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Abstract

The solution of a generalized stochastic Petri net
(GSPN)is severely restrictedby the sizeof its underlying
continuous-timeMarkov chain. In recentwork,matrix dia-
gramsbuilt from a Kronecker expressionfor the transition
ratematrix of certaintypesof GSPNswere shownto allow
for more ef�cient solution; however, the GSPNmodelre-
quiresa specialform,sothat thetransitionratematrix has
a Kronecker expression. In this paper, we extendthe ear-
lier resultsto GSPNmodelswith partitionedsetsof places.
Speci�cally, we give a more restrictivede�nition for ma-
trix diagramsandshowthat thenew form is canonical.We
then presentan algorithm that builds a canonicalmatrix
diagram representationfor an arbitrary non-negativema-
trix, givenencodingsfor thesetsof rowsandcolumns.Us-
ing this algorithm,a Kronecker expressionis not required
to constructthe matrix diagram. Theef�cient matrix dia-
gram algorithmsfor numericalsolution presentedearlier
are still applicable. We applyour techniqueto several ex-
ampleGSPNs.

1. Intr oduction

GeneralizedstochasticPetri nets(GSPNs)[16] andre-
lated models(e.g., stochasticreward nets[19], stochastic
activity networks [17]) are gaining increasedacceptance
as tools for analyzingcomplex systems. The popularity
of such high-level formalisms is due to their ability to
representcomplex systemsin a compactand convenient
way, while still describingan underlyingcontinuous-time
Markov chain(CTMC).Performancemeasurescanbecom-
putedby generatingandanalyzingtheCTMC describedby
themodel. This methodsuffers from thewell-known state
explosionproblem:acompactGSPNcande�ne anunderly-
ing CTMC with anenormousnumberof states.This prob-
lem severely limits the sizeof modelsfor which an exact
analysiscanreasonablybeattempted.

Much work hasbeendoneto copewith thestateexplo-

sionproblem.We considertechniquesthatattemptto toler-
atethe largenumberof stateswhile still providing an“ex-
act” solution(i.e.,withoutapproximationerrors)for afairly
generalclassof models.Thesetechniquesmustbecapable
of handlinga very largestatespace,or reachabilityset,S.
While S is not requiredfor numericalsolution,it is needed
tocomputethemeasuresof interest,andmaybeneededdur-
ing thegenerationof theunderlyingCTMC. To analyzethe
underlyingCTMC, wemustalsorepresentthein�nitesimal
generatormatrix Q of theCTMC, which is a squarematrix
of sizejSj, usuallyextremelysparse.Finally, wemuststore
at leastone probability vector � of size jSj, the solution
to � � Q = 0. For simplicity, we will only considersta-
tionarysolutionof ergodicCTMCs in this paper;however,
our work appliesjust aswell to the analysisof absorbing
CTMCs or to transientanalysisof arbitraryCTMCs. Any
techniquefor anexactsolutionmustthereforebeableto ef-
�ciently representthethreestructuresS, Q, and� , eachof
which caneasilyrequirean excessive amountof memory.
Indeed,while the computationalcostof an exact solution
maybequitehigh, it is ultimatelythestoragerequirements
thatdetermineif anexactsolutionis possible.

Therehave beenmany techniquesproposedto represent
thematrixQ. For instance,onecangenerateelementsof Q
asneeded“on-the-�y” from thehigh-level model[11]. An-
otherapproachis tostoreQ onafastdisk,andto retrievethe
elementsasneeded[10]. Somework hasbeendoneusing
multi-terminalbinarydecisiondiagrams(MTBDDs) [14] to
encodethe function f (i K ; : : : ; i 1; j K ; : : : ; j 1) = Q[i; j ],
where(i K ; : : : ; i 1) and(j K ; : : : ; j 1) arebinary encodings
of i andj . Theef�ciency of this approachdependsin part
on the numberof distinct valuesin Q. In the worst case,
all non-zeroentriesin Q areuniqueandtheMTBDD will
requireat leastasmuchmemoryassparsestorage.

Oneapproachthathasreceivedmuchattentionis theuse
of Kroneckerdescriptions.After Plateau's initial work with
synchronizedautomatanetworks[20], Kroneckerrepresen-
tationshavebeenappliedto Petrinetsandotherformalisms
[1, 3, 12, 15]. Using a Kronecker approach,the model is
assumedto be composedof K interactingsubmodels,and



Q is written as the sumof several Kronecker productsof
K smallmatrices,wherematrix k representsthechangeof
statedueto submodelk. Thememoryrequiredto storethe
smallmatricesis usuallya fractionof thatrequiredto store
Q explicitly. However, the costof numericalsolutioncan
increaseby afactorof K in theworstcase[2], sincetheele-
mentsof Q mustbecomputed.Anothersourceof overhead
comesfrom “spurious” entries,sincea Kronecker expres-
sion describesQ̂, a super-matrix of Q. Theseentriesare
dueto unreachablestates,andmustbe ignoredduring nu-
mericalsolution.Functionaltransitionscanbeused[13] to
reducethesizeof Q̂ andto increasemodelingpower.

