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Polynomials are perhaps the best understood and most applied functions. The foundation comes
from algebra and calculus. Taylor’s expansion says that a function can be locally expanded around
a point into a polynomial whose coefficients depend on the derivative and higher order derivatives
of the function at the point. Optimization of polynomial objective functions subject to linear and
nonlinear constraints lies in the core of operations research which has impact on resource allocation,
transportation, scheduling, economics, etc. Polynomials are used by scientists and engineers to
interpolate their experimental data and model the behaviors of physical processes. Systems of
multi-variate polynomial equations have received much attention in robotics (motion planning in
particular), machine vision, etc. In computer graphics and geometric modeling, parametric curves
and surfaces are based on polynomials to model objects in two and three dimensions. In computer
vision, polynomials are often fit to image data to describe shape contours.

1 Polynomial Arithmetic

The most common form of a polynomial p(x) is the power form:

p(z) = apa™ + an_12" L+ +ayz + ag, an # 0. (1)
Here n is the degree of the polynomial, and ag,aq,...,a, are its coefficients. The fundamental
theorem of algebra says that p(z) can be factorized over the complex domain into a product
an(z —r1)(x —rg) - (x — ry), where a,, is the leading coefficient and r1,rg,...,r, are all of its n

complex roots.
There are a number of operations that can be carried out on polynomials. Let us first start
with an example to illustrate the four arithmetic operations.

ExXAMPLE 1. Consider the following cubic and quadratic polynomials:

plz) = —223+42® —5r+7,
q(z) = 32° —5x—6.

Their sum and difference are determined as follows:

p(x) +q(x) = (=2+0)2° + (4+3)2" + (=5 - 5)z + (7 - 6)
= =223 +72% — 10z + 1;

p(x) —qx) = (-2—-0)2°+ (4—3)2” + (=5 — (=5))z + (7T — (—6))
= 223 422 +13.



The product p(x) - g(x) has degree 5, which is the sum of the degree 3 of p(x) and the degree 2 of ¢(x). It
can be represented as

p(x) - q(z) = asa® + asx® + azx® + asx® + a1 + ap.
5

must be the product of the two respective leading terms of p(z) and ¢(z), namely,
4,

The leading term asx
—22% and 3z2. So it is —6z°. What is the coefficient a4 then? Two term products now contribute to a4z
that of —222 with —52 and that of 422 with 322. The degrees of the terms in each pair, one from p(z) and
the other from ¢(z), must add up to 4. Therefore,

ag=—-2-(=5)+4-3=22,

Similarly, we obtain the remaining coefficients:

az = (=2)(=6)+4-(=5)+(-5)3
= 23,

as = 4-(=6)+(=5)-(=5)+7-3
= 22

a1 = (=5)-(=6)+7-(=5)
= -5,

ap = 7(—6)
= —42.

The product polynomial is now completely determined:
p(z) - q(z) = —62° + 222* — 2323 + 2227 — 5z — 42.
Finally, we divide p(x) by ¢(z) and determine the quotient s(x) and remainder r(x) such that
ple) = s(2) - a(2) + ().

It is easy to see that s(x) = byx + by for some by, by. Dividing the leading coefficient of p(z) by that of ¢(z)
gives us

Next, subtraction of by - ¢(z) from p(z) cancels the latter’s leading term:

p(@) —biz-qlz) = (4 - (—g) - (—5)) 2%+ (—5 - (—g) : (—6)) T+7
2

= 5:102 -9+ 7
= pi(x).

Next, we divide the remainder p1(z) by g(z), obtaining by = 2/3 = 2 and

p2(z) = pi(x) —bo-q(x)
2 2
= <—9— §~(—5)>x+7—§~(—6)
71 n 25
= ——x+ —.
9 3
To summarize, we have obtained the quotient and remainder, respectively,
2 2
s(x) —3% + g’



Let p(z) be the polynomial given in (1), and ¢(x) a polynomial of degree m:
q(z) = bpa™ + b1 2™+ F b+ by, by # 0.

Addition p(z) 4+ ¢(z) and subtraction p(x) — ¢(z) are carried out pairwise on the coefficients asso-
ciated with terms of the same degrees. Their product is defined by

p(x) ’ q($) = Cn+m$n+m + Cn—l—m—lﬂjn—i_m_1 + -+ cx + o,
where
Cntm = Qpbm,
Cn4+m—1 = an—lbm + anbm—ly
Chn = An—mbm + ap_m—1bp_1 + -+ aybo, ( when n > m)
Cm = aobm + aibm_1+ -+ ambo, ( when n > m)
c1 = agby + aibo,
co = CL()b().

