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Abstract

This paperdealswith theproblemof identifying directcausal
effectsin recursve linearstructuralequationrmodels.Thepa-
per providesa procedureor solving the identi cation prob-
lemin aspecialclassof models.

Intr oduction

Structuralequationmodels(SEMs) have dominatedcausal
reasoningn thesocialsciencesndeconomicsin whichin-

teractionsamongvariablesareusuallyassumedo be linear
(Duncanl1975;Bollen1989). This paperdealswith onefun-

damentaproblemin SEMs,accessinghe strengthof linear
cause-dect relationshipsfrom a combinationof obsena-

tional dataandmodelstructures.

The problemhasbeenunderstudyfor half a century pri-
marily by econometriciansind social scientists,underthe
name“The Identi cation Problem”(Fishetl966). Although
mary algebraicor graphicalmethodshave beendeveloped,
theproblemis still farfrom beingsolved. In otherwords,we
do not have anecessargandsufcient criterionfor deciding
whetheracausakffectcanbecomputedrom obsereddata.
Most availablemethodsaresufcient criteriawhich areap-
plicableonly whencertainrestrictedconditionsaremet.

In this paper we shaw that the identi cation problemis
solvedin a specialclassof SEMs. We presenta procedure
thatwill decidewhethereachparametem themodelis iden-
ti ed ornotand,if theanswelis positive, the procedurewill
expressheparametem termsof obsened covariances.

We beggin with an introductionto SEMs and the identi-

cation problem,andgive a brief review to previous work
beforepresentingur results.

Linear SEMs and Identi cation
A linear SEM over a set of random variablesV =

X
Vi= o GiVit

i
wherethe summationis over the variablesin V judgedto
be immediatecausesof V;. ¢, called a path coefcient,
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Figurel: A linearSEM.
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guanti esthedirectcausain uence of V; onV;, andis also
calledadirecteffect ;'srepresenterror” termsandareas-
sumedo have normaldistribution. In this paperwe consider
recursve modelsandassumehatthe summationn Eq. (1)

isfori < j,thatis,¢; = Ofori j. Thesetof variables
(andthe correspondingtructuralequationspareconsidered
to beorderedasV; < V, < ::: < V,. We denotethe co-

variancesbetweenobsenred variables j = Cov(V;;V;),

andbetweererrorterms j = Cov( i; ). We denotethe
following matrices, = [ ], = [ ] andC = [g; ].

Withoutlossof generalitythe modelis assumedo be stan-
dardizedsuchthateachvariableV; haszeromeanandvari-

ancel.

The structuralassumptiongncodedn the modelarethe
zero path coefcient ¢;'s and zeroerror covariance j 's.
Themodelstructurecanberepresentetly adirectedagyclic
graph (DAG) G with (dashed)bidirectededges,called a
causaldiagram (or path diagram), as follows: the nodes

fromV; toV, in G if V; appearsn the structuralequation
for V;, thatis, ¢;; 6 0; thereis a bidirectededgebetween
Vi andV; if theerrorterms ; and ; have non-zerocorre-
lation ( ; 6 0). Figurel shows a simple SEM andthe
correspondingausaldiagramin which eachdirectededge
is annotatedy the correspondingpathcoefcient.
The parameter®f the modelarethe non-zeroentriesin

thematricesC and . Fixing themodelstructureandgiven

parametersC and , the covariancematrix is given by
(seefor example,(Bollen 1989))
=0 o1 o " )

Corverselyin theidenti cation problem,giventhestructure
of amodel,oneattemptgo solve for C in termsof the given



Y

7 — = X ——»Y

Figure2: A typical instrumentavariable

covariance . If Eq. (2) givesa uniquesolutionto some
path coefcient ¢;, independenbf the (unobsered) error
correlations , thatpathcoefcient is saidto beidenti ed.

In otherwords, the identi cation problemis that whether
a path coefcient is determineduniquely from the covari-

ancematrix  giventhe causaldiagram. If every parame-
ter of the modelis identi ed, thenthe modelis identi ed.

