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Abstract

The solution of a generalized stochastic Petri net
(GSPN) is severely restricted by the size of its underlying
continuous-time Markov chain. In recent work, matrix dia-
grams built from a Kronecker expression for the transition
rate matrix of certain types of GSPNs were shown to allow
for more efficient solution; however, the GSPN model re-
quires a special form, so that the transition rate matrix has
a Kronecker expression. In this paper, we extend the ear-
lier results to GSPN models with partitioned sets of places.
Specifically, we give a more restrictive definition for ma-
trix diagrams and show that the new form is canonical. We
then present an algorithm that builds a canonical matrix
diagram representation for an arbitrary non-negative ma-
trix, given encodings for the sets of rows and columns. Us-
ing this algorithm, a Kronecker expression is not required
to construct the matrix diagram. The efficient matrix dia-
gram algorithms for numerical solution presented earlier
are still applicable. We apply our technique to several ex-
ample GSPNs.

1. Introduction

Generalized stochastic Petri nets (GSPNs) [16] and re-
lated models (e.g., stochastic reward nets [19], stochastic
activity networks [17]) are gaining increased acceptance
as tools for analyzing complex systems. The popularity
of such high-level formalisms is due to their ability to
represent complex systems in a compact and convenient
way, while still describing an underlying continuous-time
Markov chain (CTMC). Performance measures can be com-
puted by generating and analyzing the CTMC described by
the model. This method suffers from the well-known state
explosion problem: a compact GSPN can define an underly-
ing CTMC with an enormous number of states. This prob-
lem severely limits the size of models for which an exact
analysis can reasonably be attempted.

Much work has been done to cope with the state explo-

sion problem. We consider techniques that attempt to toler-
ate the large number of states while still providing an “ex-
act” solution (i.e., without approximation errors) for a fairly
general class of models. These techniques must be capable
of handling a very large state space, or reachability set, S.
While S is not required for numerical solution, it is needed
to compute the measures of interest, and may be needed dur-
ing the generation of the underlying CTMC. To analyze the
underlying CTMC, we must also represent the infinitesimal
generator matrix Q of the CTMC, which is a square matrix
of size |S|, usually extremely sparse. Finally, we must store
at least one probability vector 7 of size |S|, the solution
to w - Q = 0. For simplicity, we will only consider sta-
tionary solution of ergodic CTMCs in this paper; however,
our work applies just as well to the analysis of absorbing
CTMC:s or to transient analysis of arbitrary CTMCs. Any
technique for an exact solution must therefore be able to ef-
ficiently represent the three structures S, Q, and 7, each of
which can easily require an excessive amount of memory.
Indeed, while the computational cost of an exact solution
may be quite high, it is ultimately the storage requirements
that determine if an exact solution is possible.

There have been many techniques proposed to represent
the matrix Q. For instance, one can generate elements of Q
as needed “on-the-fly” from the high-level model [11]. An-
other approach s to store QQ on a fast disk, and to retrieve the
elements as needed [10]. Some work has been done using
multi-terminal binary decision diagrams (MTBDDs) [14] to
encode the function f(ik,...,%1,JK,---,71) = Qli,]],
where (ix,...,41) and (jg,...,j1) are binary encodings
of 7 and j. The efficiency of this approach depends in part
on the number of distinct values in Q. In the worst case,
all non-zero entries in QQ are unique and the MTBDD will
require at least as much memory as sparse storage.

One approach that has received much attention is the use
of Kronecker descriptions. After Plateau’s initial work with
synchronized automata networks [20], Kronecker represen-
tations have been applied to Petri nets and other formalisms
[1, 3, 12, 15]. Using a Kronecker approach, the model is
assumed to be composed of K interacting submodels, and



Q is written as the sum of several Kronecker products of
K small matrices, where matrix k represents the change of
state due to submodel k. The memory required to store the
small matrices is usually a fraction of that required to store
Q explicitly. However, the cost of numerical solution can
increase by a factor of K in the worst case [2], since the ele-
ments of Q must be computed. Another source of overhead
comes from “spurious” entries, since a Kronecker expres-
sion describes Q, a super-matrix of Q. These entries are
due to unreachable states, and must be ignored during nu-
merical solution. Functional transitions can be used [13] to
reduce the size of Q and to increase modeling power.

In [7], we presented a new approach using a data struc-
ture called matrix diagrams (MDs), and showed how an MD
representation of QQ can be built from a Kronecker expres-
sion containing constant entries (i.e., ordinary Kronecker
products only). One advantage of an MD representation
over a Kronecker representation is that the MD encodes the
matrix Q exactly, not a super-matrix Q This completely
eliminates the overhead of skipping the spurious entries.
Another benefit of MDs is their ability to re-use previous
results when computing a column of Q, thus reducing the
number of floating-point multiplications required for nu-
merical solution. However, the technique described in [7]
requires a Kronecker expression for Q. In this paper, we
show how MDs can be used to encode any non-negative
matrix, given appropriate encodings for sets of rows and
columns. This allows us to construct an MD representation
for any GSPN whose set of places can be partitioned, with-
out using a Kronecker representation.