In short, these coefficients are given as

c; = Z apbi_. (2)

max{0,5—m}<k<min{i,n}

Computing all coefficients of the product polynomial as above takes quadratic numbers of
arithmetic multiplications and additions. A much more efficient method, called the fast Fourier
transform (FFT), is beyond the scope of this course and described in Com S 477/577.

Suppose the degree of p(z) is higher than or equal to that of g(x), that is, n >= m. We would
like to divide p(z) by ¢(x), more specifically, to determine two polynomials s(x) and r(x) such that

p(x) = s(x) - q(x) + r(z),

where the quotient s(z) has degree n — m and the remainder r(x) has degree less than m. If
r(z) = 0, the original polynomial p(z) is said to be divisible by q(x). We have the representation:

5(2) = dpmx™ ™ F dp_pp12" " 4 - 4 dp.

)
Comparing p(z) and ¢(z), we immediately see that d,,_,, = 3. This is because subtracting
dp—mx" ™™ - q(z) from p(z) yields

ri(x) = <an—bm-g—">x"+(an_l—bm_l-g—">x"_l+~~+<a1—b1-g—">x+<ao—b0-g—">

- (a”_l_bm‘l'g_;>$n_l+"'+<a1—b1'g—;>x+(ao—bo.Z_:)’



a polynomial of degree at least one less than that of p(x). Rename the coefficients of the new
polynomial such that

r(x) =al g™ 4 agl)x + a((]l).
If o't == a%) = 0, the division terminates with
Gn

; 2™ aVe +afl,
m

s(z) = and r(z) = a,,_

Otherwise, we continue by dividing r1(z) = p(z) — dp—ma™ ™ -q(z) by q(z). Let al(ll) #0,1<n-—1,

W W

be its leading coefficient (i.e., a,’; =---a; | =

of the quotient s(z):

0). Then we obtain the second leading coefficient
(1)
a,
b’
and a new polynomial r9(x) = r1(z) — di, ™™ - q(2).
Since after each division the degree of r;(x) reduces by at least one, the procedure will stop at

the kth step when r(x) has degree less than m. In summary, we have carried out the following
sequence of divisions:

dll—m =

p(x) = dp-ma" " q(z) +11(2),
ri(z) = dll_mxll_m -q(x) 4+ ro(x),
ro(z) = dl2_mxl2_m ~q(z) + r3(x),

(@) = dy el () + (),

where n > [y > --- > [_1 > m. The remainder of the original division is thus
r(z) =ri(x).
2 Evaluation of Polynomials

Here we look at how to evaluate the polynomial p(x) efficiently at a point t. A straightforward
evaluation is coded in a C++ function polyEval below.

// polynomial of degree n and with coefficients al[0], ..., alnl]
double polyEval(int n, double a[l, double t)
{

double s = a[0];
double power = t;

for (int i=1; i<=n; i++)

{
s += al[i] * power;
power *= t;

}

return s;



A total of 2n multiplications and n additions are needed.
Now, we make use of the nested form

() :ao—i-a:(al +x(a2—|—'~+x(an_1 +xan)-~>>.

Below is an iterative procedure referred to as Horner scheme or nested multiplication:

b, «— ap

bp—1 — an—1+tb,
bi «—— a; +tbi1

by — a1 +tby
p(t) =by «— ap+th
The above evaluation involves only n multiplications and n additions. Suppose an arithmetic
operation is always done in constant time, that is, ©(1). Then the evaluation takes time ©(n) since
the total number of arithmetic operations involved is on the order of n.

The intermediate quantities by, ..., b, computed above can serve another purpose. Note from
the above iterative procedure that a, = b, and

ai:bi—bi+1t, fOl“’iZO,...’I’L—l
Substituting these equations into p(z) yields

p(z) = apz" + ap_12" 4+ -+ a1z + ag
= bpz" 4 (by_1 — bpt)z" L o+ (by — bot)x + by — bt
= bo+ (x — )b L (x — )bp_12" 2+ -+ (z — 1)y

= bo+ (z —t)q(x), (3)
where g(x) = b,x" ! + -+ + bow + by. In evaluating p(t) as a number, we need to determine the
coefficients b1, ..., b, of a polynomial of degree n — 1.