Note that the identi ability conditionswe seekinvolve the
structureof themodelalone,not particularnumericalvalues
of parametersthatis, we insiston having identi cation al-

mosteverywhee, allowing for pathologicakxceptiong(see,
for example,(Brito & Pearl2002a)for formal de nition of

identi cation almosteverywhere).

Previous Work

Many methodshave beendevelopedfor decidingwhethera
speci ¢ parameteor a modelis identi able. For example,
thewell-known instrumentalariable(lV) method(Bowden
& Turkington1984)requiresearchfor variables(calledin-
strumentythatareuncorrelatedvith the errortermsin spe-
ci ¢ equations. A typical con guration of the IV method
is shavn in Fig. 2, in which Z senesasan instrumentfor
identifying the causakffectb as

b= zv=2zx: (3

Traditionalapproachesare basedon algebraicmanipula-
tion of the structuralequationgFisher1966; Bekker, Mer-
ckens,& Wansbeekl994; Rigdon1995). Recentlygraphi-
calapproachebor identifyinglinearcausakffectshave been
developedandsomesufcient graphicakonditionswerees-
tablished(McDonald1997;Pearl1998; Spirtesetal. 1998;
Pearl2000; Tian 2004). The applicationsof thesemethods
arelimited in scope,andtypically somespecialconditions
have to bemetfor thesemethodgo beapplicable.

OneprincipledapproacHor theidenti cation problemis
towrite Eq.(2)for eachterm j; of usingWright'smethod
of pathcoefcients (Wright 1934). Wright's equationson-
sist of equatingthe (standardizedyovariance j with the
sumof productsof parametergc;;'sand ;;'s)alongall un-
blodked pathsbetweenV; andV;. A pathis unbloded if
thereis no node X suchthat both edgesconnectedo X
in thepathhave anarrav atX (! X ). A pathcoef-
cientc; isidenti ed if andonly if Wright's equationgjive a
uniquesolutionto ¢; , independentf errorcorrelations For
example, the Wright's equationdor themodelin Fig. 2 are

zx = a
zy = ab (4)
xy = b+ xy

Basedon Wright's equationsa numberof sufcient graph-
ical criteria for modelidenti cation have beendeveloped

(Brito & Pearl2002c;2002b;2006), which establishcon-
ditionsfor all the parameterin the modelto beidenti ed.

Recently anotherprincipled approachfor the identi ca-
tion problemis presentedn (Tian 2005),whichis similarto
Wright'smethodbutis basednexploiting partialregression
coefcients. In this paperwe will usethe partialregression
coefcients methodto solve the identi ability problemin a
specialclassof SEMs,determiningwhethereachindividual
parametein the modelis identi able or not. Firstwe intro-
ducethe method.

Partial regressionequations

ForasetS V,let j.s denotethe partial regressionco-
efcient which representshe coefcient of V; in thelinear
regressiorof V; onV; andS. (Notethattheorderof thesub-
scriptsin i .s is essential.)Partial regressioncoefcients
canbeexpressedn termsof covariancematricesasfollows
(Cramerl946):

T 1
ViVj ViS Sss VS

; )

T 1
ViV V;S SsS VS

where gss etc. representovariancematricesover corre-
spondingvariables.
Let Sk denotea set

Sk = Ve ii5 Vo gnfV: (6)

(Tian 2005)derived an expressiorfor the partial regression
coefcient jy:s;,, for eachpair of variablesVi < Vj, in
termsof the model parametergpath coefcients anderror
covariancespivenby
X
jkssjk = Gk T jk Ik:Sy jls
k#1 1 j 1
=200 k=210 1 @)

where ;'sarede nedduringtheprocesof “orthogonaliz-
ing” the setof errortermsto obtaina new setof errorterms
f 9;:::; 0gthataremutuallyorthogonain the sensehat

Cov({; 9)=0; fori6 j: (8)
The Gram-Schmidbrthogonalizatiomprocesgroceedge-
cursively asfollows. We set

0= ©)
FOl’] = 2;.:.:n,weset
'X 1
P iy (10)
k=1
in which
_Cov(j; D).

