-
tistical consistency.

Intr oduction and Moti vation
Oneof the�rst problemsthata researcherwho is interested
in learninga graphicalmodel from data is facedwith, is
makinga choiceon thekind of probabilitydistributionsshe
will use. Suchdistributionsareusedto model local inter-
actionsamongsubsetsof variablesin the model. For ex-
ample,in a Bayesiannetwork (BN), a local probabilitydis-
tribution function (PDF) needsto be de�ned betweenev-
ery variableandits parents.Thechoiceis easierin discrete
domains,whereevery variablecantake only a �x ed num-
ber of values;the standardchoicefor discretePDFsis the
multinomial,which is usuallysuf�cient for modelingcom-
plex interactionsamongvariables,andwhoseparametersare
straightforwardto estimatefrom data.

In continuousormixedcontinuous-discretedomainshow-
ever theproblemis considerablyharder, promptingtheuse
of simplifying assumptions.Thecommonassumptionis for
the local PDFsbetweenparentsand children to be linear
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relationswith additive Gaussianerrors(Geiger& Hecker-
man1994;Spirtes,Glymour, & Scheines1993). However,
there are many real-life situationswhere this assumption
fails (e.g., stockmarketprices,biometricvariables,weather
status,etc.), wherethe interactionsare far from linear. In
thesecases,suchan assumptioncanleadto inaccuratenet-
worksthatareapoor�t to thedataandtheunderlyingprob-
ability distribution,andcanproduceincorrectstructures.

Ourwork addressesthelearningof thestructureof graph-
ical modelswithout making any such assumptionsabout
the distributionsof the local PDFs. Although we focuson
Bayesiannetwork structurelearning,applicationto Markov
network structurelearningis straightforward. To learnthe
structureof a Bayesiannetwork, there exist two general
classesof algorithms.The �rst, calledthescore-basedap-
proach,employs a searchin the spaceof all possiblelegal
structuresguidedby a heuristicfunction,usuallypenalized
log-likelihood(Lam & Bacchus1994). The searchproce-
duremaximizesthis score,usuallyby hill-climbing. Other
searchtechniqueshavealsobeenused(Heckerman1995).

Thesecondclassof Bayesiannetwork structurelearning
algorithmsusethefactthatthestructureof aBN impliesthat
asetof conditionalindependencestatementshold in thedo-
mainit is modeling.They exploit this propertyby conduct-
ing a numberof statisticalconditional independence(CI)
testson the dataand usetheir resultsto make inferences
aboutthe structure. Assumingno errorsin thesetests,the
ideais to constrain,if possible,thesetof possiblestructures
thatsatisfytheconditionalindependenciesthatarefoundin
the datato a singleton,andinfer that structureasthe only
possibleone. For this reasonthesealgorithmsare called
constraint-basedor independence-based.

Ourwork usesthesecondclassof algorithmsto learnBN
structurein continuousdomains. The crucial observation
is that the independence-basedalgorithmsinteract with the
data only throughthe conditional independencetestsdone
during their operation. Therefore,the useof a CI testbe-
tweencontinuousvariables,andin particularonethatdoes
not assumeanything aboutthe distribution of the variables
involved in the test, would be suf�cient for learning the
structurein suchdomainsin adistribution-independentfash-
ion. CI teststhat do not assumeany particular family of
distributionsarecallednon-parametric. Althoughsuchtests
exist for discretevariables—the� 2 (chi-square)testof inde-



Figure 1: Two very different data setshave similar 3 � 3 his-
tograms.Left: X ; Y stronglydependent.Right: X ; Y indepen-
dentby construction.

pendenceis perhapsthemostcommonone—forcontinuous
variablesthestandardapproachis to discretizethecontinu-
ousvariablesandperforma discretetest.Oneproblemwith
this methodis that the discretizationhasto be donewith
care; for example,Fig. 1 depictstwo very differentsitua-
tionswhereX andY aredependent(left) andindependent
(right), thatproducetwo verysimilarhistogramsaftera3� 3
discretization.The (unconditional)multi-resolutiontestof
Margaritis& Thrun(2001),outlinedin thenext section,ad-
dressescasessuchasthis. Independence-basedalgorithms
however requireconditionalindependencetests.In this pa-
per we extendthe above-mentionedunconditionaltestto a
conditionalversionthatcarefullydiscretizestheZ axis,per-
forms an (unconditional)independenceteston the datain
eachresultingbin, and combinesthe resultsinto a single
probabilisticmeasureof conditionalindependence.

