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Abstract

The solution of a geneamlized stodastic Petri net
(GSPN)is severely restrictedby the size of its underlying
continuous-timeMarkov chain. In recentwork, matrix dia-
gramsbuilt from a Kroneder expressionfor the transition
rate matrix of certaintypesof GSPNswvere shownto allow
for more efcient solution; however, the GSPNmodelre-
guiresa specialform, sothat thetransitionrate matrix has
a Kroneder expression. In this paper we extendthe ear
lier resultsto GSPNmodelswith partitionedsetsof places.
Speci cally, we give a motre restrictivede nition for ma-
trix diagramsand showthat the new formis canonical. e
then presentan algorithm that builds a canonical matrix
diagram representatiorfor an arbitrary non-ngative ma-
trix, givenencodinggor the setsof rowsand columns.Us-
ing this algorithm, a Kroneder expressionis not required
to constructthe matrix diagram. Theefcient matrix dia-
gram algorithmsfor numerical solution presentecearlier
are still applicable We apply our techniqueto several ex-
ampleGSPNs.

1. Intr oduction

GeneralizedstochastidPetri nets(GSPNs)[16] andre-
lated models(e.qg., stochasticeward nets[19], stochastic
activity networks [17]) are gaining increasedacceptance
as tools for analyzingcomplex systems. The popularity
of such high-level formalismsis due to their ability to
representcomples systemsin a compactand corvenient
way, while still describingan underlyingcontinuous-time
Markov chain(CTMC). Performanceneasuresanbecom-
putedby generatingandanalyzingthe CTMC describedy
the model. This methodsuffers from the well-known state
explosionproblem:acompaciGSPNcande ne anunderly-
ing CTMC with anenormousiumberof states.This prob-
lem severely limits the size of modelsfor which an exact
analysiscanreasonablye attempted.

Much work hasbeendoneto copewith the stateexplo-

sionproblem.We considettechniqueshatattemptto toler
atethe large numberof stateswhile still providing an “ex-
act” solution(i.e.,withoutapproximatiorerrors)for afairly
generaklassof models.Thesetechniquesnustbe capable
of handlinga very large statespace or reachabilityset, S.
While S is notrequiredfor numericalsolution,it is needed
to computehemeasuresfinterestandmaybeneedediur-
ing the generatiorof theunderlyingCTMC. To analyzethe
underlyingCTMC, we mustalsorepresenthein nitesimal
generatomatrix Q of the CTMC, whichis a squarematrix
of sizejSj, usuallyextremelysparseFinally, we muststore
at leastone probability vector  of size|Sj, the solution
to Q = 0. For simplicity, we will only considersta-
tionary solutionof ergodic CTMCsin this paper;however,
our work appliesjust aswell to the analysisof absorbing
CTMCsor to transientanalysisof arbitrary CTMCs. Any
techniqudor anexactsolutionmustthereforebeableto ef-
ciently representhethreestructuress, Q, and , eachof
which can easilyrequirean excessve amountof memory
Indeed,while the computationakost of an exact solution
may be quite high, it is ultimatelythe storagerequirements
thatdeterminef anexactsolutionis possible.

Therehave beenmary techniquegroposedo represent
thematrix Q. For instancepnecangeneratelementof Q
asneededon-the- y” from thehigh-level model[11]. An-
otherapproaclis to storeQ onafastdisk,andto retrievethe
elementsasneeded10]. Somework hasbeendoneusing
multi-terminalbinarydecisiondiagramgMTBDDs) [14] to

of i andj. Theefciency of this approactdependsn part
on the numberof distinct valuesin Q. In the worst case,
all non-zeroentriesin Q areuniqueandthe MTBDD will
requireatleastasmuchmemoryassparsestorage.

Oneapproachhathasrecevedmuchattentionis theuse
of KroneclerdescriptionsAfter Plateaus initial work with
synchronizecgutomatanetworks[20], Kroneclerrepresen-
tationshave beenappliedto Petrinetsandotherformalisms
[1, 3,12, 15]. Usinga Kronecler approachthe modelis
assumedo be composef K interactingsubmodelsand



Q is written asthe sumof several Kronecler productsof

K smallmatriceswherematrix k representshe changeof

statedueto submodek. The memoryrequiredto storethe

smallmatricesis usuallya fraction of thatrequiredto store
Q explicitly. However, the costof numericalsolutioncan
increaséy afactorof K in theworstcasd?2], sincetheele-

mentsof Q mustbecomputed Anothersourceof overhead
comesfrom “spurious” entries,sincea Kronecler expres-
sion describe), a supermatrix of Q. Theseentriesare
dueto unreachabletates,and mustbe ignoredduring nu-

mericalsolution. Functionaltransitionscanbe used[13] to

reducethesizeof & andto increasemodelingpower.