In [7], we presenteda new approachusinga datastruc-
turecalledmatrixdiagrams(MDs),andshowedhow anMD
representationof Q canbebuilt from a Kronecker expres-
sion containingconstantentries(i.e., ordinary Kronecker
productsonly). One advantageof an MD representation
overaKroneckerrepresentationis thattheMD encodesthe
matrix Q exactly, not a super-matrix Q̂. This completely
eliminatesthe overheadof skipping the spuriousentries.
Anotherbene�t of MDs is their ability to re-useprevious
resultswhencomputinga columnof Q, thusreducingthe
numberof �oating-point multiplications requiredfor nu-
mericalsolution. However, the techniquedescribedin [7]
requiresa Kronecker expressionfor Q. In this paper, we
show how MDs can be usedto encodeany non-negative
matrix, given appropriateencodingsfor setsof rows and
columns.This allowsusto constructanMD representation
for any GSPNwhosesetof placescanbepartitioned,with-
outusinga Kroneckerrepresentation.

The remainderof the paper is organizedas follows.
Section2 brie�y describesmulti-valueddecisiondiagrams
(MDDs) andhow they canencodesetsof states(in partic-
ular the reachabilitysetS). In Section3, we give a new
de�nition of matrix diagrams,andprove that thenew de�-
nition is acanonicalrepresentationof matrices,givenMDD
encodingsfor thesetsof rows andcolumns. In Section4,
we presentour algorithmfor building thecanonicalmatrix
diagramrepresentationfor any non-negativematrix. In Sec-
tion 5, we describehow to applymatrix diagramstowards
thesolutionof GSPNs.Experimentalresultsarepresented
in Section6. Finally, Section7 concludesourwork.

2. Encodingsetsof states

Theuseof matrixdiagramsrequiresMDD encodingsfor
setsof states. In this section,we review the de�nition of
MDDs, andhow they areusedto encodesetsof states.

2.1. Multi­v alued decisiondiagrams

A multi-valueddecisiondiagram(MDD) [21] is a data
structure used to encodeinteger functions of the form

f : NK � � � � � N1 ! f 0; : : : ; M � 1g, whereN k =
f 0; : : : ; Nk � 1g. Formally, anMDD is a directed,acyclic
graphcontainingterminal and non-terminalnodes. Each
terminalnodeis labeledwith anintegerm 2 f 0; : : : ; M �
1g, andis writtensimplym. A non-terminalnodeis labeled
with a variableidenti�er xk , andcontainsNk pointersto
othernodes.Eachpointercorrespondsto a cofactorof f ,
de�ned asf x k = c = f (xK ; : : : ; xk+1 ; c;xk � 1; : : : ; x1) for
variablexk and constantc. A non-terminalnodelabeled
with variablexk representingfunction f is thenwritten as
the(Nk + 1)-tuple(xk ; f x k =0 ; : : : ; f x k = N k � 1), andwesay
it is a level-k node. We saythe terminalnodesarelevel-0
nodes. An ordered MDD (OMDD) is an MDD suchthat
everydownwardpointerfrom alevel-k nodegoesto anode
whoselevel is lessthank. Every OMDD hasa singletop-
levelnodewith level largerthanall othernodes.Two nodes
areequivalentif they arebothterminalnodeswith thesame
label or they areboth level-k non-terminalnodeswith the
same(Nk + 1)-tuple(xk ; f x k =0 ; : : : ; f x k = N k � 1). Wesaya
level-k nodeis redundantif it is a non-terminalnodewith
(Nk + 1)-tuple(xk ; d; : : : ; d); thatis,all downwardpointers
areto thesamenode. A reducedOMDD (ROMDD) is an
OMDD with no equivalentnodesandno redundantnodes.
It hasbeenshown [21] thatROMDDs area canonicalrep-
resentationfor integerfunctions:givenany integerfunction
anda variableordering,thereis exactly oneROMDD rep-
resentingthat function. To simplify thepresentationin the
restof the paper, from now on we assumethat all MDDs
are ROMDDs, except that we require the top level to be
level K , anddownwardpointersfrom a level-(k + 1) node
must go either to node 0 or to a level-k node. This is
achieved by addingredundantnodes,andit canbe shown
thatthis is alsoa canonicalform.

2.2. Representingsetsof stateswith MDDs

Using MDDs to encodesetsof statesis similar to the
ideaof usingamulti-level structure[6]. Weassumethatthe
setof placesof our GSPNmodelhasbeenpartitionedinto
K subsets:P = PK [ � � � [ P1; i 6= j ) Pi \ Pj = ; :
A markingof the GSPNcanbe considereda collectionof
submarkings,m = (m K ; : : : ; m 1); wheresubmarkingm k

describesthenumberof tokensin eachplacein Pk . Givena
setof markingsS, thesetof possiblesubmarkingsfor par-
tition Pk is Sk = f m k : 9(m K ; : : : ; m k ; : : : ; m 1) 2 Sg.
In somecases,we cangeneratethesetsSK ; : : : ; S1 in iso-
lation (i.e., beforegeneratingS); otherwise,we cangener-
atethesetsSK ; : : : ; S1 duringor afterthegenerationof S.
Eitherway, wecanmaintainanindex for eachpossiblesub-
marking.Formally, for eachpartitionPk , wehaveanindex-
ingbijection� k : Sk ! Nk , whereNk = f 0; : : : ; jSk j� 1g.
A marking(m K ; : : : ; m 1) canthusberepresentedasacol-
lection of indices(sK ; : : : ; s1), wheresk = � k (m k ). We
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Figure 1. Running GSPN example

Partition A Partition B Partition C
[pa1 ; pa2 ;