By differentiating (3) we get

p'(x) = q(z) + (z = t)¢'(x).

In particular
p'(t) = q(t).
Because p(z) is a polynomial, we have a very simple method for computing its derivative. Indeed,
when evaluating p(t) by Horner scheme, we can simultaneously evaluate p'(t).
In case t is a root, or zero, of p, that is, p(t) = by = 0. It follows immediately from (3) that

q(z) = plz)

x—t

p(z) = (x — t)q(x), or equivalently,

Here q(z) is the called the deflated polynomial after factorizing x —t out of p(z).



3 Roots of Low Order Polynomials

We now look at how to find roots, or zeros, of a polynomial. Closed-form roots exist only for
polynomials of degrees up to four. For polynomials of higher degrees, we generally have to resort

to numerical methods to find their roots.

3.1 Quadratics

For a quadratic equation
az? + bz +c=0, a #0,

we know that

~ —b£ Vb —dac
— o )

Suppose the coefficients a, b, ¢ are real. It follows that

if b2 — dac > 0 the roots are real and unequal,

if b2 — dac =0 the roots are real and equal;

if b2 — dac < 0 the roots are imaginary.

3.2 Cubics

The cubic equation
4 pa® +qrd+r=0

may be reduced by the substitution

o p

to the normal form
y3 4+ay+b=0,

where
— L6q-),
a = 3 q—p
b = 27(2]) — 9pq + 27r).
Equation (4) has the solutions
yn = A+ B,
w o= —2A+B)+ o),
Z\/_
ys = ——(A+B)——(A B),

where i2 = —1 and

N o
=

6




To verify the above roots, note that
-y —w)y—y) = (y—A—B)(s+(A+By+A*— AB + B?)
= y*~3ABy— (A+ B)(A*> - AB+ B?)
= y3—34By— A®>- B3
= v +ay+b
Suppose p, g, are real (and hence a and b are real). Three cases exist:

° % + g—i > (0. There are one real root y = y; and two conjugate imaginary roots.

. % + g—i = 0. There are three real y roots of which at least two are equal:

—2,/—8, ) V-5 ifb>0,
2,/-%, -/-5, —/—3% ifb<0,

0, 0, 0 ifb=0.

e 2 4+ 2 < (0. There are three real and unequal roots:

/ 2
Yp = 2 —%cos(%—k?), k=0,1,2,

2 .
—\/ ot b >0;
2 .
\/_bag—//427 it b < 0.

EXAMPLE 2. Let us find the roots of the cubic equation

where

cos ¢ =

22+ 322 +22—-1=0.

We have the coefficients
p =3, q=2, and r=—1.

Apply the substitution =y — £ =y — 1 to obtain the normal form
y3+ay+b:y3—y—1:().
The coefficients are obtained by substituting the values of p, ¢, r into equations (5) and (6):

1
a = 5(3'2_32)) = -1

1
b = —(2-33-9.3.2-927) = —1.

Next, we calculate A and B according to (10) and (11):

11 1
A = {[z244/>2-=
2 TV1 a7

~ 0.986991,
1 11
B = {|=—y/>—=
2 Vi~ 27

~  0.337727.



Plug the values of A and B into (7)—(9):

y1 = 1.32472,
ys = —0.662539+ 0.56228i
ys = —0.662539 — 0.56228i.

Subtracting 1 from each above gives the three roots of the original cubic equation.

1 = 0.32472,
zs = —1.662539+ 0.56228i
z5 = —1.662539 — 0.56228i.

3.3 Quartics

The quartic equation
et ped+ g +ra4+s5s=0

may be reduced to the form

yr 4 ay? +by+c=0 (12)
by the substitution
_y_P
T = y 47
where
P
= 4q g’
3
p bq
b = — —
T+ 3

?7
. 3pt  pPq pr

256 16 4

The quartic (12) can be factorized under some condition. The equation that must be solved to
make it factorizable is called the resolvent cubic:

23— q22 + (pr —4s)z + (4gs — 12 — p*s) = 0. (13)

Let z; be a real root of the above cubic. Then the four roots of the original quartic are

ry = —§+%(R+D),

T2 = —§+%(R—D),
1

o = 2 lpp

Ty = —Z—%(R“‘E)’



where

1
R = \qp*—a+a,

\/%172 —R2— 2q + %(4pq — 8r —p3)R_1 if R 75 0,

D =
\/%P2—2q+2\/25—43 if £ =0,
. \/%p2—R2—2q—§(4pq—8T—P3)R_1 if R+#0;

\/%p2—2q—2\/z%—4s it R=0.