The remainder of the paper is organized as follows.
Section 2 briefly describes multi-valued decision diagrams
(MDDs) and how they can encode sets of states (in partic-
ular the reachability set S). In Section 3, we give a new
definition of matrix diagrams, and prove that the new defi-
nition is a canonical representation of matrices, given MDD
encodings for the sets of rows and columns. In Section 4,
we present our algorithm for building the canonical matrix
diagram representation for any non-negative matrix. In Sec-
tion 5, we describe how to apply matrix diagrams towards
the solution of GSPNs. Experimental results are presented
in Section 6. Finally, Section 7 concludes our work.

2. Encoding sets of states

The use of matrix diagrams requires MDD encodings for
sets of states. In this section, we review the definition of
MDDs, and how they are used to encode sets of states.

2.1. Multi-valued decision diagrams

A multi-valued decision diagram (MDD) [21] is a data
structure used to encode integer functions of the form

fiNgx--xN — {0,....M — 1}, where N}, =
{0,..., Ny — 1}. Formally, an MDD is a directed, acyclic
graph containing terminal and non-terminal nodes. Each
terminal node is labeled with an integer m € {0,..., M —
1}, and is written simply m. A non-terminal node is labeled
with a variable identifier x, and contains Ny pointers to
other nodes. Each pointer corresponds to a cofactor of f,
defined as fy,—c = f(k,...,Tkt1,C, Th_1,...,21) for
variable x;, and constant c. A non-terminal node labeled
with variable xj, representing function f is then written as
the (Ny + 1)-tuple (zk, fo, =0, -« - fzr=N,—1), and we say
it is a level-k node. We say the terminal nodes are level-0
nodes. An ordered MDD (OMDD) is an MDD such that
every downward pointer from a level-k node goes to a node
whose level is less than k. Every OMDD has a single top-
level node with level larger than all other nodes. Two nodes
are equivalent if they are both terminal nodes with the same
label or they are both level-£ non-terminal nodes with the
same (Ny + 1)-tuple (zk, for=0,- - -, fo,=N,—1). We say a
level-k node is redundant if it is a non-terminal node with
(N +1)-tuple (z, d, . . ., d); thatis, all downward pointers
are to the same node. A reduced OMDD (ROMDD) is an
OMDD with no equivalent nodes and no redundant nodes.
It has been shown [21] that ROMDDs are a canonical rep-
resentation for integer functions: given any integer function
and a variable ordering, there is exactly one ROMDD rep-
resenting that function. To simplify the presentation in the
rest of the paper, from now on we assume that all MDDs
are ROMDDs, except that we require the top level to be
level K, and downward pointers from a level-(k + 1) node
must go either to node O or to a level-k node. This is
achieved by adding redundant nodes, and it can be shown
that this is also a canonical form.

2.2. Representing sets of states with MDDs

Using MDDs to encode sets of states is similar to the
idea of using a multi-level structure [6]. We assume that the
set of places of our GSPN model has been partitioned into
K subsets: P =P U---UPy, i #j=P;NP; =0.
A marking of the GSPN can be considered a collection of
submarkings, m = (mp, ..., m;), where submarking m;,
describes the number of tokens in each place in Pj. Given a
set of markings S, the set of possible submarkings for par-
tition Py, is S = {mk : 3(1‘1’1[{, R § ¢ A ,ml) S S}
In some cases, we can generate the sets Sk, ..., Sy in iso-
lation (i.e., before generating S); otherwise, we can gener-
ate the sets Sk, . .., Sy during or after the generation of S.
Either way, we can maintain an index for each possible sub-
marking. Formally, for each partition P, we have an index-
ing bijection ¢y, : S — N, where N, = {0, ..., |Sk|—1}.
A marking (mg, ..., mj) can thus be represented as a col-
lection of indices (sk, ..., s1), where s = ¢ (my). We
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Trans. | Rate Trans. | Rate

tal 1.0 tys 1.0 teo 1.2
taa 1.2 tpa 0.8 teq 2.0
tab 4.0 the 4.0 tea 4.0
Figure 1. Running GSPN example
Partition A Partition B Partition C
[pa17pa27 [pbl7pb27 [pc17pc27
Index| pa3,Pea] Index| po3,ppa] Index| pes,ped]
0 [1,0,0,0] 0 [1,0,0,0] 0 [1,0,0,0]
1 [0,1,0,0] 1 [0,1,0,0] 1 [0,1,0,0]
2 [0,0,1,0] 2 [0,0,1,0] 2 [0,0,1,0]
3 [0,0,0,1] 3 [0,0,0,1] 3 [0,0,0,1]

Figure 2. Local states for the running example

will refer to collections of indices as states, and we shall use
states and markings interchangeably with the understanding
that conversion is done via functions ¢, and gb,:1.