Index pa3; pa4 ]
0 [1,0,0,0]
1 [0,1,0,0]
2 [0,0,1,0]
3 [0,0,0,1]

[pb1 ; pb2 ;
Index pb3 ; pb4 ]

0 [1,0,0,0]
1 [0,1,0,0]
2 [0,0,1,0]
3 [0,0,0,1]

[pc1 ; pc2 ;
Index pc3 ; pc4 ]

0 [1,0,0,0]
1 [0,1,0,0]
2 [0,0,1,0]
3 [0,0,0,1]

Figure 2. Local states for the running example

will referto collectionsof indicesasstates, andweshalluse
statesandmarkingsinterchangeablywith theunderstanding
thatconversionis donevia functions� k and� � 1

k .
As a runningexample,we usethesimpleGSPNmodel

in Figure1, andpartitionthesetof placesaccordingto the
dashedlines. In Figure2, we show thesetsof possiblesub-
markingsandtheir indices,assumingtheinitial markingin
Figure1. State(1; 3; 3) refersto submarking1 for partition
A, submarking3 for partitionB , andsubmarking3 for par-
tition C. Thus,state(1; 3; 3) correspondsto the marking
with onetoken in placespa2; pb4 andpc4, andzerotokens
in theremainingplaces.

Notethat thesetS is a subsetof thepotentialmarkings
Ŝ = SK � � � � � S1; since for any marking in S, sub-
marking m k for partition Pk is presentin Sk . One way
to representthe setS is to specifywhich of the potential
markingsarein S, usinga function � : Ŝ ! f 0; 1g , de-
�ned by � (sK ; : : : ; s1) = 1 , (sK ; : : : ; s1) 2 S where
sk 2 Nk . Since� is anintegerfunction,it canbeencoded
by anMDD. We notein passingthatanotherway to repre-
sentthefunction� is to usea vectorof bits [15].
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Partition C 2130
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Figure 3. MDD representation of S

For our work, we mustconstructanMDD encodingfor
the reachabilitysetS. MDDs canbe usedduring genera-
tion of S exceptin certaincaseswhenthe modelcontains
immediatetransitionsor marking-dependentarc cardinali-
ties[4, 18]. WhenMDDs cannotbeused,we cangenerate
S usinga traditionaldatastructure,andthenconstructthe
MDD function � onceS is known. In this case,an excel-
lentchoiceis themulti-level datastructurepresentedin [6],
whichis equivalentto anunreducedMDD. For adiscussion
of severalpracticalissuesrelatedto reachabilitysetstorage
usingMDDs, suchashow to enumeratethereachablestates
ef�ciently , werefertheinterestedreaderto [7].

Continuingour runningexample,theMDD encodingof
the reachabilitysetS for the GSPNof Figure1 is shown
in Figure3. The MDD shown assumesthat the placesare
partitionedasin Figure1, andtheMDD nodesareordered
accordingly. Note that, throughoutthis paper, we use a
“sparse”MDD representation:for a given level-k nodef ,
a valuev is omitted if f x k = v = 0. For instance,in node
V thevalue1 is omitted. Also, pointersarenot shown for
level-1nodes,sincethey mustbeto node1. A stateis reach-
ableif thereis a pathfrom thetop-level nodeto node1 fol-
lowing the appropriatedownward pointers. For instance,
in Figure3, state(1; 3; 3) is reachable:in nodeS we fol-
low the pointer Sx A =1 to reachnodeU, we then follow
the pointerUx B =3 to reachnodeW, �nally we follow the
pointerWx C =3 (notshown) to node1. Thestate(2; 1; 1) is
not reachable:Sx A =2 = V, andVx B =1 = 0.

For a level-k nodef , thenumberof non-zerodownward
pointersis written � (f ). Eachnon-zerodownwardpointer
f x k = v is assignedanindex, denoted� (f ; v), where� (f ; v)
is thenumberof non-zerodownwardpointersfor valuesless
thanv, and� (f ; v) is unde�nedif f x k = v = 0. For theex-
amplein Figure3, we have � (V) = 3, sincenodeV has
threenon-zerodownward pointers. Similarly, � (Z ) is 2,
sincenodeZ hastwo pointersto node1. The downward
pointersfor nodeV areindexed: � (V; 0) = 0, � (V; 2) = 1,
and � (V; 3) = 2. Similarly, we have � (Z ; 1) = 0 and
� (Z ; 2) = 1. Omitted valueshave unde�ned indices:
� (V; 1) = � (Z ; 0) = � (Z ; 3) = unde�ned.



3. Matrix diagrams

A matrixdiagram(MD) is adirected,acyclic graphused
to representmatrices.The terminalnodesof thegraphare
labeled0 and1,andareconsideredlevel-0nodes.Thelevel-
k non-terminalnodesof thegrapharelabeledwith variable
mk , andeachcontainamatrixM of pairs(real-value,node
pointer).Wedenotethereal-valuecomponentof anelement
asM [x; y]v , andthenode-pointercomponentasM [x; y]d .
By de�nition, we haveM [x; y]v = 0 , M [x; y]d = 0.

An orderedMD (OMD) is anMD suchthateverydown-
wardpointerfrom alevel-k nodegoesto anodewhoselevel
is lessthank. EveryOMD hasa singletop-levelnodewith
level larger thanall othernodes.To simplify our presenta-
tion, from now on we assumethatall MDs areOMDs, the
top level is level K , anddownward pointersfrom a level-
(k + 1) nodegoeitherto node0 or to a level-k node.A ma-
trix diagramis reducedif it containsno equivalentnodes.
That is, for any two level-k nodes(mk ; M ) and(mk ; N )
we either have matricesM and N of different sizes,or
M [x; y] 6= N [x; y] for somerow x andcolumny.