Outline of Unconditional Test
In thissectionwe outlinetheunconditionalmulti-resolution
testof independencebetweentwo continuousvariablesX
andY of Margaritis& Thrun (2001). A centralideais the
comparisonof two competingstatisticalmodels,M I (thein-
dependentmodel)andM :I (thedependentmodel),accord-
ing to thedata likelihoodof a datasetconsistingof (X ; Y)
pairs.For agiven�x edresolution,thetestusesadiscretized
versionof the dataset at that resolution(resolutionis the
size of the histogramor “grid” placedover the datae.g.,
3� 3 in Fig.1). ThedependentmodelM :I correspondsto a
joint multinomialdistribution while the independentmodel
M I to two marginalmultinomialsalongtheX - andY -axes.
Margaritis & Thrun calculatethe datalikelihoodsof each
modelanalytically:
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whereD denotesthedatasetandcij thecountsof theN � M
histogram.This closedform is dueto the useof a Dirich-
let conjugateprior distribution over the parametersof the
multinomials(whicharetypically unknown). Theterms
 ij ,
� i and� j aretheparametersof theDirichlet (hyperparam-
eters). Using Bayes' theorem,the posteriorprobability of
M I is givenby

Pr(M I j D ) = 1
� �

1 +
1 � P

P
�

Pr(D j M :I )
Pr(D j M I )

�

andPr(M :I j D ) = 1 � Pr(M I j D ). P
def
= Pr(M I ) is

theprior probabilityof the independentmodel. A common
choicefor P in situationswherethereis no prior informa-
tion is guidedby theprincipleof indifference,whichassigns
equalprior probabilityto eithercasei.e., P = 0:5.

The above equationshold for a given resolutionand a
given placementof the histogramboundaries. Margari-
tis & Thrun average(integrate)in a Bayesianfashionover
all possiblepositions that the histogramboundariesmay
take. Since this is prohibitively expensive for anything
but very small datasets,the practicalimplementationem-
ploys a maximum-valueapproximationto theBayesianin-
tegral. They alsousethis �x ed-resolutiontestto developa
multi-resolutiontestby discretizingthe datasetat a num-
ber of graduallyincreasingresolutionsandcombiningthe
results—seeMargaritis& Thrun(2001)for details.

To conclude independenceor dependence,the ratio
Pr(M I j D )=Pr(M I ) is comparedwith unity:

Pr(M I j D )
Pr(M I )

=
�

� 1 ) X ; Y independent
< 1 ) X ; Y dependent.

The comparisonof the ratio to a numbergreater(smaller)
thanunity canbeusedto re�ect abiasof aresearchertoward
dependence(independence).

An extensionto testing for independencebetweentwo
setsof variablesX andY , ratherthansinglevariablesX
andY , is straightforward.

Probabilistic Measure of Conditional
Independence

The unconditionaltest describedin the previous section
takesa datasetof continuous-valued(X ; Y) pairsandre-
turnstheestimatedposteriorprobabilityof themodelrepre-
sentingindependencevs. theonerepresentingdependence.
In thispaperweextendthisto aconditionalversionthattests
for conditionalindependenceof X andY givenZ , in a do-
mainthatcontainscontinuous-valuedtriples(X ; Y; Z ). This
is denotedasX ?? Y j Z andde�ned at “all valuesof Z
exceptazero-supportsubset”(Lauritzen1996).