As a running example, we use the simple GSPN model
in Figure 1, and partition the set of places according to the
dashed lines. In Figure 2, we show the sets of possible sub-
markings and their indices, assuming the initial marking in
Figure 1. State (1, 3, 3) refers to submarking 1 for partition
A, submarking 3 for partition B, and submarking 3 for par-
tition C. Thus, state (1, 3,3) corresponds to the marking
with one token in places pq2, ppa and p.4, and zero tokens
in the remaining places.

Note that the set S is a subset of the potential markings
S = Sk x .-+ x &1, since for any marking in S, sub-
marking my, for partition P, is present in S;. One way
to represent the set S is to specify which of the potential
markings are in S, using a function y : & — {0,1} , de-
fined by x(sg,...,81) =1 & (sk,...,$1) € S where
s € Ny. Since Y is an integer function, it can be encoded
by an MDD. We note in passing that another way to repre-
sent the function y is to use a vector of bits [15].

S
Partition A|0[1]2]|3

Uu )%
Partiion B [0[1[2[3]  [0[2[3]
g z
Partition C [0]3]

Figure 3. MDD representation of S

For our work, we must construct an MDD encoding for
the reachability set S. MDDs can be used during genera-
tion of S except in certain cases when the model contains
immediate transitions or marking-dependent arc cardinali-
ties [4, 18]. When MDDs cannot be used, we can generate
S using a traditional data structure, and then construct the
MDD function y once S is known. In this case, an excel-
lent choice is the multi-level data structure presented in [6],
which is equivalent to an unreduced MDD. For a discussion
of several practical issues related to reachability set storage
using MDDs, such as how to enumerate the reachable states
efficiently, we refer the interested reader to [7].

Continuing our running example, the MDD encoding of
the reachability set S for the GSPN of Figure 1 is shown
in Figure 3. The MDD shown assumes that the places are
partitioned as in Figure 1, and the MDD nodes are ordered
accordingly. Note that, throughout this paper, we use a
“sparse” MDD representation: for a given level-k node f,
a value v is omitted if f;,—, = 0. For instance, in node
V the value 1 is omitted. Also, pointers are not shown for
level-1 nodes, since they must be to node 1. A state is reach-
able if there is a path from the top-level node to node 1 fol-
lowing the appropriate downward pointers. For instance,
in Figure 3, state (1,3, 3) is reachable: in node S we fol-
low the pointer S;,—; to reach node U, we then follow
the pointer U, ,—3 to reach node WV, finally we follow the
pointer W, —3 (not shown) to node 1. The state (2,1, 1) is
not reachable: S, ,—2 =V, and V, ,—1 = 0.

For a level-k node f, the number of non-zero downward
pointers is written 7(f). Each non-zero downward pointer
fa,=o is assigned an index, denoted 7(f, v), where n(f,v)
is the number of non-zero downward pointers for values less
than v, and n(f, v) is undefined if f,, -, = 0. For the ex-
ample in Figure 3, we have (V) = 3, since node V has
three non-zero downward pointers. Similarly, n(Z) is 2,
since node Z has two pointers to node 1. The downward
pointers for node V are indexed: n(V,0) = 0,7(V,2) =1,
and n(V,3) = 2. Similarly, we have n(Z,1) = 0 and
n(Z,2) = 1. Omitted values have undefined indices:
n(V,1) =n(Z,0) = n(Z,3) = undefined.



3. Matrix diagrams

A matrix diagram (MD) is a directed, acyclic graph used
to represent matrices. The terminal nodes of the graph are
labeled 0 and 1, and are considered level-0 nodes. The level-
k non-terminal nodes of the graph are labeled with variable
my, and each contain a matrix M of pairs (real-value, node
pointer). We denote the real-value component of an element
as M[z, y], and the node-pointer component as M|z, y]q.
By definition, we have M|z, y], = 0 < Mz, ylq = 0.

An ordered MD (OMD) is an MD such that every down-
ward pointer from a level-k node goes to a node whose level
is less than k. Every OMD has a single top-level node with
level larger than all other nodes. To simplify our presenta-
tion, from now on we assume that all MDs are OMDs, the
top level is level K, and downward pointers from a level-
(k+ 1) node go either to node 0 or to a level-k node. A ma-
trix diagram is reduced if it contains no equivalent nodes.
That is, for any two level-k nodes (my, M) and (my, N)
we either have matrices M and NN of different sizes, or
Mz, y] # Nz, y] for some row 2 and column y.