Note that our de�nition of matrix diagrams differs
slightly from theoneweoriginally presentedin [7]; namely,
the matrix elementsin [7] are allowed to be setsof pairs
(real-value,pointer). To obtain a canonicalform, setsof
pairscannotbeallowed,andwe mustintroduceadditional
restrictions.

3.1. Canonical form

A canonicalMD (CMD) consistsof a triple (M ; R; C),
whereM is aMD with variablesmK ; : : : ; m1, R andCare
MDDs encodingthe setsof rows andcolumns,with vari-
ablesrK ; : : : ; r1 andcK ; : : : ; c1, andthefollowing proper-
tieshold.

1. R andChavethesametop level, andR 6= 0; C6= 0.

2. If M 6= 0, thenM hasthesametop level asR andC.

3. If thetop-levelnodeof M is non-terminal,thenits ma-
trix M has� (R) rowsand� (C) columns.

4. For everyM [x; y], 0 � M [x; y]v � 1.

5. Matrix M containsanelementwith M [x; y]v = 1.

6. For every M [x; y], if M [x; y] 6= (0; 0) thenthe triple
(M 0; R 0; C0) is a CMD, whereM 0 = M [x; y]d , R 0 =
R r k = i , C0 = Cck = j , x = � (R; i ), y = � (C; j ).

A reducedCMD (RCMD) hasareducedMD M .
An exampleof a (reduced)CMD is shown in Figure4.

Theblankspacescorrespondto theentries(0; 0). Thenodes
of R aredrawnverticallyto emphasizethatthey correspond
to the numberof rows in the matricesin M . Looking at
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Figure 4. An example CMD

the CMD (M ; R; C) we seenodeM containsmatrix M
with � (R) = 3 rows and � (C) = 2 columns. Following
R r 3 =0 bringsusto nodeU, Cc3 =0 bringsusto nodeE, and
M [� (R; 0); � (C; 0)] = M [0; 0] = ( 3

4 ; I ). Thus(I ; U; E) is
alsoa CMD. Notethematrix of nodeI contains� (U) = 2
rowsand� (E) = 1 columns.

3.2. The encodedmatrix

GivenaCMD (M ; R; C), wecancomputeanelementof
thematrix encodedby theCMD usingtherecurrence

EncK (M ; R; C)[i ; j ] =

M [xK ; yK ]v � EncK � 1(M 0; R 0; C0)[i0; j 0]

where i = (i K ; : : : ; i 1) 2 R, j = (j K ; : : : ; j 1) 2 C,
xK = � (R; i K ), yK = � (C; j K ), M 0 = M [xK ; yK ]d ,
R 0 = R r K = i K , C0 = CcK = j K , i0 = (i K � 1; : : : ; i 1), and
j 0 = (j K � 1; : : : ; j 1). The terminalcaseof the recurrence
is Enc0(1; 1; 1) = 1. We also de�ne the specialcase
EncK (0; R; C)[i ; j ] = 0 so that the CMD with matrix di-
agramequalto node0 encodesamatrix of all zeroes.

As anexample,thematrix encodedby theCMD in Fig-
ure4 is shown in Figure5. Thematrix to thefarright shows
theencodedvalues,andthe rows andcolumnsarelabeled
with the appropriatestatesfrom R andC. The lines indi-
catethesubmatricesdueto nodeM of thematrix diagram.
Note in particular the blocks of zeroes,correspondingto
the (0; 0) entriesof the matrix of nodeM . To compute
element(0; 1; 2); (0; 0; 1) of the matrix, we �rst compute
x3 = � (R; 0) = 0 andy3 = � (C; 0) = 0. We thenconsider
element0; 0 of thematrix of nodeM . Thevalueis 3

4 , and
wefollow theappropriatepointersfrom nodesM , R, andC
to obtainCMD (I ; U; E). Now we have x2 = � (U; 1) = 1
andy2 = � (E; 0) = 0, andelement1; 0 of the matrix of
nodeI givesus a value of 2

3 . Following the appropriate
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=

0 1
0 1

00 3
4 Enc1(N ; W ; G) 0

01 1
2 Enc1(P; Z ; G) 0

10 0 1
2 Enc1(Q; W ; G)

11 0 0

21 Enc1(P; Z ; G) 2
3 Enc1(P; Z ; G)

=

0 0 0 1 1 1
0 0 0 1 1 1
0 1 2 0 1 2

001 0 3
4 0 0 0 0
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112 0 0 0 0 0 0
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3 0 2

3

212 0 1
2 0 0 1

3 0

Figure 5. Computing Enc3(M ; R; C) from the CMD in Figure 4.

pointersfrom nodesI , U, andE givesus CMD (P; Z ; G).
Finally, we have x1 = � (Z ; 2) = 1 andy1 = � (G; 1) = 1,
andelement1; 1 of the matrix of nodeP givesus a value
of 1

2 . Thedownwardpointersall leadto terminalnode1, so
weare�nished, andtheencodedelementis 3

4 � 2
3 � 1

2 = 1
4 .