In [7], we presentedh new approachusinga datastruc-
turecalledmatrixdiagrams(MDs), andshavedhow anMD
representationf Q canbe built from a Kronecler expres-
sion containingconstantentries(i.e., ordinary Kronecker
productsonly). One adwantageof an MD representation
overaKroneclerrepresentatiors thatthe MD encodeghe
matrix Q exactly, not a supermatrix Q. This completely
eliminatesthe overheadof skipping the spuriousentries.
Anotherbene t of MDs is their ability to re-useprevious
resultswhencomputinga columnof Q, thusreducingthe
numberof oating-point multiplications requiredfor nu-
merical solution. However, the techniquedescribedn [7]
requiresa Kronecler expressionfor Q. In this paper we
shav how MDs can be usedto encodeary non-ngative
matrix, given appropriateencodingsfor setsof rows and
columns.This allows usto construcanMD representation
for any GSPNwhosesetof placescanbe partitioned with-
outusinga Kronecler representation.

The remainderof the paperis organizedas follows.
Section2 brie y describesnulti-valueddecisiondiagrams
(MDDs) andhow they canencodesetsof states(in partic-
ular the reachabilitysetS). In Section3, we give a hew
de nition of matrix diagramsandprove thatthe new de -
nition is acanonicatepresentationf matricesgivenMDD
encodingdor the setsof rows andcolumns. In Section4,
we presenibur algorithmfor building the canonicalmatrix
diagranrepresentatiofor any non-ngyatvematrix. In Sec-
tion 5, we describehow to apply matrix diagramstowards
the solutionof GSPNs.Experimentakesultsarepresented
in Section6. Finally, Section7 concludesurwork.

2. Encoding setsof states

Theuseof matrixdiagramgequiresMDD encodinggor
setsof states. In this section,we review the de nition of
MDDs, andhow they areusedto encodesetsof states.

2.1 Multi-v alued decisiondiagrams

A multi-valueddecisiondiagram(MDD) [21] is a data
structure used to encodeinteger functions of the form

f : Nk N, ! fO;:::;M 1g, whereNy =
1g. Formally, anMDD is a directed,agyclic

graphcontainingterminal and non-terminalnodes. Each

1g, andis writtensimply m. A non-terminahodeis labeled
with a variableidenti er xi, and containsNy pointersto
othernodes. Eachpointercorrespondgso a cofactorof f ,

variablex, andconstantc. A non-terminalnodelabeled
with variablexy representindunctionf is thenwritten as

it is alevelk node. We saythe terminalnodesarelevel-0
nodes. An ordered MDD (OMDD) is an MDD suchthat
every downwardpointerfrom alevel-k nodegoesto anode
whoselevel is lessthank. Every OMDD hasa singletop-
level nodewith level largerthanall othernodes.Two nodes
areequialentif they arebothterminalnodeswith thesame
label or they areboth level-k non-terminalnodeswith the

areto the samenode. A reducedOMDD (ROMDD) is an
OMDD with no equivalentnodesandno redundannodes.
It hasbeenshownn [21] that ROMDDs area canonicalrep-
resentatiorfor integerfunctions:givenary integerfunction
anda variableordering,thereis exactly oneROMDD rep-
resentinghatfunction. To simplify the presentatiorin the
restof the paper from now on we assumehatall MDDs
are ROMDDs, exceptthat we requirethe top level to be
level K , anddownward pointersfrom alevel-(k + 1) node
must go eitherto node O or to a level-k node. This is
achieved by addingredundaninodes,andit canbe shovn
thatthisis alsoa canonicaform.

2.2 Representingsetsof stateswith MDDs

Using MDDs to encodesetsof statesis similar to the
ideaof usingamulti-level structurg6]. We assumehatthe
setof placesof our GSPNmodelhasbeenpartitionedinto
K subsetsP = Py [ [ P;i6)) Pi\P=;:
A markingof the GSPNcanbe consideredh collectionof

describeshenumberof tokensin eachplacein Py. Givena
setof markingsS, the setof possiblesubmarkingdor par
tition Py is S¢ = fmy :

Eitherway, we canmaintainanindex for eachpossiblesub-
marking.Formally, for eachpartitionP, , we have anindex-
ingbijection  : Sx ! Ny,whereNy = f0;:::;jSkj 1g.



Trans. | Rate

Trans. | Rate Trans. | Rate

ta1 1.0 ths 1.0 te2 1.2
tas 1.2 tha 0.8 tea 2.0
tap 4.0 the 4.0 tea 4.0
Figure 1. Running GSPN example
Partition A Partition B Partition C
[Pa1; Pa2; [Po1; Pb2; [Pe1; Pe2;
Index| pas;Paa] Index| pos;pps] INdex| pes; Pesl
0 | [10,0,00 0 | [1,000] 0 | [1,0,0,0]
1 |[0100 1 |[0100 1 |][01,0,0]
2 | 0010 2 |[0010 2 |[0,0,1,0]
3 |[0001 3 |[0001 3 |[0,0,0,1]

Figure 2. Local states for the running example

will referto collectionsof indicesasstatesandwe shalluse
statesandmarkingsinterchangeablwith theunderstanding
thatcorversionis donevia functions  and 1

As arunningexample,we usethe simple GSPNmodel
in Figurel, andpartitionthe setof placesaccordingto the
dashedines. In Figure2, we shav the setsof possiblesub-
markingsandtheir indices,assumingheinitial markingin
Figurel. State(1; 3; 3) refersto submarkingl for partition
A, submarking3 for partitionB, andsubmarking for par
tition C. Thus, state(1; 3; 3) correspondgo the marking
with onetokenin placespaz; ppa @ndpe4, andzerotokens
in theremainingplaces.