Note that our definition of matrix diagrams differs
slightly from the one we originally presented in [7]; namely,
the matrix elements in [7] are allowed to be sets of pairs
(real-value, pointer). To obtain a canonical form, sets of
pairs cannot be allowed, and we must introduce additional
restrictions.

3.1. Canonical form

A canonical MD (CMD) consists of a triple (M, R,C),
where M is a MD with variables m, ..., m1, R and C are
MDDs encoding the sets of rows and columns, with vari-
ables rg,...,r1 and ck, . . ., c1, and the following proper-
ties hold.

1. R and C have the same top level, and R # 0,C # 0.
2. If M # 0, then M has the same top level as R and C.

3. If the top-level node of M is non-terminal, then its ma-
trix M has n(R) rows and 7(C) columns.

4. Forevery M[z,y],0 < M[z,y], < 1.
5. Matrix M contains an element with M|z, y], = 1.

6. For every M[z,y], if M[xz,y] # (0,0) then the triple
(M',R',C") is a CMD, where M’ = M|z, ylq, R’ =
RTk:i’ Cl = Cck:j’ T = U(R7Z)’ y= W(CJ)

A reduced CMD (RCMD) has a reduced MD M.

An example of a (reduced) CMD is shown in Figure 4.
The blank spaces correspond to the entries (0, 0). The nodes
of R are drawn vertically to emphasize that they correspond
to the number of rows in the matrices in M. Looking at

M

I J L

1 | 1
4
N VP Q

[ e (o A 23

Figure 4. An example CMD

the CMD (M, R,C) we see node M contains matrix M
with n(R) = 3 rows and 7(C) = 2 columns. Following
Rrs—0 brings us to node U, C.,—¢ brings us to node £, and
M[n(R,0),n(C,0)] = M[0,0] = (2,1). Thus (I,U,€) is
also a CMD. Note the matrix of node I contains n({f) = 2
rows and 1(£) = 1 columns.

3.2. The encoded matrix

Given a CMD (M, R, C), we can compute an element of
the matrix encoded by the CMD using the recurrence

Encg (M, R,C)[i,j] =
M[xKayK]v . EnCK—l(MluRlucl)[ilujl]

where i = (ig,...,i1) € R, j = (Jk,.--,51) € C,
v = n(R,ik), yx = 1(C,jx), M' = Mz, yx]a,
R/ = RT‘K:iK9 C/ = CCK:J‘K, i = (’L'Kfl, RPN ,il), and
J = (Jk-1,.--,J1). The terminal case of the recurrence
is Enco(1,1,1) = 1. We also define the special case
Enck(0,R,C)[i,j] = 0 so that the CMD with matrix di-
agram equal to node 0 encodes a matrix of all zeroes.

As an example, the matrix encoded by the CMD in Fig-
ure 4 is shown in Figure 5. The matrix to the far right shows
the encoded values, and the rows and columns are labeled
with the appropriate states from R and C. The lines indi-
cate the submatrices due to node M of the matrix diagram.
Note in particular the blocks of zeroes, corresponding to
the (0,0) entries of the matrix of node M. To compute
element (0, 1,2),(0,0,1) of the matrix, we first compute
x3 =1n(R,0) = 0and y3 = n(C,0) = 0. We then consider
element 0, 0 of the matrix of node M. The value is %, and
we follow the appropriate pointers from nodes M, R, and C
to obtain CMD (I,U, ). Now we have o = n(i,1) = 1
and yo = n(€,0) = 0, and element 1,0 of the matrix of
node I gives us a value of % Following the appropriate
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Figure 5. Computing Encs(M,R,C) from the CMD in Figure 4.

pointers from nodes I, U, and £ gives us CMD (P, Z, G).
Finally, we have 1 = n(Z,2) = 1and y1 = 7(G,1) = 1,
and element 1, 1 of the matrix of node P gives us a value
of % The downward pointers all lead to terminal node 1, so
we are finished, and the encoded element is % . % . % = %.
Note that, as defined, a CMD encodes a matrix whose
elements are between zero and one (inclusive), and whose
maximal element is one. To represent an arbitrary non-
negative matrix A, one possibility is to encode % - A, where
a # 0 is the largest element of A, and then multiply each
element returned by Enc g by a. Another possibility, which
we adopt, is to relax the restriction for the values of the ma-
trix of the top-level node. Thus our top-level matrix has a

maximal value of a instead of one.
3.3. Proof of canonicity

To prove that RCMDs are a canonical representation, we
must show that any non-negative matrix can be represented
as a RCMD (given the MDDs R and C), and that the RCMD
is unique. We will only show that the RCMD obtained is
unique; Section 4 discusses how to build the RCMD that
encodes a given matrix, but we do not formally prove that
the algorithm is correct due to space considerations.