The set of equationsgiven by (7) are called the partial
regressionequations As an example,the partial regression



Figure3: A P-structure

equationgor themodelshavn in Figurel aregivenby

wx = a (12)
zwx =0 13)
zxw = b+ zx (14)

vyzwx =d (15)
ywxz = C+ vw (16)
YXWZ = WX YW (7)

whichhapperto belinearwith respecto all theparameters.
It is notdif cult to solve theseequationgo obtainthatthe
pathcoefcients a, d, andc areidenti ed.

Given the modelstructure(representedby zeropathco-
efcients andzeroerrorcorrelations)someof thec; 'sand

jk's will besetto zeroin Eq. (7), andwe cansolwve the
identi ability problemby solving Eq. (7) for ¢j«'s in terms
of the partialregressiorcoefcients. This providesa princi-
pled methodfor solvingthe identi ability problem.A path
coefcient ¢; isidenti ed if andonly if thesetof partialre-
gressiorequationgive auniquesolutionto ¢; , independent
of errorcorrelations.

The partialregressiorequationsarelinearwith respecto
pathcoefcient ¢j's andparameter ji's, but may not be
linearwith respecto j 's. j'sarenonlinearfunctionsof

j 's andmay not be independentith eachother In this
paper we will identify a classof SEMsin which we can
treat j«'sasindependentree parametersndthusfor this
classof SEMsthepatrtialregressiorequationdecomdinear
equations.

P-structure-FreeSEMs

De nition 1 (P-structure) Forj > k > i, if thereis abidi-
rectededge betweenv; andV;, and a bidirectededge be-
tweenV; and Vg, thenwe saythat there is a P-structuren
thecausaldiagramunderthevariableorderV; < ::: < V,
(seeFig. 3). Equivalentlyin termsof modelparametes, we
saythatforj > k> i,if ;; 6 Oand ; 6 O, thentheris
a P-structuein the SEM.

This de nition of P-structuredependson the order of the
variables. In generalwe could rearrangethe order of the
variablesasfar asthey are consistentwith the topological
orderof the causaldiagram. For example,the variablesin

Figurel canbeorderedasX < W < Z < Y orasX <
Z < W < Y. ltispossiblethatthereis a P-structurén one
orderof thevariablesbut notin another

De nition 2 (P-structure-freeModel) We will say that a
SEM (or causaldiagram) is P-structurefree if there exists
anordering of thevariablesthatis consistentvith thetopo-
logical order of the causaldiagram sud that there is no
P-structue in the causaldiagramunderthis order.

In this paperwe will considerP-structure-freecSEMs and
assumehatthe variablesareorderedV; < ::: < V, such
thatthereis no P-structuraunderthis order

First we shav thatin a P-structure-fre6(SEM, j's can
betreatedasindependentree parametersf themodel.

Lemmal In aP-structue-freeSEM
_ ik
K= = 18
ik Cov( 8; (k) (18)

Proof sketch:  Proofby induction. AssumeEq. (18) holds
forall jo suchthatj®< j, andfor all ;o suchthatk®<
k. Then

~_Cov(j; D)
= Cov(9; 0
_ ik C it wCov(y; )
Cov( 2; ?
_ ik © 5w ji=Cov( f f)
Cov( 9; 9

(inductionhypothesi$

Now sincethereis no P-structureeither ; or j; hasto be
zero.ThereforeEq. (18) holds.

Corollary 1 In aP-structue-freeSEM i = Oif andonly
if jk = 0. Graphicallyspeaking ;x = 0 if andonly if
there is no bidirectededge betweerV; and V.

FromLemmal it is clearthat i's canbetreatedasinde-
pendeniparametersn placeof i'sin thesetof equations
givenby (7). Theidenti cation problemis reducedto that
solving Eq. (7) for ¢j's in termsof the partial regression
coefcients j:s;,'s, anda path coefcient ¢k is identi-
ed if andonly if the setof partial regressionequationq7)
give a uniquesolutionto ¢ thatis independenbf ji's.
The dif culty of solving theselinear equationdies in that
thecoefcients of theseequationsthe partialregressiorco-
ef cients, arenotindependenfree parametersThe partial
regressiorcoefcients arerelatedto eachotherin a compli-
catedway, andit is dif cult to decidethe rank of the setof
linearequationsinceit is noteasyto determinevhethercer
tain expression®f partialregressiorcoefcients will cancel
out eachotherand becomeidentically zero. To overcome
this dif culty , next we shaw thatthe partial regressiorcoef-
cients thatappeaiin Eq. (7) canbe expressedn termsof
thefreeparameters;'sand i's.
We know that Wright's equationsexpresscovariance j

in termsof the sumof productsof parameter®f the edges
alongpathsbetweerV; andV; . Herewewill deriveasimilar