Notethatthe setS is a subsebf the potentialmarkings
S = s« S1; sincefor ary markingin S, sub-
markingmy for partition Py is presentin Sx. Oneway
to representhe setS is to specifywhich of the potential
markingsarein S, usingafunction :$! f0;1g, de-

sk 2 Nk. Since is anintegerfunction,it canbeencoded
by anMDD. We notein passinghatanothermay to repre-
sentthefunction is to useavectorof bits[15].

Partition A|0[1]2]|3

Partiton B [0[1[2[3]  [0[2[3]
—
Partition C [0]3]

Figure 3. MDD representation of S

For our work, we mustconstructan MDD encodingfor
the reachabilitysetS. MDDs canbe usedduring genera-
tion of S exceptin certaincasesvhenthe modelcontains
immediatetransitionsor marking-dependerdrc cardinali-
ties[4, 18]. WhenMDDs cannotbe used,we cangenerate
S usingatraditional datastructure,andthenconstructthe
MDD function onceS is known. In this case,anexcel-
lentchoiceis themulti-level datastructurepresentedh [6],
whichis equialentto anunreducedDD. For adiscussion
of severalpracticalissuegelatedto reachabilitysetstorage
usingMDDs, suchashow to enumerat¢hereachabletates
efciently, we refertheinterestedeadetto [7].

Continuingour runningexample,the MDD encodingof
the reachabilityset S for the GSPNof Figure1 is shavn
in Figure3. The MDD shavn assumeshatthe placesare
partitionedasin Figurel1, andthe MDD nodesareordered
accordingly Note that, throughoutthis paper we use a
“sparse”MDD representationfor a givenlevel-k nodef ,
avaluev is omittedif fy, =y = 0. For instance,in node
V thevaluel is omitted. Also, pointersare not shavn for
level-1nodessincethey mustbeto nodel. A stateis reach-
ableif thereis a pathfrom thetop-level nodeto nodel fol-
lowing the appropriatedownward pointers. For instance,
in Figure 3, state(1; 3; 3) is reachable:in nodeS we fol-
low the pointer S, -1 to reachnode U, we then follow
the pointerUy, -3 to reachnodeW, nally we follow the
pointerWy . =3 (notshown) to nodel. Thestate(2;1;1) is
notreachableSy, - = V,andVy,-1 = 0.

For alevel-k nodef , the numberof non-zerodownward
pointersis written (f ). Eachnon-zerodownward pointer
fx,=v IS assignedinindex, denoted (f ;v), where (f;v)
is thenumberof non-zeradownwardpointersfor valuedess
thanv, and (f;v) is unde nedif fy, -y = 0. For theex-
amplein Figure 3, we have (V) = 3, sincenodeV has
three non-zerodownward pointers. Similarly, (Z) is 2,
sincenodeZ hastwo pointersto nodel. The downward
pointersfor nodeV areindexed: (V;0) = 0, (V;2) = 1,
and (V;3) = 2. Similarly, we have (Z;1) = 0 and

(Z;2) = 1. Omitted valueshave unde ned indices:
(V;1)= (Z;0)= (Z;3)= undened



3. Matrix diagrams

A matrixdiagram(MD) is adirected agyclic graphused
to representnatrices. The terminalnodesof the graphare
labeledd and1, andareconsideredevel-Onodes.Thelevel-
k non-terminahodesof thegrapharelabeledwith variable
my, andeachcontainamatrixM of pairs(real-value,node
pointer).We denotethereal-valuecomponenbf anelement
asM [x; y]v, andthe node-pointecomponenasM [X; y]q.
By de nition, wehaveM [x;y]y = 0, M][x;ylg = O.

An orderedMD (OMD) is anMD suchthatevery down-
wardpointerfrom alevel-k nodegoesto anodewhoselevel
is lessthank. Every OMD hasa singletop-level nodewith
level largerthanall othernodes.To simplify our presenta-
tion, from now on we assumehatall MDs are OMDs, the
top level is level K, anddownward pointersfrom a level-
(k + 1) nodego eitherto node0 or to alevel-k node.A ma-
trix diagramis reducedif it containsno equivalentnodes.
Thatis, for arny two level-k nodes(my; M) and(mg;N)
we either have matricesM and N of different sizes, or
M [x; y] 6 N]x;y] for somerow x andcolumny.

Note that our de nition of matrix diagrams differs
slightly from theonewe originally presentedh [7]; namely
the matrix elementsn [7] are allowed to be setsof pairs
(real-value, pointer). To obtaina canonicalform, setsof
pairscannotbe allowed, andwe mustintroduceadditional
restrictions.