Lemmal Enci(M,R,C) = 0RIXICl o« M = 0.

Proof: By definition of Enc, we have M = 0 =
Ency(M,R,C) = ORIXICL. 1f M # 0, then either M
is 1, and we have Enco(1,1,1) = 1, or M is a non-
terminal node. By definition, the matrix associated with a
non-terminal node contains an element with value 1 whose
pointer is not to terminal node zero. Thus there exists a path
from the level-k node of M to node 1, where the product of
the values along the path is one. Thus, Ency, (M, R,C) will
produce at least one nonzero element if M # 0. O

Theorem 1 Enci(M,R,C) = Ency(M',R,C) <&
M=M

Proof: Trivially, Encg(M,R,C) = Encg(M',R,C)
when M = M’. We show that Ency(M,R,C) =
Encig(M',R,C) = M = M’ by induction on k.

The base case is &k = 0, where we either have
Enco(1,R,C) = 1 or Enco(0,R,C) = 0. Thus the prop-
erty holds in the base case.

Now we assume the property holds for 0 < k < K,
and prove it must also hold for k¥ = K + 1. Given
Enckg+1(M,R,C) = Encx+1(M',R,C), we must show
that M = M’. If M = 0 then from Lemma 1 we triv-
ially get M’ = 0. Otherwise, M and M’ are both level
K + 1 nodes, and we know that the matrices M and M’
both have 7(R) rows and 7(C) columns. Since the MD is
reduced, M = M’ if and only if M[z, y] = M/'[z, y] for all
elements. From the definition of Enc, we know that

M[xa y]v - Enck (M[.% y]d, RTK+1:i’ CCK+1:j) =
M’ [‘Tu y]v - Enck (M/ [w, y]da RTK+1:i7 CCK+1:j)

forx = n(R,i) and y = n(C, 7). If M|z, y], = 0, then we
have M|z, y]q = 0, and from Lemma 1 we get M'[z, y] =
(0,0), and thus M[z,y] = M'[z, y]. Otherwise, we have
M|z, y]v # 0, and we obtain

Encg (M[.% y]da RTK+1:Z" CCK+1:j) =
M/[‘Tu y]V

B M/ Rr =iy e =j)-
M[x,y]v ncK( [‘Tay]dv K4+1= CK+1 J)

Since M|z, y]y # 0, we know that M[z,y]q # 0. Thus
by Lemma 1, Encg (M[z,yla, Ry, =isCepyr=j) is not
a zero matrix, and thus has a maximal value of exactly 1.
This implies that Encg (M'[2,y]d, Rrxi1—i>Cegyr—j) 18
not a zero matrix, and thus has a maximal value of exactly 1.
Thus, M'[z, y], = M|z, y]y, otherwise one matrix cannot

have maximal value of 1. This gives us

FEnck (M[CC, y]da RTK+1:1" CCK+1:j) =
Encyk (M/ [‘Tu y]da RTK+1:i7 CCK+1:j)



and so by the inductive hypothesis we have M'[z, ylq =
M[z, y]q. Thus, M[z,y] = M'[z, y]. O

4. Building CMDs

In this section, we develop algorithms to build a RCMD,
given MDDs encoding the sets of rows and columns, and a
desired matrix to encode.

4.1. A Simple Algorithm

One way to construct a RCMD is to construct a MD,
then manipulate the MD until we have a RCMD. This is
the approach used in algorithm Build1, shown in Figure 6.
Given a set of rows R and a set of columns C, both encoded
as MDDs, and a matrix E to encode, procedure Build1 will
build a RCMD (M, R,C) such that Encx (M, R,C) = E.
First, we add each entry of matrix E to an unreduced MD
M using procedure AddEntry, which creates the appropriate
path from the top node to node 1, with the encoded element
as the value at the bottom level, and values of one at all
other levels. As an example, Figure 7 shows the unreduced
MD obtained from the matrix in Figure 5 after all entries
have been added (i.e., before line 5 of Build1 executes).

Once we have obtained our unreduced MD, we must ad-
just the values so that we have a CMD. This requires nor-
malizing the matrix values so that each value is between
zero and one, and the maximal value is one (properties 4 and
5 in Section 3.1). This is done with procedure Normalize,
shown in Figure 6. Note that Normalize allows arbitrary val-
ues in the level- K node, so that we can encode non-negative
matrices whose maximal values are not necessarily one.