We make the standardassumptionthat the data points
are drawn independentlyand from the samedistribution,
namely the domain PDF. This is frequently called the
i.i.d. assumption,standingfor independentlyandidentically
drawn data,andis a basicassumptionin statistics—forex-
ampletheanalyticalformsof traditionaldistributions(multi-
nomial,Poisson,hypergeometricetc.)dependon it.

Ourprocedurefor testingfor conditionalindependenceof
X andY givenZ canbesummarizedin thefollowing three
steps:



1. Subdivide the Z axis into m bins b1; b2; : : : ; bm , re-
sulting in a partition of the dataset D of size N into
D 1; D 2; : : : ; D m disjointdatasets.

2. Measureconditional independencein eachbin by per-
forming anunconditionalindependencetestof X andY ,
usingthetestdescribedin theprevioussection(obtaining
a posteriorprobabilityof independencefrom eachbin).

3. Combinetheresultsfrom eachbin into asinglenumber.
This immediatelyintroducesthe following threequestions:
(a)Whatdiscretizationof theZ axisis appropriate(step1)?
(b) Whenandwhy is conductingan unconditionaltestin a
bin suf�cient to measureconditional independencein that
bin (step2)? (c) How do we combinethe (unconditional)
testresultsusingtheresultfrom eachbin (step3)?

Testingfor Conditional IndependenceIn EachBin
For clarity of exposition,we startwith question(b). Let us
assumewe aregivena subsetof thedataD i that fall within
a particularbin bi , producedby somediscretizationof the
Z -axis.To determinewhether(X ?? Y j Z ) in thisbin, it is
suf�cient to test(X ?? Y ) if we know that(f X ; Yg ?? Z )
(in this bin), asthefollowing theoremstates.
Theorem 1. If (f X ; Yg ?? Z ), then(X ?? Y j Z ) if and
only if (X ?? Y ).

Proof. We areusing the following theoremsthat hold for any
probabilitydistribution,dueto ? (?): Decomposition,Contraction,
andWeakUnion.

(Proof of ) ): We wantto prove that
(f X ; Y g ?? Z ) and(X ?? Y j Z ) ) (X ?? Y ):

� FromDecompositionand(f X ; Y g ?? Z ) we get(X ?? Z ).
� From Contractionand(X ?? Z ) and(X ?? Y j Z ) we get

(X ?? f Y; Z g).
� FromDecompositionand(X ?? f Y; Z g) we get(X ?? Y ).

(Proof of ( ): We wantto prove that
(f X ; Y g ?? Z ) and(X ?? Y ) ) (X ?? Y j Z ):

� FromWeakUnionand(f X ; Y g ?? Z ) we get(X ?? Z j Y ).
� From Contractionand(X ?? Z j Y ) and(X ?? Y ) we get

(X ?? f Z; Y g).
� FromWeakUnionand(X ?? f Z; Y g) we get(X ?? Y j Z ).

We canusethe above theoremasfollows. Supposethat
we conductanunconditionaltest(f X ; Yg ?? Z ) in bin bi ,
using the unconditionaltestof Margaritis & Thrun (2001)
(extendedto handlesets),obtainingPr( f X ; Yg ?? Z j D i ).

Denoting(f X ; Yg ?? Z ) def= U, (X ?? Y ) def= I , and

(X ?? Y j Z )
def
= CI , considertwo extremecases:

� Givencertainindependenceof f X ; YgandZ , i.e., Pr(U j
D i ) = 1, conditionalindependenceof X andY givenZ
is the sameas unconditional,accordingto the theorem.
Therefore,Pr(CI j U;D i ) = Pr(I j D i ).

� Givencertaindependenceof f X ; Yg andZ , i.e., Pr(U j
D i ) = 0, nothingcanbe saidaboutthe conditionalin-
dependenceof X andY given Z without actually con-
ducting a conditional test; this is becausethe distribu-
tion of f X ; Yg is certain to changewith Z within the
bin, makingthe theoreminapplicable.Therefore,in this
case,theposterioris takenequalto theprior probability:
Pr(CI j : U;D i ) = P = 0:5.