3.1 Canonicalform

A canonicalMD (CMD) consistsof atriple (M ;R; C),

tieshold.
1. R andChavethesametoplevel,andR 6 0;C6 O.
2. If M 6 0,thenM hasthesametoplevel asR andC.

3. If thetop-level nodeof M is non-terminalthenits ma-
trix M has (R) rowsand (C) columns.

4. ForeveryM [x;y],0 M[xy]y 1.
5. Matrix M containsanelementwith M [x; y]y = 1.

6. For every M [x; y], if M [x;y] 6 (O;0) thenthetriple
(M%R%C) isaCMD, whereM °= M [x; y]q, R® =
Rr=i, C= C.=j,x= (R;i),y= (Gj).

A reducedCMD (RCMD) hasareducedD M .

An exampleof a (reduced)CMD is shown in Figure4.
Theblankspacegorrespondo theentrieg(0; 0). Thenodes
of R aredrawn verticallyto emphasiz¢hatthey correspond
to the numberof rows in the matricesin M. Looking at
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Figure 4. An example CMD

the CMD (M;R;C) we seenodeM containsmatrix M
with (R) = 3rowsand (C) = 2 columns. Following
R(,=0 bringsusto nodeU, C,-o bringsusto nodeE, and
M[ (R;0); (GO)]= M[0;0]= (3;1). Thus(l;U;E) is
alsoa CMD. Note the matrix of nodel contains (U) = 2
rowsand (E) = 1 columns.

3.2 The encodedmatrix

GivenaCMD (M ; R; C), we cancomputeanelemenof
thematrix encodedy the CMD usingtherecurrence

Enck (M;R; Qli;j] =
Mxk;yk v Enck 1(M%RG QA%

Xk =
RO = RrK =ik s CO
i°= (jk 1;::::j1). Theterminalcaseof the recurrence
is Enco(1;1;1) = 1. We also de ne the special case
Enck (O;R; QJi;j] = 0 sothatthe CMD with matrix di-
agramequalto node0 encodes matrix of all zeroes.

As anexample,the matrix encodedy the CMD in Fig-
ure4 is shavnin Figure5. Thematrixto thefarright shovs
the encodedvalues,andthe rows andcolumnsarelabeled
with the appropriatestatesirom R andC. Thelinesindi-
catethe submatriceslueto nodeM of the matrix diagram.
Note in particularthe blocks of zeroes,correspondingo
the (0; 0) entriesof the matrix of nodeM . To compute
element(0; 1; 2); (0; 0; 1) of the matrix, we rst compute
x3= (R;0)= 0andys; = (C;0)= 0. Wethenconsider
element0; 0 of the matrix of nodeM . Thevalueis 2, and
wefollow theappropriatgointersfrom nodesM , R, andC
to obtainCMD (1 ;U; E). Now wehavex, = (U;1) =1
andy, = (E;0) = 0, andelementl; 0 of the matrix of
nodel givesus a value of % Following the appropriate



000 1 1 1
0 00 1 1 1
0 1 01 2 0 1 2
0 1 0 1 001{0 2 0f0 0 O
04 2Enci(N;W;G) 0 o0 o i|lo o o
0 2Encz(l;U;E) 0 1 . 1
4 _ 01 LiEnci(P;Z;G) 0 _012/0 L 0|0 0 O
1 ‘U = =
1 0 zEnca(L; U;F) 1d 0 LEnc,(Q; W; G) 101{0 0 0|3 0 1%
2| Encz(J;V;E) | 2Enc2(J;V;F) 11 0 0 110{0 0 0|0 0 O
21 Enci(P;Z;G) | 2Encyi(P;Z;0G) 11210 0 0]0 0 0
Y EneaPiziQ) | 5Ency(Piz; 2101 0 1|2 0 2
212|/0 1 oflo L o

Figure 5. Computing Enc3(M;R;C) from the CMD in Figure 4.

pointersfrom nodesl , U, andE givesusCMD (P; Z; G).
Finally, wehavex; = (Z;2) = landy; = (G1) = 1,
andelementl; 1 of the matrix of nodeP givesus a value
of % Thedownwardpointersall leadto terminalnodel, so
we are nished, andtheencodectlementis 3 2 1= 1.
Note that, asde ned, a CMD encodesa matrix whose
elementsare betweerzeroandone (inclusive), andwhose
maximal elementis one. To representan arbitrary non-
negative matrix A , onepossibilityis to encodeal A, where
a 6 0is thelargestelementof A, andthenmultiply each
elementeturnedoy Enck by a. Anotherpossibility, which
we adopt,is to relaxtherestrictionfor thevaluesof the ma-
trix of the top-level node. Thusour top-level matrix hasa

maximalvalueof a insteadof one.
3.3 Proof of canonicity

To provethatRCMDsarea canonicarepresentationye
mustshaw thatany non-neative matrix canberepresented
asaRCMD (giventheMDDs R andC), andthattheRCMD
is unique. We will only shav thatthe RCMD obtainedis
unique; Section4 discussesow to build the RCMD that
encodesa given matrix, but we do not formally prove that
thealgorithmis correctdueto spaceconsiderations.