Note that, asde�ned, a CMD encodesa matrix whose
elementsarebetweenzeroandone(inclusive), andwhose
maximal elementis one. To representan arbitrary non-
negativematrixA , onepossibilityis to encode1

a � A , where
a 6= 0 is the largestelementof A , andthenmultiply each
elementreturnedby EncK by a. Anotherpossibility, which
weadopt,is to relaxtherestrictionfor thevaluesof thema-
trix of the top-level node. Thusour top-level matrix hasa
maximalvalueof a insteadof one.

3.3. Proof of canonicity

To provethatRCMDsareacanonicalrepresentation,we
mustshow thatany non-negativematrix canberepresented
asaRCMD (giventheMDDs R andC), andthattheRCMD
is unique. We will only show that the RCMD obtainedis
unique;Section4 discusseshow to build the RCMD that
encodesa givenmatrix, but we do not formally prove that
thealgorithmis correctdueto spaceconsiderations.

Lemma 1 Enck (M ; R; C) = 0jRj�jC j , M = 0.

Proof: By de�nition of Enc, we have M = 0 )
Enck (M ; R; C) = 0jRj�jC j . If M 6= 0, then either M
is 1, and we have Enc0(1; 1; 1) = 1, or M is a non-
terminalnode. By de�nition, the matrix associatedwith a
non-terminalnodecontainsanelementwith value1 whose
pointeris not to terminalnodezero.Thusthereexistsapath
from thelevel-k nodeof M to node1, wheretheproductof
thevaluesalongthepathis one.Thus,Enck (M ; R; C) will
produceat leastonenonzeroelementif M 6= 0. 2

Theorem1 Enck (M ; R; C) = Enck (M 0; R ; C) ,
M = M 0

Proof: Trivially, Enck (M ; R; C) = Enck (M 0; R ; C)
when M = M 0. We show that Enck (M ; R; C) =
Enck (M 0; R ; C) ) M = M 0 by inductiononk.

The base case is k = 0, where we either have
Enc0(1; R; C) = 1 or Enc0(0; R; C) = 0. Thustheprop-
ertyholdsin thebasecase.

Now we assumethe propertyholds for 0 � k � K ,
and prove it must also hold for k = K + 1. Given
EncK +1 (M ; R; C) = EncK +1 (M 0; R ; C), we mustshow
that M = M 0. If M = 0 then from Lemma1 we triv-
ially get M 0 = 0. Otherwise,M and M 0 are both level
K + 1 nodes,andwe know that the matricesM andM 0

bothhave � (R) rows and� (C) columns.Sincethe MD is
reduced,M = M 0 if andonly if M [x; y] = M 0[x; y] for all
elements.Fromthede�nition of Enc, weknow that

M [x; y]v � EncK (M [x; y]d ; R r K +1 = i ; CcK +1 = j ) =

M 0[x; y]v � EncK (M 0[x; y]d ; R r K +1 = i ; CcK +1 = j )

for x = � (R; i ) andy = � (C; j ). If M [x; y]v = 0, thenwe
have M [x; y]d = 0, andfrom Lemma1 we getM 0[x; y] =
(0; 0), andthusM [x; y] = M 0[x; y]. Otherwise,we have
M [x; y]v 6= 0, andweobtain

EncK (M [x; y]d ; R r K +1 = i ; CcK +1 = j ) =

M 0[x; y]v
M [x; y]v

� EncK (M 0[x; y]d ; R r K +1 = i ; CcK +1 = j ):

SinceM [x; y]v 6= 0, we know that M [x; y]d 6= 0. Thus
by Lemma1, EncK (M [x; y]d ; R r K +1 = i ; CcK +1 = j ) is not
a zeromatrix, andthushasa maximalvalueof exactly 1.
This implies that EncK (M 0[x; y]d ; R r K +1 = i ; CcK +1 = j ) is
notazeromatrix,andthushasamaximalvalueof exactly1.
Thus,M 0[x; y]v = M [x; y]v , otherwiseonematrix cannot
havemaximalvalueof 1. This givesus

EncK (M [x; y]d ; R r K +1 = i ; CcK +1 = j ) =

EncK (M 0[x; y]d ; R r K +1 = i ; CcK +1 = j )



andso by the inductive hypothesiswe have M 0[x; y]d =
M [x; y]d . Thus,M [x; y] = M 0[x; y]. 2

4. Building CMDs

In thissection,wedevelopalgorithmsto build aRCMD,
givenMDDs encodingthesetsof rows andcolumns,anda
desiredmatrix to encode.

4.1. A SimpleAlgorithm

One way to constructa RCMD is to constructa MD,
then manipulatethe MD until we have a RCMD. This is
theapproachusedin algorithmBuild1, shown in Figure6.
Givenasetof rowsR andasetof columnsC, bothencoded
asMDDs, anda matrix E to encode,procedureBuild1 will
build a RCMD (M ; R; C) suchthatEncK (M ; R; C) = E.
First, we addeachentryof matrix E to an unreducedMD
M usingprocedureAddEntry, whichcreatestheappropriate
pathfrom thetopnodeto node1, with theencodedelement
as the value at the bottom level, and valuesof one at all
otherlevels. As anexample,Figure7 shows theunreduced
MD obtainedfrom the matrix in Figure5 after all entries
havebeenadded(i.e.,beforeline 5 of Build1 executes).