Finally, we must reduce our CMD using procedure Re-
duce, which eliminates duplicate nodes in a bottom-up fash-
ion. Procedure Uniquelnsert, not shown, inserts a node into
a hash table; if an identical node (i.e. a node at the same
level with an equal matrix) is found in the hash table, the
duplicate node is deleted and the node in the hash table is
returned. Due to floating-point roundoff errors, we cannot
do a strict comparison of elements when considering if two
matrices are equal; instead, we consider the values of ele-
ments to be equal if their relative difference is less than e.
Thanks to theorem 1, we know that the node returned by
Reduce is the only (appropriately-sized) node that encodes
a given submatrix. When the MD in Figure 7 is normalized
and reduced, we obtain the CMD in Figure 4.

4.2. A Better Algorithm

The problem with Build1 is that we must build an entirely
unreduced MD of our matrix E, which may require a sub-
stantial amount of memory. A better approach is to reduce
our matrix diagram periodically, to save memory. This is

AddEntry(M, R, C,1i,j, val)
k « top level of R;
if M =0then
M — new node(k, #rows = n(R), #cols = n(C));
end if
z o n(R,ilk));  y < n(C.j[K]);
if k=1then e Bottom level, terminate recursion
M(z,y] < (val, 1);
else
M —Mlz,yla; R — Ry =iw); C" — Cep=jn);
1 Mz, y] < (1, AddEntry(M’, R',C’ 1, j,val));
11: end if
12: return M;

MultiplyBy(M, scalar)
1. for each z,y such that M[z, y] # (0,0) do
2. Miz,y]v «— M|z, y]v - scalar;
3: end for

Normalize(M)

if M =1then
return 1;

end if

k < top level of M; scale < 0;

for each z,y such that M|z, y] # (0,0) do
Mz, y]v < M|z, y]v- Normalize(M[z,y]a);
scale — max(scale, M[z, y]v);

end for

if K # K then e Allow arbitrary values at level K
MultiplyBy(M, —=-);

. end if

12: return scale;

Reduce(M)
1. if M =0o0or M =1then
2 return M;
3. end if
4: for each z,y such that M|z, y] # (0,0) do
5:
6
7

L

©ooNR AR ®N

o

e Terminate recursion

L

=
2o

e Terminate recursion

: Miz,yla «— Reduce(M]z,y]a);
: end for
: return Uniquelnsert(M);

Build1(R,C, E)
1. M 0
for eachi e R,j € C such that E[i, j] # 0 do
M «— AddEntry(M, R,C,i,j, E[i, j]);
end for
Normalize(M);
return Reduce(M);

o9k wnN

Figure 6. Simple CMD construction

the idea behind Build2, shown in Figure 8. The last parame-
ter, freq, determines the frequency of the reductions: when
the row to be inserted differs from the previous row at a
component k > freq, we perform a reduction. Thus, when
freq = K, Build2 is the same as Build1; when freq = 0, we
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Figure 7. Matrix diagram before normalization

Accumulate(M, N)
e Adds MD N to MD M; M is modified, N is not.

1: k « top level of M,
2: for each z,y such that N[z, y] # (0,0) do

3. if M[z,y] = (0,0) then
4: Mz, y] < Nz, y];
5. elseif k =1then e Bottom level
6: M[I,y]v — M[may]V +N[I7y]v'
7: else
8: MultiplyBy(M [z, y]d, 11\\]4[[;5]]:)
9: Accumulate(M [z, y]4, N[z, y]4);
10: M[I,y]v - N[I,y]v;
11:  endif
12: end for

Build2(R,C, E, freq)
1. M+ 0; N«<O0;
2: foreachie R do
if 3k > freq such that i[k] has changed then
Accumulate(M, N);
Normalize(M);
N «— Reduce(M); M < 0;
end if
for each j € C such that E[i, j] # 0 do
M — AddEntry(M, R, C,1i,j, E[i, j]);
10:  end for
11: end for
12: Accumulate(M, N);
13: Normalize(M);
14: return Reduce(M);
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Figure 8. Better CMD construction

reduce after each row is added.

Reduction is performed in lines 4-6 and 12-14. We main-
tain a RCMD N and an unreduced MD M which contains
all the rows that have been added since we created N. Dur-
ing reduction, we must create an RCMD that encodes the
matrix Encg(M,R,C) + Encg(N,R,C). The addition

is performed by procedure Accumulate, which adds N to
M without modifying N. Since the RCMD nodes of N
have already been normalized and reduced, we prefer to
modify nodes of M instead. The main part of the addi-
tion (lines 8-10 of Accumulate) is based on the property
cA + dB = d(5A + B). For level-1 nodes, Accumulate
is the same as matrix addition (line 6). We then normal-
ize and reduce MD M, which becomes the new RCMD N.
After calling Accumulate, M may contain both MD nodes
and RCMD nodes. To reduce computational costs, we use
modified versions of Normalize and Reduce that return im-
mediately when called with RCMD nodes.