Lemmal Ency(M;R;C) = ORIiC i M =0.

Proof: By de nition of Enc, we hawe M = 0 )
Enck(M;R;C) = ORIC i |f M 6 0, theneitherM
is 1, and we have Enco(1;1;1) = 1, or M is a non-
terminalnode. By de nition, the matrix associatedvith a
non-terminahodecontainsan elementwith valuel whose
pointeris notto terminalnodezero. Thusthereexistsa path
from thelevel-k nodeof M to nodel, wherethe productof
thevaluesalongthe pathis one. Thus,Ency (M ; R; C) will
produceatleastonenonzercelementf M 6 O. 2

Theorem1 Enck(M;R;C) = Enck(M%R;O
M=MPO

Trivially, Encx(M;R;C) = Enck(M%R;C
We showv that Enck(M;R;C) =
Enck(M%R;C0) ) M = MPbyinductiononk.

The basecaseis k = 0, where we either have
Enco(1;R;C) = 1orEncy(0;R;C) = 0. Thusthe prop-
erty holdsin thebasecase.

Now we assumethe propertyholdsfor 0 k K,
and prove it mustalso hold for k = K + 1. Given
Enck +1 (M;R;C) = Enck +1 (M%R;C), we mustshov
thatM = M% If M = 0 thenfrom Lemmal we triv-
ially getM © = 0. Otherwise,M andM © are both level
K + 1 nodes,andwe know thatthe matricesM andM ©°
bothhave (R) rowsand (C) columns. Sincethe MD is
reducedM = M Cif andonlyif M [x; y] = M 9x; y] for all
elementsFromthede nition of Enc, we know that

Proof:
whenM = M9

Myl Enck (M X Yla; Ry =i5Goxn =j) =
MIx vyl Enck (M IX; Yla; Rey sy =i5 G =)

forx = (R;i)andy = (GCj). If M[x;y]y = 0O, thenwe
have M [x; y]g = 0, andfrom Lemmal we getM 9x; y] =
(0;0), andthusM [x; y] = M 9x;y]. Otherwisewe have
M [x; y]v & 0, andwe obtain

EnCK (M [X;y]d;RrK+1 =i;QI|<+1 :]) =

M Hx;

ﬁ Enck (M 0% Ylai Rey 4 =5 Co o =)
SinceM [x; y]y 6 0, we know thatM [x;y]g 6 0. Thus
by Lemmal, Enck (M [X; Y]a;Rry . =i3 G he =j) IS NOL
a zero matrix, andthus hasa maximal value of exactly 1.
This implies that Enck (M 9x; Ya; Rry v =i Cexaa =) IS
notazeromatrix,andthushasamaximalvalueof exactly 1.
Thus,M 9x; y]v = M [x; y]v, otherwiseonematrix cannot
have maximalvalueof 1. This givesus

Enck (M X Y]as Ry =15 G =) =
Enck (M 9% YIa; Rrc s =5 G a =)



and so by the inductive hypothesiswe have M 9x; y]q =
M [x; yla. Thus,M [x; y] = M 9x; 1. 2

4. Building CMDs

In this sectionwe developalgorithmsto build aRCMD,
givenMDDs encodingthe setsof rows andcolumns,anda
desiredmatrix to encode.

4.1 A Simple Algorithm

Oneway to constructa RCMD is to constructa MD,
then manipulatethe MD until we have a RCMD. This is
the approachusedin algorithmBuild1, shavn in Figure6.
Givenasetof rowsR andasetof columnsC, bothencoded
asMDDs, anda matrix E to encodeprocedureBuildl will
build aRCMD (M ; R; C) suchthatEnck (M;R;C) = E.
First, we addeachentry of matrix E to anunreducedD
M usingproceduredddEntry, which createsheappropriate
pathfrom thetop nodeto nodel, with theencodectlement
asthe value at the bottom level, and valuesof one at all
otherlevels. As anexample,Figure7 shavs the unreduced
MD obtainedfrom the matrix in Figure5 after all entries
have beenadded(i.e., beforeline 5 of Build1 executes).

Oncewe have obtainedour unreducedD, we mustad-
just the valuesso thatwe have a CMD. This requiresnor-
malizing the matrix valuesso that eachvalue is between
zeroandone,andthemaximalvalueis one(propertiest and
5in Section3.1). This is donewith procedureNormalize,
shavnin Figure6. NotethatNormalize allowsarbitraryval-
uesin thelevel-K node,sothatwe canencodenon-neative
matricesvhosemaximalvaluesarenot necessarilypne.