ExaMPLE 3. Find the roots of the following quartic equation:
t 4222 —x—1=0.
In this case,
p=0, q =2, r=—1, and s=—1.

The resolvent cubic
23 -922442-9=0

has a real root

Using this root, we calculate the following terms:

R = 0.343293,
D = 1.30694,
E = 3.15338i.

Hence the quartic equation has two real roots and two complex roots:

z1 = 0.82511,
zs = —0.481816,

x5 = —0.171647 + 1.57669i,
24 = —0.171647 — 1.57669i.

4 Root Counting and Bounding
In the remaining sections, we look at how to find the roots of a polynomial of degree n > 4:
p(z) = apz" + ap_12" 1 + -+ ayz + ao, an #£ 0.

It is known that no root formulae exist in the general case. The fundamental theorem of algebra
states that p has n real or complex roots, counting multiplicities. If the coefficients ag, a1,...,a,
are all real, then the complex roots occur in conjugate pairs, that is, in the form ¢ 4 di, where
i> = —1 and ¢ and d are real numbers. If the coefficients are complex, the complex roots need not

be related.



Using Descartes’ rules of sign, we can count the number of real positive zeros that p(z) has.
More specifically, let v be the number of variations in the sign of the coefficients a,,a,_1,...,ag
(ignoring coefficients that are zero). Let n, be the number of real positive zeros. Then

(i) np <,
ii) v — n, is an even integer.
( ) D g

Similarly, the number of real negative zeros of p(x) is related to the number of sign changes in the
coefficients of p(—zx).

EXAMPLE 4. Consider the polynomial p(x) = 2* + 22% — 2 — 1. Then v = 1, so n,, is either 0 or 1 by rule
(). But by rule (ii) v — n, must be even. Hence n, = 1.

Now look at p(—z) = x* + 222 + 2 — 1. Again, the coefficients have one variation in sign, so p(—z) has
one positive zero. In other words, p(z) has one negative zero.

To summarize, simply by looking at the coefficients, we conclude that p(x) has one positive real root,

one negative real root, and two complex roots as a conjugate pair.

As a matter of fact, p(z) must have at least one root, real or complex, inside the circle of radius
p1 about the origin of the complex plane, where
} . (14)

p1 = min {
= oo and p1 = {/|¢2|. Meanwhile, if we let

ag

an

ao

a

agp
an

n
Y

In the case a; = 0, we have |2

p2 =1+ max , (15)

0<k<n—1

then all zeros of p(x) lie inside the circle of radius ps about the origin.

EXAMPLE 5. Let p(z) = 2° — 3.72* + 7.4z — 10.82” 4+ 10.8z — 6.8. Applying bound (14), we know that at
least one zero of p is inside the circle |z| < p;, where

min<{ 5 68 15/%
10.8’ 1

= min{3.14815,1.46724}
= 1.46724.

P1

Applying bound (15), all zeros lie inside the circle |x| < pa, where

p2 = 1+ max{3.7,7.4,10.8,10.8,6.8} = 11.8.

How does one use the above root bounds? Use them as heuristics that give us a way of
localizing the possible zeros of a polynomial. Such localization will provide guided initial guesses
to our numerical root finders.

10



5 Muller’s Method

Now we introduce a root finding technique — Miiller’s method, which can find any number of zeros,
real or complex, often with global convergence. It is numerical in the sense that every root estimate
is obtained iteratively. It is also global in the sense that it will almost always converge to a root
starting with any initial estimate, no matter by how far the estimate seems to be off. Miiller’s
method is also applicable to functions other than polynomials.