5. Numerical solution of GSPNswith CMDs

We now summarize the steps that must be taken to use
CMDs for solution of GSPNSs, and discuss practical issues.

Partition the set of places. It is important to note that,
in theory, any partitioning will work and lead to correct re-
sults. At one extreme, each partition consists of a single
place, and our CMD will have |P| levels. Since the num-
ber of floating-point multiplications required to determine
a matrix element from a CMD depends on the number of
levels, this can lead to a high computational overhead dur-
ing numerical solution. At the other extreme, we have a
single partition. In this case, our MDD contains a single
node with |S| pointers to node 1 (which is equivalent to ex-
plicit storage of S), and our CMD contains a single node
whose matrix corresponds to the transition rate matrix R,
where the downward pointers are to node 1 for the non-zero
values (which is equivalent to sparse storage for R). Ulti-
mately, the efficiency of our approach depends on the choice
of partition. While we give a brief example in Section 6, a
thorough discussion of how to choose a partition is beyond
the scope of this paper.

Build an MDD that encodesS. If possible, we can gen-
erate S using MDDs [4, 18]. Otherwise, we can generate S
using traditional methods, and then construct an MDD.

Build an RCMD that encodes R. We build a RCMD
representation for the transition rate matrix R, and store the
row sums of R (used to compute the diagonal elements of
Q as needed) either explicitly in a full vector or in a second
matrix diagram, as done in [7]. Our RCMD is constructed
using a modified version of Build2, using R for E and S
for both R and C. However, we do not explicitly build R
and then call Build2; instead, we generate the rows of R as
needed from our GSPN model within Build2.

The CMD encoding of R for our running GSPN example
is shown in Figure 9. The MDD for the set S, which is used
for the sets of rows and columns, is shown in Figure 3 so
we do not duplicate it here.

Compute stationary probabilities. The efficient solu-
tion techniques presented in [7] apply also to CMDs, since
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Figure 9. CMD for the running GSPN example

a CMD is a special case of an MD. For numerical solution,
we must be able to access a specific column of R; to do
so, we use a recursive function GetColumn, similar to the
function Enc. Since each CMD node may have multiple
incoming pointers, a CMD node may receive multiple re-
quests to compute the same (partial) column. To avoid du-
plicate computation, each node saves the last partial column
it computed in a cache. Each cache “hit” may result in at
most K — 1 floating-point multiplications saved per column
entry. See [7] for more details about obtaining a column
and using the cache, in particular how to order the column
accesses to better utilize the cache.

6. Experimental Results

A prototype of our technique is implemented in the tool
SMART [5]. All reported results are on a 933 Mhz Pen-
tium III machine running Linux. We test our approach on
several models, including our running example (denoted
“Simple”) with N initial tokens in places p,1, pp1, and
Pc1. We modified the running example to contain marking-
dependent arc cardinalities: the input and output arcs of
transition t,; have cardinality min(#pas, #ps1), the arcs
of tp. have cardinality min(#pp2, #pe3), and the arcs of
tcq have cardinality min(#p.1, #pa2). This change allows
for multiple synchronizations to occur with a single firing of
transitions %4, tp. and t.,. The modified version of “Sim-
ple” is denoted “Var. Arc”. Note that these models have the
same reachable states and the same number of arcs in their
reachability graphs.

We also examine models from the literature: a kanban
model and a flexible manufacturing system (FMS) model.
The kanban model, presented in [8], is partitioned into four
submodels [6, 7, 8]. We denote this model by “Kan-timed”
if the synchronizing transitions are timed, and by “Kan-

imm” if the synchronizing transitions are immediate. We
use the FMS model presented in [9] (with flushing arcs,
marking-dependent rates, and immediate transitions) and
partition the places as in [6]. Both of these models have
an input parameter N, which specifies the initial number of
tokens in certain places. Note that, using the MD technique
described in [7], model “Kan-imm” requires a Kronecker
implementation that can handle immediate synchronizing
transitions [8], and models “Var. Arc” and “FMS” cannot
be solved at all, since they contain transitions that cannot be
expressed as ordinary Kronecker products.

First, we look at how our choice of partition affects our
CMD. In Table 1, we consider three different partitions for
our running example, and look at the number of nodes per
level in our CMD and the memory required for the result-
ing CMD. When reporting memory usage, we use the suf-
fix “b” to mean bytes, “kb” to mean 1024 bytes, and “mb”
to mean 10242 bytes. The partition “ABC” corresponds to
the one depicted in Figure 1, and gives us a 3-level CMD.
The partition “Finest” assigns each place to its own parti-
tion: P1o2 = {Pa1}, P11 = {Paz}, etc. Note that we get a
12-level CMD with a fairly large number of nodes, but the
matrix for each node is quite small, so the overall memory
requirements are not too large. The partition “Bad” uses
Pr. = {Pay, Pby, Pcy} and illustrates how a bad choice of
partition can result in a CMD with many large nodes.