In the generalcase,by the theoremof total probability,
Pr(CI j D i ) is:

Pr(CI j D i ) = Pr(CI j U;D i ) Pr(U j D i )+ (1)
Pr(CI j : U;D i ) Pr(: U j D i ) =
Pr(I j D i ) Pr(U j D i ) + P(1 � Pr(U j D i ))

Thetestof Margaritis& Thrun(2001)canbeusedfor both
Pr(U j D i ) andPr(I j D i ) sincethey areunconditional.
We thereforenow have a way of estimatingthe posterior
probabilityof conditionalindependencefrom theresultsof
two unconditionalindependencetests,in eachbin of agiven
discretizationof theZ -axis.

Discretization and Probabilistic Measure
We now addressquestions(c) and(a). Eventhoughwe can
useEq. (1) directly to calculatetheposteriorprobabilityof
conditionalindependenceontheentiredatasetD of sizeN ,
thiswill beuselessin mostcases,becausethedistributionof
f X ; Yg will likelyvaryalongtheZ -axis,resultingin Pr(U j
D ) � 0 andthereforePr(CI j D ) � P = 0:5 accordingto
Eq.(1). To improvethechancethatthePDFof f X ; Yg will
be uniform alongZ , we divide the Z axis into subregions,
resultinginto apartitionof D into subsets.

Let us assumethat we are given a discretizationresult-
ing in m subsetsD 1; : : : ; D m , andwe have calculatedthe
independenceof X with Y in eachbin bi , i.e., Pr(CI j

D i )
def= I i andthe independenceof f X ; Yg with Z in bi ,

i.e., Pr(U j D i )
def= Ui . Theseestimatesareindependentfor

differentvaluesi andj dueto the i.i.d. assumption,which
implies that the (X ; Y; Z ) valuesof the i -th datapoint do
notdependon thevaluesany of theremaining(N � 1) data
points.Therefore,I i is independentof I j (andUi of Uj ) for
i 6= j , becausethey are functionsof the independentdata
setsD i andD j .

We thereforemeasureconditional independenceby the
productof thecorrespondingestimatesI i overall bins.Due
to the practicalconsiderationthat the fewer datapointsan
interval contains,the more unreliablethe test of indepen-
dencebecomes,we scaleeachterm in the productby the
fractionof datapointsin thecorrespondingbin, resultingin
thefollowing expression:

I =
mY

i =1

Pr(CI j D i )ci =N =
mY

i =1

I ci =N
i : (2)

whereci is thenumberof datapointsin bin bi . Eachtermin
theproductcanbecalculatedusingEq. (1). I rangesfrom
0 to 1. We useit asa probabilisticmeasureof conditional
independencefor agivendiscretization.To concludedepen-
denceor independence,we compareI with its valuewhen
wehavenodatai.e.,

mY

i =1

Pr(CI )ci =N =
mY

i =1

P ci =N = P:

This addressesquestion(c) (combinationof results).For
question(a), the determiningfactoron the appropriateness



(I ; U) = RECURSIVE-MEDIAN(X ; Y; Z; D ):

1. if jD j � 1,
2. return (0:5; 0:5)
3. U = Pr( f X ; Y g ?? Z j D )
4. I = Pr(X ?? Y j D ) � U + P � (1 � U)
5. z� = median (D ; Z )
6. D 1 = f pointsj of D suchthatzj � z� g
7. D 2 = f pointsj of D suchthatzj > z� g
8. (I 1 ; U1) = RECURSIVE-MEDIAN(X ; Y; Z; D 1)
9. (I 2 ; U2) = RECURSIVE-MEDIAN(X ; Y; Z; D 2)
10. f 1 = (z� � zmin )=(zmax � zmin ) /* f 1 � 0:5 */
11. f 2 = (zmax � z� )=(zmax � zmin ) /* f 2 � 0:5 */
12. I 0 = exp(f 1 ln I 1 + f 2 ln I 2)
13. U0 = exp(f 1 ln U1 + f 2 ln U2)
14. if U > U0,
15. return (I ; U)
16. else
17. return (I 0; U0)