Figure4: An active pathbetweerVy andV; givenS;y

resultfor the partial regressiorcoefcients in a P-structure-
free causaldiagram. We assumethat eachdirectededge
\ Vi is associatedvith the path coefcient ¢ and
eachbidirectededgeV, $ V is associateavith the param-
eter ;. Next we shav how apartialregressiorcoefcient

jk:s;, IS relatedto the parameteralongpathshetweeny;
andVy in acausadiagram.First, we de ne somegraphical
notations.

A pathbetweenwo nodesX andY in a causaldiagram
consistof asequencef consecutie edgesof ary type (di-
rectedor bidirected). A non-endpoinhodeZ on a pathis
calleda collider if two arrovheadson the path meetat Z,

iee! Zz ,%$ 2%$,%$ z ,! Z $;allothernon-
endpointnodeson a pathare non-collides, i.e. zZ!,
z 0V z! ., $z2!', Z8%.

De nition 3 (Active Path) A path betweentwo nodesX
andY is saidto beactive givena setof nodesZ if

(i) everynon-collideronthe pathis notin Z, and

(ii) everycollider onthepathisin Z.

Lemma?2 In a P-structue-free SEM,every nodeV, on an
activepathbetweerVy andV; givenS;x wheek < j must
bea collider andis ordered betweerVy andV,;, Vi < V| <

V (seeFigure4).

Theproofof Lemma2 is ignoreddueto spaceconstraints.

For a pathp, let T(p) representhe productof the pa-
rametersalong path p. For example, let p be the path
Vil Vo ! Vg $ VginFigure5. ThenT (p) = C1Csn s6.

Lemma3 In aP-structue-freeSEM,
X .
kS = ( D T(p); (19)

p:activepathgiven S; ¢

in which the summatioris over all the activepathsbetween
V; andVi givenS;x andjpj representthe numberof edges
onp.

Proofidea: Proofby inductionusingEq.(7) andLemma2.

As a corollary of Lemma3 we have that jks;, = O if
thereis no active pathbetweenv; andVi givenS;y, which
essentiallysaysthat ji:s;, = Oif \j is conditionallyinde-
pendenbf Vi givenS; (see(Spirtesetal. 1998)).

Next, we shov how to solve the setof partial regression
equationgyivenby Eq. (7) in a P-structure-freSEM.

Identifying P-structure-freeSEMs

In a P-structurefree SEM, to decidethe identi ability of
the path coefcients associatedvith a variableV;, ¢'s,
all we needto do is to solve thej 1 equationsin (7),
k=1;::57)  1,forgg'sintermsof s, 's,andg is
identi ed if andonly if thesetof equationgive auniqueso-
lutionto ¢; . Eachof theequatiorexpressesheactive paths

betweenV; anda variableandwe will nameeachequation
afterthecorrespondingariableas
X
(M) & ks = Gk + ok ks j1- (20)
k#1 | j 1
Considerthe casethat thereis a directededgefrom Vy to
Vi, Vi !V, in the causaldiagram. The path coefcient
Gk only appear®ncein thisj 1 equationsthatis, in the
equation(Vi). We canexpressc; ¢ in termsof j;'s,
X
Gk = jkiSj ikt Sk jI- (21)
k+#1 | j 1

Thereforeg is identi able if noneof the ;;'s appearsn
this equationor all the j;'s appearingn the equationare
identi able.