Finally, we mustreduceour CMD usingprocedureRe-
duce, whicheliminatesduplicatenodesn abottom-upfash-
ion. ProceduraJniquelnsert, not shavn, insertsa nodeinto
a hashtable; if anidenticalnode(i.e. a nodeat the same
level with an equalmatrix) is found in the hashtable, the
duplicatenodeis deletedandthe nodein the hashtableis
returned.Dueto oating-point roundof errors,we cannot
do a strict comparisorof elementavhenconsideringf two
matricesare equal;instead,we considerthe valuesof ele-
mentsto be equalif their relative differenceis lessthan .
Thanksto theoreml1, we know that the nodereturnedby
Reduce is theonly (appropriately-sizedyodethatencodes
agivensubmatrix.WhentheMD in Figure7 is normalized
andreducedwe obtainthe CMD in Figure4.

4.2 A Better Algorithm

Theproblemwith Buildl is thatwe mustbuild anentirely
unreducedMD of our matrix E, which may requirea sub-
stantialamountof memory A betterapproacthis to reduce
our matrix diagramperiodically to save memory This is

AddEntry(M;R; C;i;j;val)
1. k toplevel of R;

2: if M = Othen

3 M new node(k, #rows = (R), #cols= (Q));
4: end if

50 X (R:[KD); y  (GiIKkD:;

6. if k = 1then Bottom level, terminate recursion
7 M[xyl o (val;l);

8: else

o0 M° Mxyl;; R® Rey-ipg ©  G=jwi
100 M[xy]l (1 AddEntry(M%;Ro; C%i;j;val));
11: end if

12: return M ;

MultiplyBy(M ; scalar)
1: for each x; y such that M [x; y] 6 (0;0) do
2. M[xyly MIx;yly scalar;
3: end for

Normalize(M )

1. if M = 1lthen Terminate recursion

2 return 1;

3. end if

4. k toplevelof M; scale O

5: for each x; y such that M [x; y] 6 (0;0) do

6: MI[X vyl M [x; ylv Normalize(M [x; y]d);

7. scale max(scale;M [x; ylv);

8: end for

9: if k 6 K then Allow arbitrary values at level K
10:  MultiplyBy(M ; 2-);

11: end if

12: return scale;
Reduce(M)

1. if M = 0QorM = 1lthen Terminate recursion

2 return M ;

3: end if

4: for each x;y such that M [x; y] 6 (0;0) do
5 M[x;yla« Reduce(M [x;yla);
6: end for
7. return Uniquelnsert(M );

Build1(R;C E)
1: M 0;
for eachi 2 R;j 2 Csuchthat E[i;j] 6 0do
M AddEntry(M;R; Ci;j; Efi;j]);
end for
Normalize(M );
return Reduce(M);

o9k wnN

Figure 6. Simple CMD construction

theideabehindBuild2, shavnin Figure8. Thelastparame-
ter, freq determineghe frequeng of thereductions:when
the row to be inserteddiffers from the previous row at a
componenk > freq, we performareduction. Thus,when
freqg = K, Build2 is thesameasBuild1; whenfreq = 0, we



END

Figure 7. Matrix diagram before normalization

Accumulate(M ;N)
Adds MD N to MD M ; M is modi ed, N is not.

1: k toplevel of M;
2: for each x; y such that N [x; y] 6 (0;0) do

3 if M[x;y]= (0;0) then

4 Myl NI[xyl

5. else if k = 1then Bottom level
6: MDYyl Myl + N[Xyl;

7: else

8 MultiplyBy(M [x; Yl yrpey s );

9: Accumulate(M [x; y]a; N [X; Y]a);

10: Myl NXyh;

11:  end if

12: end for

Build2(R;C, E; freq)
1: M 0; N 0;
2: foreachi 2 R do
if 9k > freq such that i[k] has changed then
Accumulate(M ;N );
Normalize(M );
N Reduce(M); M 0;
end if
for each j 2 CsuchthatE[i;j] 6 0do
M AddEntry(M;R; Ci;j; Efi;j]);
10:  end for
11: end for
12: Accumulate(M ;N);
13: Normalize(M );
14: return Reduce(M);
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Figure 8. Better CMD construction

reduceaftereachrow is added.

Reductions performedn lines4-6and12-14.We main-
tainaRCMD N andanunreducediD M which contains
all therowsthathave beenaddedsincewe created\ . Dur-
ing reduction,we mustcreatean RCMD that encodeghe
matrix Enck (M;R;C) + Enck (N;R;C). The addition

is performedby procedureAccumulate, which addsN to
M without modifying N. Sincethe RCMD nodesof N
have alreadybeennormalizedand reduced,we preferto
modify nodesof M instead. The main part of the addi-
tion (lines 8-10 of Accumulate) is basedon the property
cA + dB = d(§A + B). For level-1 nodes Accumulate
is the sameas matrix addition (line 6). We thennormal-
ize andreduceMD M , which becomeshenew RCMD N .
After calling Accumulate, M may containboth MD nodes
andRCMD nodes.To reducecomputationatosts,we use
modi ed versionsof Normalize andReduce thatreturnim-
mediatelywhencalledwith RCMD nodes.

5. Numerical solution of GSPNswith CMDs

We now summarizethe stepsthat mustbe takento use
CMDs for solutionof GSPNsanddiscussracticalissues.