Figure2: Therecursive-medianalgorithm.

of a discretizationis a measureof how uniform eachbin is
with respectto f X ; Yg and Z , allowing the useof Theo-
rem 1. We measureuniformnessin a fashionsimilar to I ,
calling theresultU:

U =
mY

i =1

Pr(U j D i )ci =N =
mY

i =1

Uci =N
i : (3)

As with I , U alsorangesfrom 0 to 1. Theinsighthereis that
U is theoreticallyconstantandequalto 1 everywherealong
theZ -axisatthelimit wherethelengthof eachinterval tends
to 0. (This is aconsequenceof U monotonicallytendingto 1
within aninterval asits lengthis madeshorter. Theproofof
this is simpleonceweobservethatindependenceof f X ; Yg
with Z within an interval is logically implied by indepen-
dencewithin two intervals that partition it.) We canthere-
fore useU to comparetwo discretizationsby their resulting
U values,preferringthe onewith the greaterU value(i.e.,
theonecloserto 1).

Recursive-medianalgorithm
We can now put all the above togetherin the recursive-
medianalgorithmshown in Fig. 2. The algorithmtakesas
input thenamesof variablesX , Y andZ andadatasetD . It
beginsby calculatingthemeasureof posteriorprobabilityof
independenceI (usingEq. (1)) andU usinga singleinter-
val alongtheZ -axisthatcontainstheentiredataset.It then
splitsthedatasetalongtheZ -axisat themedian,producing
in two non-overlappingintervalscontainingthesamenum-
berof points(plusor minusone)andrecursively calls itself
on eachof the two subsets.Whenonly onepoint remains,
therecursionreachesits basecase;in thiscase0.5(theprior)
is returnedbothfor I andU, sinceboththeindependentand
thedependentmodelaresupportedby thesingledatapoint
equallywell. Uponreturnfrom the two recursive calls, the
resultsI 1, I 2 andU1, U2 arecombinedinto I 0 andU0 re-
spectively usingEqs.(2) and(3), respectively. The greater

of U (representingtheestimateduniformnessof theinterval
beforesplitting)andU0 (representingtheestimateduniform-
nessaftersplitting)is returned,alongwith thecorresponding
conditionalindependenceestimate(I or I 0). At theendof
the run on the entiredataset, the valueof U returnedcan
bediscardedor usedasa measureof con�dencein themain
result(I value),if desired.We concludeconditionalinde-
pendenceif andonly if I =P � 1.

RelatedWork
Work speci�c to non-parametricconditionalindependence
testingin continuousdomainsis scarce.The mostrelevant
work is in theareaof discretization.Virtually all work in this
areahasfocusedin thepaston PDF estimation(e.g., Scott
(1992)). However, it is arguablewhethera methodwell-
suitedfor PDFestimationcanalsoperformwell in indepen-
dencetesting(thosetestedheredid not,aswill beseenin the
Experimentssectionbelow). Discretizationmethodscanbe
categorizedassupervisedor unsupervised.Sinceherethere
existsnoconceptof “class,” supervisedmethodsarenotap-
plicable.Unfortunately, theseform thebulk of theresearch
in thearea(e.g., seesurvey in Dougherty, Kohavi, & Sahami
(1995)).A smallnumberof unsupervisedmethodsexist:

� Sturges's method is widely recommendedin introduc-
tory statisticstexts (Scott1992). It dictatesthat the the
optimal numberof equal-widthhistogrambins is k =
1 + log2 N , whereN is thenumberof points.