Next, we considerthe rest of equation(V)'s given by
(20)wherethereis nodirectededgefrom Vi to V; andthere-
foreg = 0. Let ; denotethis setof linearequationsjn
which ;;i'sarethevariables.In general ; mayhave more
equationghanvariables,or morevariablesthanequations.
A commonapproacho representhe structuresof systems
of equationds usingbipartitegraphs. A bipartite graphis
anundirectedgraphG = (N;E) in which the setof nodes
N canbe partitionedinto two setsN; andN, suchthatall
edgesin E go betweenthetwo setsN; andN,. A matd-
ing in a bipartite graphis a setof edgesthat do not share
nodes A matchingis maximalif it is notproperlycontained
in ary othermatching. A nodeX is matced by matching
M if someedgein M is incidenton X , otherwiseX is un-
matded We usea bipartitegraphto representherelations
betweenequationsaandvariablesasfollows. Let eachnode
in N1 representin equation,eachnodein N, represent
variable,andeachedgein E representhatthevariableap-
pearsin the correspondingquation.For example,Figure6
shaws the bipartitegraphrepresentatiofor the setof equa-
tions(25)to (28).

LetB G bethebipartitegraphrepresentinghesetof equa-
tions j. LetM beamaximalmatchingin BG. Let ; be
thesetof equationghatarematchedy thematchingM and

J-O be the setof equationghatareunmatchedy M. The
equationsn ¢ areredundantconsideringonly the struc-
tural information of the equationsystem. The numberof
equationsn ; is no morethanthe numberof variablesin

j . For ary setof equationsS, letjSj denotethe numberof
equationsn S, andlet ng denotethe numberof variablesin
S.

De nition 4 (Non-over-constrained System) A systemof
equationss is non-over-constainedif anysubsebfk  |Sj
equationf S containsat leastk differentvariables.

Lemma4 ; isnon-oser-constained.

Proof: Any subsetof k equationsof  containsat least
the k variablesthat matchthe subsetof equationsin the
matchingM .

OneapproacHor solving a non-over-constrainedsystem
is using Simon's causalorderingalgorithm (Simon 1953),
extendedin (Lu, Druzdzel,& Leong2000). The algorithm



works by successiely solving self-containedset of equa-
tions. A non-o/er-constrainedset of equationsS is self-
containedif jSj = ng. A self-containedsetis minimal if
it doesnot containary self-containedubsets.

Next we presentthe causalordering algorithm as de-
scribedin (Lu, Druzdzel,& Leong2000). The algorithm
startswith identifyingthe mininal self-containedsubsetsn
the input systemK . Thenwe solvethesesubsetsyemove
the equationsin thosesubsetsdrom K, and substitutethe
valuesof solvedvariablesinto remainingequationsThere-
maining setof equationds calledthe derivedsystem We
keepapplyingidentifying, solving, and substitutionopera-
tionson derived systemuntil eitherthe derived systemD is
empty which meansthatK is self-containedpr thereare
no moreself-containedubsetshatcanbeidenti ed, which
meansthat the setof remainingvariablesin D cannot be
solvedandD is calleda derivedstrictly underconstained
subsets

The following lemmashaws that we canalways solve a
self-containedsubsedf ;, andthereforethe causalorder
ing algorithmcanbeusedto solve ;.

Lemma5 Thesetof equationsn anyself-containecgubset
A of ;,orinaderivedself-containegubsebf , arelin-
earindependentThatis, A canbesolvedfor uniquevalues
of the setof variablesin A.

Assumethateachequation(Z;) matcheghevariable v, a, .
Thenfor every nodeZ;, thereis an active pathp; between
Z; andV, thatincludesthe edgeA; $ V, by Lemma3.
The determinantof the coef@ent matrix of the set of
equationswill containtheterm ~; T(p;). Thistermcannot
be cancelledout by ary othertermbecausery active path
betweenZ, andV; thatincludesthe edgeA; $ V; must

Notethatthe proofis similar to the proof for Theoreml in
(Brito & Pearl2006).

After applyingthe causabrderingalgorithmto solve
if the derived systemD is empty thenevery jy is iden-
tied. If the derived systemD is a derived strictly under
constrainedsubsetsthenthe setof variablesin D cannot
beidenti ed. Thereforethis procedurewill tell which j;'s
areidenti able, andwhich ;;'s arenotidenti able. Then
theidenti ability of thepathcoefcients ¢j's canbedeter
minedby Eq.(21). Althoughtheequationsn © areredun-
dantin thesensehatthey arenotusefulfor determininghe
identi ability of parametersthey leadto constraintson the
covariancematrix implied by the SEM. Finally, to decide
theidenti ability of every pathcoefcients in themodel,we
applythis procedurdor eachj from 2ton.