The method makes use of quadratic interpolation. Suppose the three prior estimates of a zero
of p(z) in the current iteration step are the points xp_o,xx_1, 2. To compute the next estimate
we will construct the polynomial of degree < 2 that has the same value as p(z) at xp_o, Tx—1, g,
then find one of its roots. This polynomial, called the interpolating polynomial, has the form

q(z) = p(xr) + plre—1, 2r](x — 1) + plrr—2, Tp—1, 2] (r — 21) (T — TR_1),
where the coefficients are

Tr_9) — p(Tp_
N p(xr—2) — p(xk 1)7 (16)
Tp—2 — Tk—1

p[$k—ly xk] _ p(xk—l) - p(l‘k)’ (17)
LTp—1 — Tk

Pl Tk—2,Tk—1] — P|Tk—1,Tk
pler—2, Tp—1,2k] = (12 1] = Pl ]- (18)
Tp—2 — Tk

Using the equality
(x —xp)(x —2p_q) = (v — a:k)z + (z — zp) () — TR—1),

we can rewrite g(x) as
q(z) = p(ay) + b(a — zp) + alx —zy)?,
where
a = plrr—2,Tp—1,Tk|, (19)
b = plrk—1,zk] + pleg—2, ve—1, ] (T — TH-1). (20)
Now let ¢(z) = 0 and solve for z as the next approximation

Tpat = ap — 2p(xp)
" b+ /b? — dap(xy,)
For numerical stability, the ‘4’ sign in the denominator b £+ /b — 4ap(xy), is chosen so as

to maximize the magnitude of the denominator. Note that complex estimates are introduced
automatically due to the square-root operation.

(21)

5.1 Deflation

The effort of root finding can be significantly reduced by the use of deflation. Once you have found
a root t of a polynomial p(x), consider next the deflated polynomial ¢(z) which satisfies

p(z) = (z = t)q(z).

11



The computation of the coefficients of ¢(z) is described in the end of Section 2. The roots of ¢
are exactly the remaining roots of p(x). Because the degree decreases, the effort of finding the
remaining roots decreases. More importantly, with deflation we can avoid the blunder of having
our iterative method converge twice to the same root instead of separately to two different roots.

In case the polynomial coefficients are real, complex roots must appear in conjugate pairs. So
once you have found a complex root, say, a + bi; another root must be a — bi. You should compute
the deflated polynomial

g(z) = p(x)/(2* + a® + b%)

instead. This will require you to write a function to carry out the division.
Roots of deflated polynomials are really just “good suggestions” of the roots of p. Often we
need to use the original polynomial p(z) to polish the roots in the end.

5.2 Newton’s Method and Root Polishing

A root found by Miiller’s method often needs to be polished to achieve high accuracy. For such
purpose we will employ Newton’s method! which is another iterative procedure. We start with a
root, say, xg found by Miiller’s method. Suppose we have an estimate zj of a root at iteration step
k. Expand p(x) into Taylor series at xy:

™ (xy)

P (z)
2!

p(x) = p(xy) +p'(x1) (@ — 25) +
Now let p(z) be zero and neglect all the terms containing powers of order higher than one:
p(xg) + p'(xp)(z — 1) = 0.
Solving the above linear equation gives us the estimate at step k + 1:

p()
P (wg)

Lh+1 = Tk — (22)

Recall that we can evaluate p(t) and p'(t) together efficiently using Horner scheme, where p/(t) is
derived by differentiating the form

p(x) = p(t) + (= — t)q(x). (23)

5.3 Termination Conditions

To find a zero of p(z), Newton’s method takes an initial guess zy of a root and iterates according
to (22) until |p(zy)| < € for some small enough e.

In general, a numerical routine terminates on one of several conditions: a) x4 —x is “small”;
b) |f(xg)| is “small”; or ¢) k is “large”. One may wish to measure a) and b) as relative errors, say,
respectively as

XTOL - |z,
FTOL - F,

a) |41 — i

b) [ f (k)

where XTOL and FTOL are some preset “tolerances” and F' is an estimate of the magnitude.

<
<

also referred to as the Newton-Raphson method.

12



5.4 Pitfalls

One situation that Newton’s method does not work well is when the polynomial p(x) has a double
root r, that is, when

p(x) = (x = 1)*h(z).

In this case p(x) shares a factor with its derivative which is of the form
P (2) = 2(x — r)h(z) + (z —r)*H ().

As z approaches 7, both p and p’ approach zero. In applying Newton’s method, machine imprecision
will dominate evaluation of the term 5,((:;)) as x tends to r. In this case one tiny number is divided
by one very small number.

One can avoid the double-root problem by seeking quadratic factors directly in deflation. This is
also useful when looking for a pair of complex conjugate roots of a polynomial with real coefficients.
For higher order roots, one can detect their possibilities to some extent and apply special techniques
to either find or rule out them.