� Scott'smethod (Scott1979)dictatesthattheoptimalbin
width is ĥ = 3:5�̂ N � 1=(2+ d) for multiple dimensions,
where�̂ is thesamplestandarddeviationandd is thenum-
berof dimensions.

� Freedman and Diaconis's method (Freedman& Di-
aconis 1981) is an improvement over Scott's method
intendedto be more robust to outliers. It sets ĥ =
2(IQ)N � 1=(2+ d) , whereIQ is theinterquartilerange(the
distancebetweenthe pointssplitting the datainto 25%–
75%and75%–25%subsets).

We compareour approachwith thesemethodsin the next
section.

Experiments
Real-World BN Structure Learning Experiments
We evaluatedthe suitability of the recursive-medianalgo-
rithm for learningthestructureof a graphicalmodelon the
BOSTON-HOUSING andABALONE real-world datasets:

Dataset No. of datapoints No. of variables
HOUSING 506 14
ABALONE 4177 8

HOUSING is a relatively small data set, making non-
parametrictestingfor independenceespeciallydif�cult. We
applied the PC algorithm (Spirtes,Glymour, & Scheines
1993)usingtherecursive-mediantestfor learningthestruc-
tureof a graphicalmodelin this domain.Theoutputof PC
is not alwaysa Bayesiannetwork; in domainswhereits as-
sumptionsfail, theresultingstructuremaycontainbidirected
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Figure3: Outputof the PC algorithmfor the HOUSING domain.
Themodelcontainsbidirectedandundirectededges(seetext).
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Figure4: Outputof the PC algorithmfor the ABALONE domain.
Themodelcontainsbidirectededges(seetext).

(indicatingtheexistenceof a latentvariable)aswell asundi-
rected(undirectable)edges.The resultinggraphicalmodel
is shown in Fig. 3. This structureimplies a set of condi-
tional independencies;for examplethatINDUS (proportion
of non-retailbusinessacrespertown) is independentof other
variablesgivenCRIM (per capitacrime rateby town). We
notethattheresultingnetworkagreeswith theoriginalstudy
of thedatathatconcludedthatthereis nodirectlink between
NOX (a pollution indicator)andMEDV (the medianvalue
of owner-occupiedhomes)—theirdependencein Fig. 3 is
througha numberof intermediaterelationships.

The ABALONE dataset containsmeasurementsfrom a
study conductedto predict the ageof abalonesfrom their
physicalcharacteristics.The domaincontains9 variables
in total, one of which is categorical (SEX), 7 continuous,
andoneordinaldiscrete(thenumberof rings,whichdenotes
theage).Sincethetestfor continuousvariablesassumesan
orderingof the values,we did not usethe categorical vari-
able.Thenetwork structureresultingfor theABALONE do-
mainis shown in Fig. 4. Thestructureindicatesanumberof
conditionalindependencies,includingthatHEIGHT is inde-
pendentof othervariablesgiventheSHELL WEIGHT, and
LENGTH is independentof othervariablesgivenWHOLE
WEIGHT andDIAMETER.

Comparisonwith Prediscretization Methods
We comparedthe recursive-medianalgorithm with meth-
odsthatprediscretizedthedatausingSturges's,Scott's,and
FreedmanandDiaconis's method,describedin theRelated
Work section.After discretization,we conducteda � 2 (chi-
square)testof independencefor eachbin of thecondition-
ing variable—combiningoverall Z intervalsin thestandard
way—to producea signi�cance (a p-value) in the null hy-
pothesis(conditionalindependence).To evaluatetheperfor-
manceof thesetests,arti�cial datasetswerenecessary. This
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Figure 5: 15 Lambda-network results from recursive-median,
Sturges,Scott,andFreedman-Diaconismethods.Only recursive-
median(correctly)indicatesconditionalindependencein all cases.

is becausethegroundtruth(whetherthevariablesin thedata
setare in fact conditionally independentor not) cannotbe
known with certaintyexcept for arti�cially generateddata
sets.We thereforeuseddatasetsgeneratedfrom thefollow-
ing 3-variableBNs:
� “Lambda” networks: Theseare structuredas X  

Z ! Y , andtherefore(X ?? Y j Z ) by construction.
� “V” networks: ThesearestructuredasX ! Z  Y ,

andtherefore(X 6?? Y j Z ) by construction.