In Table 2, we show the sizes of the state spaces and
reachability graphs, the number of MD nodes for each level
in the CMD constructed for the transition rate matrix R,
and the memory required for the CMD for numerical solu-
tion (i.e., including the MD representation of the row sums
and the cache memory). For comparison, we also show the
memory required for sparse storage of R (the dashes indi-
cate cases where main memory was exceeded). Note that
the matrix for each node is stored in a sparse format, so the
memory required is proportional to the total number of ma-
trix elements, not to the number of nodes. Note the CMDs
for the “Var. Arc” model require significantly more nodes
than the corresponding “Simple” model. This is because
the “Var. Arc” model has a more complex structure, and
some pointers that went to the same node in the CMD for
“Simple” now must go to different nodes in the CMD for
“Var. Arc”. Similarly, the structure for “Kan-imm” is more
complex than “Kan-timed”. Also, note that while the size
of each node may increase with N, the number of nodes for
the kanban models is fixed except at level 2. Thus, for this
model we can efficiently encode very large matrices.

In Table 3, we show the CPU and memory requirements
of Build2 for different values of freq. For comparison, we
show the CPU time required when explicit storage is used;
the difference between this value and the time required for
Build2 is essentially the overhead of constructing the CMD.
In the CPU columns, “s” stands for seconds, “m” for min-



Number of CMD Nodes per level CMD
Partition | 12 11 10 9 8 7 6 5 4 3 2 1| Mem
ABC 1 25 23| 71.5kb
Finest | 1 19 25 25 25 211 217 26 26 25 1 1 | 84.1kb
Bad 1 1,740 403 1| 2.5mb
Table 1. Effects of different partitions, Simple model, N =6
GSPN Nodes/level CMD Explicit
Model | N #States #Arcs 4 3 2 1 Mem Mem
Simple | 1 30 55 1 5 5 1.7kb 604b
12 7,503,405 51,820,626 1 49 44| 719.8kb  452.6mb
16 | 56,137,077 412,022,676 1 65 58 2.0mb —
Var. Arc | 12 7,503,405 51,820,626 1 247 308 2.6mb  452.6mb
16 | 56,137,077 412,022,676 1 425 523 9.1mb —
Kan-timed | 5 2,546,432 24,460,016 | 1 3 22 3| 21.2kb  206.0mb
8 | 133,865,325 1,507,898,700 | 1 3 34 3| 62.8kb —
Kan-imm | 6 4,785,536 47,943,168 | 1 8 63 8 | 56.6kb  402.3mb
9 | 106,153,300 1,177,449,900 | 1 8 93 8 | 141.9kb —
FMS | 8 4,459,455 38,533,968 | 1 133 186 38 | 538.0kb  328.0mb
11 | 54,682,992 518,030,370 | 1 232 335 53 1.8mb —

Table 2. Matrix and CMD sizes

utes, and “h” for hours. We see that when freq is zero, the
CPU requirements are quite high. When freq is one, the
CPU requirements are reasonable, and the memory require-
ments are usually the lowest. When freq is large, the MD is
allowed to expand quite a bit during construction (leading
to high memory requirements) before it is reduced. While
the number of reductions decreases as freq increases, the
cost of each reduction will increase if there are more nodes
to reduce. In some cases (for instance, FMS), this causes an
increase in the CPU time when freq increases.

7. Conclusion

We have presented a new definition of matrix diagrams,
which are a proper subset of the matrix diagrams defined in
[7]. We show that our matrix diagrams are a canonical form,
and give a detailed algorithm for constructing a canonical
matrix diagram for any non-negative matrix, given MDDs
for the sets of rows and columns. This allows us to con-
struct a CMD representation for a GSPN with a partitioned
set of places in a general way, unlike our previous work
which was tied to a Kronecker representation. Despite the
differences between MDs and CMDs, the efficient solution
techniques presented earlier for MDs can still be applied
to CMDs. Using an MDD representation for S and a CMD
representation for R, the only memory bottleneck for GSPN
solution is the probability vector 7. Thus, GSPNs with ex-

tremely large state spaces can be analyzed.

The new canonical form of matrix diagrams expands
their applicability, since they apply to matrices in general,
and opens up new directions of research. We are currently
investigating efficient algorithms to build CMDs directly
from the GSPN model specification, instead of explicitly
adding each arc of the underlying CTMC.
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