OncewehaveobtainedourunreducedMD, wemustad-
just the valuesso thatwe have a CMD. This requiresnor-
malizing the matrix valuesso that eachvalue is between
zeroandone,andthemaximalvalueis one(properties4and
5 in Section3.1). This is donewith procedureNormalize,
shown in Figure6. NotethatNormalize allowsarbitraryval-
uesin thelevel-K node,sothatwecanencodenon-negative
matriceswhosemaximalvaluesarenotnecessarilyone.

Finally, we mustreduceour CMD usingprocedureRe-
duce, whicheliminatesduplicatenodesin abottom-upfash-
ion. ProcedureUniqueInsert, not shown, insertsa nodeinto
a hashtable; if an identicalnode(i.e. a nodeat the same
level with an equalmatrix) is found in the hashtable, the
duplicatenodeis deletedandthe nodein the hashtableis
returned.Due to �oating-point roundoff errors,we cannot
doa strict comparisonof elementswhenconsideringif two
matricesareequal;instead,we considerthe valuesof ele-
mentsto be equalif their relative differenceis lessthan� .
Thanksto theorem1, we know that the nodereturnedby
Reduce is theonly (appropriately-sized)nodethatencodes
agivensubmatrix.WhentheMD in Figure7 is normalized
andreduced,weobtaintheCMD in Figure4.

4.2. A Better Algorithm

Theproblemwith Build1 is thatwemustbuild anentirely
unreducedMD of our matrix E, which mayrequirea sub-
stantialamountof memory. A betterapproachis to reduce
our matrix diagramperiodically, to save memory. This is

AddEntry(M ; R ; C; i ; j ; val)

1: k  top level of R ;
2: if M = 0 then
3: M  new node(k, #rows = � (R ), #cols = � (C));
4: end if
5: x  � (R ; i [k]); y  � (C; j [k]);
6: if k = 1 then � Bottom level, terminate recursion
7: M [x; y]  (val; 1);
8: else
9: M 0  M [x; y]d ; R 0  R r k = i [k ] ; C0  Cck = j [k ] ;

10: M [x; y]  (1; AddEntry(M 0; R 0; C0; i ; j ; val)) ;
11: end if
12: return M ;

MultiplyBy(M ; scalar )

1: for each x; y such that M [x; y] 6= (0; 0) do
2: M [x; y]v  M [x; y]v � scalar ;
3: end for

Normalize(M )

1: if M = 1 then � Terminate recursion
2: return 1;
3: end if
4: k  top level of M ; scale  0;
5: for each x; y such that M [x; y] 6= (0; 0) do
6: M [x; y]v  M [x; y]v � Normalize(M [x; y]d );
7: scale  max(scale;M [x; y]v );
8: end for
9: if k 6= K then � Allow arbitrary values at level K

10: MultiplyBy(M ; 1
scale );

11: end if
12: return scale;

Reduce(M )

1: if M = 0 or M = 1 then � Terminate recursion
2: return M ;
3: end if
4: for each x; y such that M [x; y] 6= (0; 0) do
5: M [x; y]d  Reduce(M [x; y]d );
6: end for
7: return UniqueInsert(M );

Build1(R ; C; E)
1: M  0;
2: for each i 2 R ; j 2 C such that E[i ; j ] 6= 0 do
3: M  AddEntry(M ; R ; C; i ; j ; E[i ; j ]);
4: end for
5: Normalize(M );
6: return Reduce(M );

Figure 6. Simple CMD construction

theideabehindBuild2, shown in Figure8. Thelastparame-
ter, freq, determinesthefrequency of thereductions:when
the row to be inserteddiffers from the previous row at a
componentk > freq, we performa reduction.Thus,when
freq = K , Build2 is thesameasBuild1; whenfreq = 0, we
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Accumulate(M ; N )
� Adds MD N to MD M ; M is modi�ed, N is not.

1: k  top level of M ;
2: for each x; y such that N [x; y] 6= (0; 0) do
3: if M [x; y] = (0; 0) then
4: M [x; y]  N [x; y];
5: else if k = 1 then � Bottom level
6: M [x; y]v  M [x; y]v + N [x; y]v ;
7: else
8: MultiplyBy(M [x; y]d ; M [x;y ]v

N [x;y ]v
);

9: Accumulate(M [x; y]d ; N [x; y]d );
10: M [x; y]v  N [x; y]v ;
11: end if
12: end for

Build2(R ; C; E; freq)

1: M  0; N  0;
2: for each i 2 R do
3: if 9k > freq such that i [k] has changed then
4: Accumulate(M ; N );
5: Normalize(M );
6: N  Reduce(M ); M  0;
7: end if
8: for each j 2 C such that E[i ; j ] 6= 0 do
9: M  AddEntry(M ; R ; C; i ; j ; E[i ; j ]);

10: end for
11: end for
12: Accumulate(M ; N );
13: Normalize(M );
14: return Reduce(M );

Figure 8. Better CMD construction

reduceaftereachrow is added.
Reductionis performedin lines4-6and12-14.Wemain-

tain a RCMD N andanunreducedMD M which contains
all therows thathavebeenaddedsincewe createdN . Dur-
ing reduction,we mustcreatean RCMD that encodesthe
matrix EncK (M ; R; C) + EncK (N ; R; C). The addition

is performedby procedureAccumulate, which addsN to
M without modifying N . Sincethe RCMD nodesof N
have alreadybeennormalizedand reduced,we prefer to
modify nodesof M instead. The main part of the addi-
tion (lines 8-10 of Accumulate) is basedon the property
cA + dB = d( c

d A + B ). For level-1 nodes,Accumulate
is the sameas matrix addition (line 6). We thennormal-
ize andreduceMD M , which becomesthenew RCMD N .
After calling Accumulate, M may containbothMD nodes
andRCMD nodes.To reducecomputationalcosts,we use
modi�ed versionsof Normalize andReduce thatreturnim-
mediatelywhencalledwith RCMD nodes.