Functions
f 1 x
f 2 2sin(x)
f 3 ln jxj
f 4 1=(x=5 + 1)
f 5 ex

We usedall pairsof thefunc-
tions shown in the table on
the right for the BN edges,
combinedadditively in thecase
of the V-networks, and added
Gaussiannoise. 20,000 data
pointswereusedin eachexperi-
ment.Thematricesof CI testre-
sultsfor all functioncombinationsaresummarizedin Figs.5
and6. For clarity we do not show resultsbelow thematrix
diagonalsinceit is symmetric.As canbeseen,while all pre-
discretizationmethodswereableto captureconditionalde-
pendence(Fig. 6), only therecursive-medianalgorithmwas
ableto detectconditionalindependence(I > 0:5) in all 15
Lambda-networks(Fig. 5).

Wealsomeasuredstatisticalconsistency, whichis de�ned
asapropertyof anestimatorto havemeansquareerrortend
to 0 asthedatasetsizetendsto in�nity . For thispurposewe
usedthe MEANDER dataset,shown in the top left part of
Fig. 7. It resemblesa spiral,andis challengingbecausethe
joint PDFof X andY givenZ changesdramaticallywith Z ,
makingTheorem1 inapplicablewithout subdivision of the
Z axis.Thedatasetwasgeneratedusingthefollowing non-
linearequations:

Z � 0:75� N (0; 1=5) + 0:25� N (1; 1=3)
X � Z=10+ (1=2) sin(2� Z ) + 0:1 � N (0; 1)
Y � Z=5 + sin(2� Z + 0:35) + 0:1 � N (0; 1)
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Figure6: Top row: 15 V-network resultsfrom recursive-median,
Sturges,Scott,andFreedman-Diaconismethods.All methods(cor-
rectly) indicateconditionaldependence.

where N (�; � ) denotesa normal (Gaussian)distribution
with mean� and standarddeviation � . According to the
thesefunctional descriptions,X and Y are independent
given Z . However, ascanbe seenin the top right part of
Fig. 7, they areunconditionallydependent.We generated
20 datasetsof 25,000exampleseach,andthenranall algo-
rithmsonsubsetsof each,of sizesrangingfrom 1,000to all
25,000datapoints.For eachdatasetsize,weaveragedover
the20datasetsof thatsizeto obtaina95%con�denceinter-
val of our estimatesof I andU usingtherecursive-median
algorithm. We plot I and U valuesfor recursive-median,
and also the p-valuesfor the prediscretizationmethodsin
Fig. 7 (bottom). As canbe seen,all threeprediscretization
methodsreturneda very low p-value(too closeto 0 to be
seenclearly in the graph),strongly indicating conditional
dependence(incorrectly),with little or no improvementfor
larger datasets. The recursive-medianreturnsvaluesof I
muchgreaterthan0.5andtendingto 1 with increasingsam-
plesize,indicatingstatisticalconsistency of bothI andU.

Conclusion
To the best of our knowledge, this is the �rst time the
learningof structureof graphicalmodelsin continuousdo-
mainsis demonstrated,usingindependence-basedmethods
andwithout makinguseof any distributional assumptions.
This wasmadepossibleby theuseof theprobabilisticnon-
parametricconditionalindependencetest presentedin this
paper, andaneffectivealgorithm(recursive-median)for es-
timating it from a dataset. Our evaluationon bothrealand
arti�cial datasetsshowsthatcanbeusedto learnagraphical
modelconsistentwith previousstudiesof theapplicationdo-
main,andthat it performswell againstalternative methods
drawn from thestatisticalliterature.
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