Partition the setof places. It is importantto notethat,
in theory any partitioningwill work andleadto correctre-
sults. At one extreme, eachpartition consistsof a single
place,andour CMD will have jP| levels. Sincethe num-
ber of oating-point multiplicationsrequiredto determine
a matrix elementfrom a CMD depend=n the numberof
levels, this canleadto a high computationabverheaddur-
ing numericalsolution. At the other extreme,we have a
single partition. In this case,our MDD containsa single
nodewith jSj pointersto nodel (whichis equivalentto ex-
plicit storageof S), and our CMD containsa single node
whosematrix correspondso the transitionrate matrix R,
wherethedownwardpointersareto nodel for thenon-zero
values(which is equialentto sparsestoragefor R). Ulti-
mately theef ciency of ourapproachdependsnthechoice
of partition. While we give a brief examplein Section6, a
thoroughdiscussiorof how to choosea partitionis beyond
the scopeof this paper

Build an MDD that encodesS. If possiblewe cangen-
erateS usingMDDs [4, 18]. Otherwisewe cangenerateés
usingtraditionalmethodsandthenconstrucanMDD.

Build an RCMD that encodesR. We build a RCMD
representatiofor thetransitionratematrix R , andstorethe
row sumsof R (usedto computethe diagonalelementsof
Q asneededgitherexplicitly in afull vectororin asecond
matrix diagram,asdonein [7]. Our RCMD is constructed
usinga modi ed versionof Build2, usingR for E andS
for bothR andC. However, we do not explicitly build R
andthencall Build2; insteadwe generatéherows of R as
neededrom our GSPNmodelwithin Build2.

TheCMD encodingpf R for ourrunningGSPNexample
is shavn in Figure9. TheMDD for thesetS, whichis used
for the setsof rows and columns,is shovn in Figure 3 so
we do notduplicateit here.

Compute stationary probabilities. The ef cient solu-
tion techniquegpresentedn [7] applyalsoto CMDs, since
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Figure 9. CMD for the running GSPN example

aCMD is aspecialcaseof anMD. For numericalsolution,
we mustbe ableto accessa speci ¢ columnof R; to do
S0, we usea recursve function GetColumn similar to the
function Enc SinceeachCMD node may have multiple
incoming pointers,a CMD nodemay receve multiple re-
gueststo computethe same(partial) column. To avoid du-
plicatecomputationgeachnodesavesthelastpartialcolumn
it computedn a cache Eachcache*hit” mayresultin at
mostK 1 oating-point multiplicationssavedpercolumn
entry See[7] for more detailsaboutobtaininga column
andusingthe cache,n particularhow to orderthe column
accesse betterutilize the cache.

6. Experimental Results

A prototypeof ourtechniquds implementedn thetool
SMART [5]. All reportedresultsareon a 933 Mhz Pen-
tium Il machinerunningLinux. We testour approacion
several models, including our running example (denoted
“Simple”) with N initial tokensin placespa1, ppi, and
pc1- We modi ed therunningexampleto containmarking-
dependentarc cardinalities: the input and output arcs of
transitiont,, have cardinality min(# pas; # pp1), the arcs
of tyc have cardinality min(# pp2; # pc3), andthe arcsof
tca have cardinalitymin(# pc1;# pa2). This changeallows
for multiple synchronizationto occurwith asingle ring of
transitionst ap; tpe andtea. The modi ed versionof “Sim-
ple” is denoted'Var. Arc”. Notethatthesemodelshave the
samereachablestatesandthe samenumberof arcsin their
reachabilitygraphs.

We also examinemodelsfrom the literature: a kanban
modelanda e xible manufcturingsystem(FMS) model.
Thekanbammodel,presentedn [8], is partitionedinto four
submodelg6, 7, 8]. We denotethis modelby “Kan-timed”
if the synchronizingtransitionsare timed, and by “Kan-

imm” if the synchronizingtransitionsare immediate. We
usethe FMS model presentedn [9] (with ushing arcs,
marking-dependentates, and immediatetransitions)and
partition the placesasin [6]. Both of thesemodelshave
aninput parameteN , which speci estheinitial numberof
tokensin certainplaces.Notethat,usingthe MD technique
describedn [7], model“Kan-imm” requiresa Kronecler
implementationthat can handleimmediatesynchronizing
transitions[8], and models“Var. Arc” and“FMS” cannot
besolvedatall, sincethey containtransitionghatcannotbe
expresseasordinaryKronecler products.

First, we look at how our choiceof partition affectsour
CMD. In Tablel, we considerthreedifferentpartitionsfor
our runningexample,andlook at the numberof nodesper
level in our CMD andthe memoryrequiredfor the result-
ing CMD. Whenreportingmemoryusagewe usethe suf-
X “b” to meanbytes,"kb” to mean1024bytes,and“mb”
to mean1024 bytes. The partition “ABC” corresponds$o
the onedepictedin Figure 1, andgivesusa 3-level CMD.
The partition “Finest” assignseachplaceto its own parti-
tion: P1, = fPa;g, P11 = fPayg, etc. Notethatwe geta
12-level CMD with a fairly large numberof nodes but the
matrix for eachnodeis quite small, sothe overall memory
requirementsare not too large. The partition “Bad” uses
Py = fPag; Ph; Pccgandillustrateshow a badchoiceof
partitioncanresultin a CMD with mary largenodes.