Thefollowing theoremstatethe conditionsfor the model
identi cation.

Theorem 1 A P-structue-freeSEMis identi ed if andonly
if j is self-containedor everyj.

An example

We illustrate the procedurewe presentecdy applyingit to
the model givenin Figure5. Assumethat we would like

Figure5: A SEM

Figure6: Thebipartitegraphrepresentationf equations

to decidethe identi ability of the pathcoefcients associ-
atedwith Vg. First we expresscgz, Cgs, Cgs in terms of

87, 86s 85-

Cg7 = 87:Sg 87 (22)
C86 = 86:Sgg 86t 76:5,6 87 (23)
Ce5 =  85:Sgs 85 (24)

Thenwe give thesetof equationsorrespondingo variables
V1; Vo, V3, Va!

Va: 8455 = 5455 85 (25)
V3! 8385 =  53:Sg 85  63:Se 86 (26)
Vo!  82Ss, = 5285, 85  62:Se 86 (27)
V]_ . 81:Sg — 0 (28)

The bipartite graphrepresentationf thesesetof equations
is shavn in Figure6, which alsoshavs a maximummatch-
ing in which (V3) and(V,) are matched. Equations(V3)
and(V,) form aminimal self-containedet,andthey canbe
solvedto obtainasolutionfor g and gg

— 82:Sg; 63:Se3 83:Sg3 62:Sep

85 = (29)
53:S53 62:Sen 52:S5; 63:Se3
_ 83:Sg3 52:Ssp 82:Sg; 53:Ss3

86 = (30)
53:553 62:352 52:352 63:863

g7 doesnot appearin ary equationsand thereforeis not
identi able. Equations(V;) and (V,) are unmatchedand
leadto constraintsmplied by the model. More speci cally,
equation(V;) representshe conditionalindependenceon-
straintsthat Vg is conditionallyindependenof V; givenall



47 % 47>
/ 1 / \
! | ! |
!l )/ ’ /’ 7
y
LY Y
1 1
1 1
] I
\ |
1 1
Y % LW
\ \
\ \
\ \
Al |

z W z
@G (b) G(fWg) (©)G(fX;Y;Zg)

Figure7: A SEMmodel

othervariables.Substitutingthe valueof g5 into equation
(V4) leadsto thefollowing constraints

82:Sgy 63:Se3 83:Sg3 62:Se (31)
53:553 62:552 52:852 63:853

Finally, substitutingthe solutionsfor gs and gg into EQs.
(22)to (24) we concludethatcgs is identi ed as

84:Sgy = 54:Ssgy

82:582 63:853 83:583 62:562 (32)
53:S53 62:Se2 52:S5; 63:Se3
andthatcgg andcgy arenotidenti able.

Cgs = 85:Sgs

Conclusionand Discussions

Theidenti cation problemhasbeenalong standingproblem
in theapplicationsof linear SEMs. Givena SEM, we would
like to know which parametersn the modelare uniquely
determinedby the obsened covariancesandwhich param-
etersare not, andwe would like to know what constraints
areimplied by themodelstructureon the covariancematrix.
In this paper we provide a procedurefor answeringthese
guestionsn a specialclassof SEMs.

Theapplicationsof thisresultmaybebroadenedy com-
bining it with a model decompositiontechniquegiven in
(Tian 2005),which shawvs thata modelcanbe decomposed
into a setof submodelsuchthattheidenti cation problem
canbesolvedindependentlyn eachsubmodellt is possible
that a modelwhich is not P-structure-freenay be decom-
posedinto submodelsll of which areP-structure-freeFor
example, the modelin Figure 7(a) is not P-structure-free.
However (Tian 2005) shavs thatthe identi cation problem
canbesolvedindependentlyn thetwo modelsin Figure7(b)
and(c). Now themodelin Figure7(c)is P-structure-freen-
dertheorderW < Z < X < Y. Hencewe concludethat
theidenti cation problemin themodelin Figure7(a)canbe
solvedby the proceduragivenin this paper
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