5. Numerical solution of GSPNswith CMDs

We now summarizethe stepsthat mustbe taken to use
CMDs for solutionof GSPNs,anddiscusspracticalissues.

Partition the setof places. It is importantto notethat,
in theory, anypartitioningwill work andleadto correctre-
sults. At oneextreme,eachpartition consistsof a single
place,andour CMD will have jP j levels. Sincethe num-
ber of �oating-point multiplicationsrequiredto determine
a matrix elementfrom a CMD dependson the numberof
levels,this canleadto a high computationaloverheaddur-
ing numericalsolution. At the other extreme,we have a
singlepartition. In this case,our MDD containsa single
nodewith jSj pointersto node1 (which is equivalentto ex-
plicit storageof S), andour CMD containsa singlenode
whosematrix correspondsto the transitionratematrix R ,
wherethedownwardpointersareto node1 for thenon-zero
values(which is equivalentto sparsestoragefor R ). Ulti-
mately, theef�ciency of ourapproachdependsonthechoice
of partition. While we give a brief examplein Section6, a
thoroughdiscussionof how to choosea partitionis beyond
thescopeof thispaper.

Build an MDD that encodesS. If possible,wecangen-
erateS usingMDDs [4, 18]. Otherwise,wecangenerateS
usingtraditionalmethods,andthenconstructanMDD.

Build an RCMD that encodesR . We build a RCMD
representationfor thetransitionratematrixR , andstorethe
row sumsof R (usedto computethediagonalelementsof
Q asneeded)eitherexplicitly in a full vectoror in asecond
matrix diagram,asdonein [7]. Our RCMD is constructed
usinga modi�ed versionof Build2, usingR for E andS
for both R andC. However, we do not explicitly build R
andthencall Build2; instead,we generatetherows of R as
neededfrom ourGSPNmodelwithin Build2.

TheCMD encodingof R for ourrunningGSPNexample
is shown in Figure9. TheMDD for thesetS, which is used
for the setsof rows andcolumns,is shown in Figure3 so
wedonotduplicateit here.

Compute stationary probabilities. The ef�cient solu-
tion techniquespresentedin [7] applyalsoto CMDs, since
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Figure 9. CMD for the running GSPN example

a CMD is a specialcaseof anMD. For numericalsolution,
we mustbe able to accessa speci�c columnof R ; to do
so, we usea recursive function GetColumn, similar to the
function Enc. SinceeachCMD nodemay have multiple
incomingpointers,a CMD nodemay receive multiple re-
queststo computethesame(partial)column. To avoid du-
plicatecomputation,eachnodesavesthelastpartialcolumn
it computedin a cache. Eachcache“hit” may result in at
mostK � 1 �oating-point multiplicationssavedpercolumn
entry. See[7] for more detailsaboutobtaininga column
andusingthecache,in particularhow to orderthecolumn
accessesto betterutilize thecache.

6. Experimental Results

A prototypeof our techniqueis implementedin thetool
SMART [5]. All reportedresultsare on a 933 Mhz Pen-
tium III machinerunningLinux. We testour approachon
several models, including our running example (denoted
“Simple”) with N initial tokens in placespa1, pb1, and
pc1. We modi�ed therunningexampleto containmarking-
dependentarc cardinalities: the input and output arcsof
transitiontab have cardinality min(# pa3; # pb1), the arcs
of tbc have cardinality min(# pb2; # pc3), and the arcsof
tca have cardinalitymin(# pc1; # pa2). This changeallows
for multiplesynchronizationsto occurwith asingle�ring of
transitionstab; tbc andtca . Themodi�ed versionof “Sim-
ple” is denoted“Var. Arc”. Notethatthesemodelshavethe
samereachablestatesandthesamenumberof arcsin their
reachabilitygraphs.

We alsoexaminemodelsfrom the literature: a kanban
modelanda �e xible manufacturingsystem(FMS) model.
Thekanbanmodel,presentedin [8], is partitionedinto four
submodels[6, 7, 8]. We denotethis modelby “Kan-timed”
if the synchronizingtransitionsare timed, and by “Kan-

imm” if the synchronizingtransitionsare immediate. We
use the FMS model presentedin [9] (with �ushing arcs,
marking-dependentrates,and immediatetransitions)and
partition the placesas in [6]. Both of thesemodelshave
aninputparameterN , whichspeci�estheinitial numberof
tokensin certainplaces.Notethat,usingtheMD technique
describedin [7], model “Kan-imm” requiresa Kronecker
implementationthat can handleimmediatesynchronizing
transitions[8], andmodels“Var. Arc” and“FMS” cannot
besolvedatall, sincethey containtransitionsthatcannotbe
expressedasordinaryKroneckerproducts.