In Table 2, we shav the sizesof the statespacesand
reachabilitygraphsthenumberof MD nodesfor eachlevel
in the CMD constructedor the transitionrate matrix R,
andthe memoryrequiredfor the CMD for numericalsolu-
tion (i.e., includingthe MD representationf therow sums
andthe cachememory).For comparisonwe alsoshav the
memoryrequiredfor sparsestorageof R (the dashesndi-
catecaseavheremain memorywas exceeded).Note that
thematrix for eachnodeis storedin a sparsdormat,sothe
memoryrequiredis proportionalto thetotal numberof ma-
trix elementsnot to the numberof nodes.Notethe CMDs
for the“Var. Arc” modelrequiresigni cantly more nodes
than the correspondind'Simple” model. This is because
the “Var. Arc” modelhasa more complex structure,and
somepointersthatwentto the samenodein the CMD for
“Simple” now mustgo to differentnodesin the CMD for
“Var. Arc”. Similarly, the structurefor “Kan-imm” is more
complex than“Kan-timed”. Also, notethatwhile the size
of eachnodemayincreasavith N , thenumberof nodedor
the kanbanmodelsis x edexceptatlevel 2. Thus,for this
modelwe canef ciently encodeverylargematrices.

In Table3, we shav the CPUandmemoryrequirements
of Build2 for differentvaluesof freq For comparisonwe
shav the CPUtime requiredwhenexplicit storageis used;
the differencebetweerthis valueandthe time requiredfor
Build2 is essentiallythe overheadf constructinghe CMD.
In the CPU columns,s” standsfor seconds/m” for min-



Numberof CMD Nodesperlevel CMD
Partition | 12 11 10 9 8 7 6 5 4 3 2 1| Mem
ABC 1 25 23| 71.%b
Finestf 1 19 25 25 25 211 217 26 26 25 1 1]|84.kb
Bad 1 1,740 403 1| 2.5mb
Table 1. Effects of diff erent partitions, Simple model, N = 6
GSPN Nodes/leel CMD Explicit
Model | N #States #Arcs 4 3 2 1 Mem Mem
Simple| 1 30 55 1 5 5 1.7%&b 604
12 7,503,405 51,820,626 1 49 44| 719.&b 452.6nb
16 | 56,137,077 412,022,676 1 65 58 2.0mb —
Var, Arc | 12 7,503,405 51,820,626 1 247 308 2.6mb 452.6nb
16 | 56,137,077 412,022,676 1 425 523 9.1mb —
Kan-timed| 5 2,546,432 24,460,016| 1 3 22 3| 21.%b 206.0mb
8 | 133,865,325 1,507,898,700 1 3 34 3| 62.&b —
Kan-imm| 6 4,785,536 47,943,168| 1 8 63 8| 56.&kb 402.3nb
9 | 106,153,300 1,177,449,900 1 8 93 8 | 141.%b —
FMS| 8 4,459,455 38,633,968/ 1 133 186 38| 538.kb 328.0mb
11| 54,682,992 518,030,370 1 232 335 53 1.8mb —

Table 2. Matrix and CMD sizes

utes,and“h” for hours. We seethatwhenfreqis zero,the
CPU requirementsare quite high. Whenfreqis one, the
CPUrequirementsirereasonableandthememoryrequire-
mentsareusuallythelowest.Whenfreqis large,the MD is

allowedto expandquite a bit during construction(leading
to high memoryrequirementspeforeit is reduced.While

the numberof reductionsdecreases:s freq increasesthe
costof eachreductionwill increasef therearemorenodes
toreduce.ln somecasegfor instanceFMS), this causesan
increasen the CPUtime whenfreqincreases.

7. Conclusion

We have presentec new de nition of matrix diagrams,
which area propersubsebf thematrix diagramsde nedin
[7]. We shaw thatour matrixdiagramsareacanonicaform,
andgive a detailedalgorithmfor constructinga canonical
matrix diagramfor ary non-neative matrix, given MDDs
for the setsof rows and columns. This allows us to con-
structa CMD representatiofor a GSPNwith a partitioned
setof placesin a generalway, unlike our previous work
which wastied to a Kronecler representationDespitethe
differencedetweenMDs andCMDs, the ef cient solution
techniquespresentecearlier for MDs can still be applied
to CMDs. Usingan MDD representatiofor S anda CMD
representatiofor R, theonly memorybottleneckor GSPN
solutionis the probabilityvector . Thus,GSPNswith ex-

tremelylarge statespacesanbeanalyzed.

The new canonicalform of matrix diagramsexpands
their applicability, sincethey apply to matricesin general,
andopensup new directionsof researchWe arecurrently
investigatingef cient algorithmsto build CMDs directly
from the GSPN model speci cation, insteadof explicitly
addingeacharcof theunderlyingCTMC.
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