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Slack form!

•  For each constraint i, deÞne a nonnegative slack variable  xn+i :!
xn+i = 0  ⇔ constraint i is tight.!

•  At all times, express constraints as a set of equalities where the 
n variables in RHS are 0 (tight), while those on LHS are not.!

•  Tight variables deÞne a vertex.!
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Slack form!
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Simplex: Steps 1 and 2!
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Current vertex: (x1,x2) = (0,0)!
Objective value: 0!
Move: Increase x 2!

Tightest constraint:  #3!
Leaving: x5 !
Entering: x2!

Current vertex: (x 1,x2) = (0,3) 
Objective value: 15 
Move: Increase x 1 

Tightest constraint: #2 
Leaving: x4 
Entering:  x1 
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Simplex: Steps 2 and 3!
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Current vertex: (x 1,x2) = (0,3) 
Objective value: 15 
Move: Increase x 1 

Tightest constraint: #2 
Leaving: x4 
Entering: x1 
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Current vertex: (x 1,x2) = (1,4) 
Objective value: 22 
Move: None: Optimal  
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Dictionaries!

•  At all times, simplex maintains a dictionary :!

•  Basic variables: The xjs on the LHS!
•  Non-basic variables: The other xjs.!
•  Basic feasible solution:  Determined by setting non-basic variables 

to 0.!
–  Corresponds to a vertex of feasible region!

•  Pivoting:  Moving from one bfs to another!
–  Equivalent to moving from one dictionary to another!
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An added bonus!
•  Original LP:!

•  Final dictionary:  Multipliers of 
slack variables x3, x4, x5 in obj. 
function are 0, -7/3, -1/3.!

•  Compute 0⋅(Ineq. 1) + 7/3 ⋅(Ineq. 2) 
+ 1/3 ⋅(Ineq. 3):!
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The initial feasible solution!

•  The origin is not always feasible!
•  E.g., add constraint － x 1 － x 2 " － 1 to previous LP!
•  Problem arises when one of the numbers in the RHS of 

a constraint is negative.!
•  Idea: Solve an auxiliary  LP!
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The auxiliary LP!

Observation.  Auxiliary LP is always feasible: !
Set xi = 0 for j = 1, . . . , n , and x0 = －mini b i.!

(Recall: Can assume that one of the biÕs is negative.)!

Fact. The original LP is feasible if and only if optimum objective 
value for the auxiliary LP is 0.!
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Example!
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Unboundedness!

•  Assume maximization.!

•  What if objective function can be made arbitrarily 
large?!

Fact.  Simplex will discover this.!

Reason: At some point, it will Þnd a non-basic xi s.t. !

•  xi has a positive coefÞcient in the objective function!
•  None of the constraints binds xi.!
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Degeneracy!

•  Two successive pivots may encounter solutions with 
same objective value.!

•  Reason: the same vertex may be deÞned by different 
sets of constraints.!

•  Danger: Cycling!

BlandÕs rule: When choosing entering or leaving variable, 
always pick the one with smallest index.!

Fact.  Using BlandÕs rule, Simplex will never cycle.!
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Running time of simplex!

•  Time per pivot is polynomial.!

•  Number of basic feasible solutions is "!

•  In worst case, simplex may go through most of them.!
⇒ Run time of simplex is exponential in worst case. !

•  However, this rarely happens, and in practice Simplex is 
fast!

•  Note: LP is solvable in polynomial time (Khachiyan 1979, 
Karmarkar 1984)!
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The Geometry of Linear 
Programming!
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The Geometry of Simplex!
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The Geometry of Simplex in 3D!
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The Geometry of Simplex in 3D!
(0, 0, 0)!

$0!
 ↓!

(200, 0, 0)!
$200!

 ↓!
(200, 200, 0)!

$1400!
 ↓!

(200, 0, 200)!
$2800!

 ↓!
(0, 300, 100)!

$3100!
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Duality!

•  Every linear maximization problem (the primal) has a 
dual minimization problem.!

•  The primal and the dual relate to each other in the 
same way as ßows and cuts:!
–  The value of any primal feasible solution is a lower 

bound for the value of any dual feasible solution.!
–  The value of any dual feasible solution is an upper bound 

for the value of any primal feasible solution.!
–  In fact, the values of the primal and dual optimum 

solutions are exactly the same.!
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Example!

•  The optimum solution is (x1, x 2) = (100,300), with 
objective value 1900.!

•  We verify that this is optimum by formulating the dual 
l.p.!
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Constructing the dual!
1.  Assign a multiplier to each inequality.!

2.  Multiply and add:!

3.  Derive constraints on the multipliers:!

4.  Write objective function: !



21!

Summary!
Primal Dual 

•  Any feasible value of the dual is an upper bound on the primal.!
•  If we Þnd a pair of primal and dual feasible values that are 

equal, then they must both be optimal. !
•  The primal solution (x1, x 2) = (100, 300) and the dual solution (y1, 

y2, y 3) = (0, 5, 1) have the same value, 1900.  Therefore, each is 
optimal for its respective problem.!



22!

The general case!
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The Duality Theorem!

If a linear program has a bounded optimum, then so does 
its dual, and the two optimum values coincide.!
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An even more general version of the 
dual!
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Visualizing duality:  Shortest s  →t 
paths!

•  A minimization problem.!
•  Solve by building a physical 

model:!
–  Each edge is a string with 

length = weight of edge.!
–  Each node is a knot.!
–  Find the shortest s →t  path 

by pulling  s away from t  
until the gadget is taut.!

•  This is a maximization 
problem:!
–  stretch s and t  as far apart 

as possible, subject to the 
constraint that the endpoints 
of any edge (u, v) are at 
distance at most wuv.!