First, we look at how our choiceof partitionaffectsour
CMD. In Table1, we considerthreedifferentpartitionsfor
our runningexample,andlook at thenumberof nodesper
level in our CMD andthememoryrequiredfor the result-
ing CMD. Whenreportingmemoryusage,we usethesuf-
�x “b” to meanbytes,“kb” to mean1024bytes,and“mb”
to mean10242 bytes. Thepartition “ABC” correspondsto
theonedepictedin Figure1, andgivesusa 3-level CMD.
The partition “Finest” assignseachplaceto its own parti-
tion: P12 = f Pa1g, P11 = f Pa2g, etc. Notethatwe geta
12-level CMD with a fairly largenumberof nodes,but the
matrix for eachnodeis quitesmall,so theoverall memory
requirementsare not too large. The partition “Bad” uses
Pk = f Pak ; Pbk ; Pck g andillustrateshow a badchoiceof
partitioncanresultin aCMD with many largenodes.

In Table 2, we show the sizesof the statespacesand
reachabilitygraphs,thenumberof MD nodesfor eachlevel
in the CMD constructedfor the transitionrate matrix R ,
andthememoryrequiredfor theCMD for numericalsolu-
tion (i.e., includingtheMD representationof therow sums
andthecachememory).For comparison,we alsoshow the
memoryrequiredfor sparsestorageof R (thedashesindi-
catecaseswheremain memorywasexceeded).Note that
thematrix for eachnodeis storedin a sparseformat,sothe
memoryrequiredis proportionalto thetotalnumberof ma-
trix elements,not to thenumberof nodes.NotetheCMDs
for the “Var. Arc” model requiresigni�cantly morenodes
than the corresponding“Simple” model. This is because
the “Var. Arc” model hasa more complex structure,and
somepointersthat went to the samenodein the CMD for
“Simple” now mustgo to differentnodesin the CMD for
“Var. Arc”. Similarly, thestructurefor “Kan-imm” is more
complex than“Kan-timed”. Also, notethat while the size
of eachnodemayincreasewith N , thenumberof nodesfor
thekanbanmodelsis �x edexceptat level 2. Thus,for this
modelwe canef�ciently encodevery largematrices.

In Table3, we show theCPUandmemoryrequirements
of Build2 for differentvaluesof freq. For comparison,we
show theCPUtime requiredwhenexplicit storageis used;
thedifferencebetweenthis valueandthe time requiredfor
Build2 is essentiallytheoverheadof constructingtheCMD.
In theCPUcolumns,“s” standsfor seconds,“m” for min-



Numberof CMD Nodesperlevel CMD
Partition 12 11 10 9 8 7 6 5 4 3 2 1 Mem

A B C 1 25 23 71.5kb
Finest 1 19 25 25 25 211 217 26 26 25 1 1 84.1kb

Bad 1 1,740 403 1 2.5mb

Table 1. Effects of diff erent par titions, Simple model, N = 6

GSPN Nodes/level CMD Explicit
Model N #States #Arcs 4 3 2 1 Mem Mem
Simple 1 30 55 1 5 5 1.7kb 604b

12 7,503,405 51,820,626 1 49 44 719.8kb 452.6mb
16 56,137,077 412,022,676 1 65 58 2.0mb —

Var. Arc 12 7,503,405 51,820,626 1 247 308 2.6mb 452.6mb
16 56,137,077 412,022,676 1 425 523 9.1mb —

Kan-timed 5 2,546,432 24,460,016 1 3 22 3 21.2kb 206.0mb
8 133,865,325 1,507,898,700 1 3 34 3 62.8kb —

Kan-imm 6 4,785,536 47,943,168 1 8 63 8 56.6kb 402.3mb
9 106,153,300 1,177,449,900 1 8 93 8 141.9kb —

FMS 8 4,459,455 38,533,968 1 133 186 38 538.0kb 328.0mb
11 54,682,992 518,030,370 1 232 335 53 1.8mb —

Table 2. Matrix and CMD sizes

utes,and“h” for hours.We seethatwhenfreq is zero,the
CPU requirementsare quite high. When freq is one, the
CPUrequirementsarereasonable,andthememoryrequire-
mentsareusuallythelowest.Whenfreqis large,theMD is
allowed to expandquite a bit during construction(leading
to high memoryrequirements)beforeit is reduced.While
the numberof reductionsdecreasesas freq increases,the
costof eachreductionwill increaseif therearemorenodes
to reduce.In somecases(for instance,FMS),thiscausesan
increasein theCPUtimewhenfreqincreases.

7. Conclusion

We have presenteda new de�nition of matrix diagrams,
whicharea propersubsetof thematrixdiagramsde�ned in
[7]. Weshow thatourmatrixdiagramsareacanonicalform,
andgive a detailedalgorithmfor constructinga canonical
matrix diagramfor any non-negative matrix, given MDDs
for the setsof rows andcolumns. This allows us to con-
structa CMD representationfor a GSPNwith a partitioned
set of placesin a generalway, unlike our previous work
which wastied to a Kronecker representation.Despitethe
differencesbetweenMDs andCMDs, theef�cient solution
techniquespresentedearlier for MDs can still be applied
to CMDs. UsinganMDD representationfor S anda CMD
representationfor R , theonlymemorybottleneckfor GSPN
solutionis theprobabilityvector� . Thus,GSPNswith ex-

tremelylargestatespacescanbeanalyzed.
The new canonicalform of matrix diagramsexpands

their applicability, sincethey apply to matricesin general,
andopensup new directionsof research.We arecurrently
investigatingef�cient algorithmsto build CMDs directly
from the GSPNmodel speci�cation, insteadof explicitly
addingeacharcof theunderlyingCTMC.
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