Polynomials are often sensitive to variations in their coefficients. Consequently, after several
deflations, the remaining roots may be very inaccurate. One solution is to polish the roots using a
very accurate method, once approximations to these roots have been found from deflated polyno-
mials. Newton’s method is generally good for polishing both real and complex roots. Just let zq
take on the value of the root to be polished and run Newton’s method.

6 A Root Finding Algorithm

Below is the pseudocode for finding the roots of a polynomial p(x) using Miiller’s method:

1 if deg(p) < 4 then

2 use the appropriate closed forms in Section 3.

3 else

1 pola) — pla)

5 for i = 0 to deg(p) — 5 do

6 apply the rule in Section 4 to determine a circle guaranteed to contain one root of p;.
7 generate three root estimates within the circle.

8 use Miiller’s method to find one root r; of p;(z) (i.e., (i + 1)-st of p(x)).

9 if r; is real

10 pit1(x) < pi/(x —r;) (apply the Horner scheme in Section 2)

11 t— i+ 1

12 else

13 r; and its complex conjugate 7; are two roots.

14 pita(z) — pi/((x —r;)(x —7;)) where (z — r;)(z — ;) has real coefficients.
15 1 1+2

16 find the roots of the cubic or quartic p; using the closed forms in Section 3.3.

17 polish all the roots using Newton’s method on p(z).

EXAMPLE 6. Find the roots of p(z) = 23 — 2 — 1 using Miiller’s method. For each root the iteration
start with initial guesses x9 = 1,21 = 1.5, and x2 = 2.0. We terminate the iteration at step ¢ when
|A£L‘l — Axi—ll <5- 1075,

13



The method estimates the first root to be 71 = 1.324718 with an accuracy about 3.4 - 1077,

1T p(x:)
-2 1.0 -1
-1 1.5 0.875

0 20 5

1 1.33333  0.037037

2 1.32447  —0.00105

3 1.324718 1.44-107
4 1.324718 7.15-10713

Next, we work with the deflated polynomial ¢(z) = p(z)/(x — r1) and find the second root to be
ro = —0.66236 + 0.56228: with an accuracy of 2.2 - 1075,

1 —0.6623697 + 0.5622605i  2.1355-107° — 1.2- 1074
2 —0.66235898 4 0.5622795; 10~ !!
The third root must be a conjugate of the second root. So we have r3 = —0.66236 — 0.56228j3.

Let us do a more complete example.

EXAMPLE 7. Find the roots of the polynomial
p(z) =2 + 222 —x — 1.

Earlier by checking the sign changes in the coefficient sequence we knew that p(x) has one positive root, one
negative root, and one pair of complex conjugate roots.
Now let us look at the bound heuristics:

o lao| ./ laol
p = min{n—, {/+—
lax|” | lan]
= min{4, 1}
1.

Thus there is at least one zero inside the complex circle of radius one about the origin. Furthermore, all
zeros of p(x) lie inside the circle of radius

a
an
1+ max{1,1,2,0}

3.

1+

ﬁ
I

max
0<k<n—1

Our search for the roots need only focus on the complex disk of radius 3. For each root we start the
Miiller’s method with the initial guesses

B 1
=277 2’

) Tr—1 = 07 To =
and terminate the search once Ax; < 5-107°.

The first root is found to be 0.82511. We divide p(z) by = — 0.82511 using the Horner scheme and
generate the deflated polynomial:

2% 4+ 0.825112% + 2.68081z + 1.21196.

14



The Miiller’s method, now applied on the deflated polynomial, yields the second root —0.481816. Deflate
the cubic polynomial above using this new root:

2% 4+ 0.3432947 + 2.51541.

We may apply Miiller’s method again to find the third and fourth roots which form a complex conjugate
pair: —0.171647 £+ 1.57669:. Or we may simply use the close forms for quadratic polynomials.
The following table shows the iterations to find each root and its accuracy. Note that the two complex

roots # iterations accuracy

0.8251098 5 2.4-1077
—0.4818156 4 1.4-10°¢
—0.171647 + 1.5766861 2 5.1-1076

—0.171647 — 1.5766861

roots lie between the circle of radius 1 and the circle of radius 3.
We should next polish the four root estimates using the original polynomial p(x).
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