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Abstract

Thispaperdealswith theproblemof identifyingdirectcausal
effectsin recursive linearstructuralequationmodels.Thepa-
perprovidesa procedurefor solving the identi�cation prob-
lem in aspecialclassof models.

Intr oduction
Structuralequationmodels(SEMs)have dominatedcausal
reasoningin thesocialsciencesandeconomics,in which in-
teractionsamongvariablesareusuallyassumedto belinear
(Duncan1975;Bollen1989).Thispaperdealswith onefun-
damentalproblemin SEMs,accessingthestrengthof linear
cause-effect relationshipsfrom a combinationof observa-
tionaldataandmodelstructures.

Theproblemhasbeenunderstudyfor half a century, pri-
marily by econometriciansandsocial scientists,underthe
name“The Identi�cation Problem”(Fisher1966).Although
many algebraicor graphicalmethodshave beendeveloped,
theproblemis still farfrom beingsolved.In otherwords,we
do not have a necessaryandsuf�cient criterionfor deciding
whetheracausaleffectcanbecomputedfrom observeddata.
Most availablemethodsaresuf�cient criteriawhich areap-
plicableonly whencertainrestrictedconditionsaremet.

In this paper, we show that the identi�cation problemis
solved in a specialclassof SEMs. We presenta procedure
thatwill decidewhethereachparameterin themodelis iden-
ti�ed or notand,if theansweris positive,theprocedurewill
expresstheparameterin termsof observedcovariances.

We begin with an introductionto SEMs and the identi-
�cation problem,andgive a brief review to previous work
beforepresentingour results.

Linear SEMsand Identi�cation
A linear SEM over a set of random variables V =
f V1; : : : ; Vn g is givenby a setof structuralequationsof the
form

Vj =
X

i

cj i Vi + � j ; j = 1; : : : ; n; (1)

wherethe summationis over the variablesin V judgedto
be immediatecausesof Vj . cj i , called a path coef�cient,
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Figure1: A linearSEM.

quanti�esthedirectcausalin�uence of Vi onVj , andis also
calledadirecteffect. � j 's represent“error” termsandareas-
sumedto havenormaldistribution. In thispaperweconsider
recursive modelsandassumethat thesummationin Eq. (1)
is for i < j , that is, cj i = 0 for i � j . Thesetof variables
(andthecorrespondingstructuralequations)areconsidered
to beorderedasV1 < V2 < : : : < Vn . We denotetheco-
variancesbetweenobserved variables� ij = Cov(Vi ; Vj ),
andbetweenerror terms ij = Cov(� i ; � j ). We denotethe
following matrices,� = [� ij ], 	 = [ ij ], andC = [cij ].
Without lossof generality, themodelis assumedto bestan-
dardizedsuchthateachvariableVj haszeromeanandvari-
ance1.

Thestructuralassumptionsencodedin themodelarethe
zeropathcoef�cient cj i 's andzeroerror covariance ij 's.
Themodelstructurecanberepresentedby adirectedacyclic
graph (DAG) G with (dashed)bidirectededges,called a
causaldiagram (or path diagram), as follows: the nodes
of G arethe variablesV1; : : : ; Vn ; thereis a directededge
from Vi to Vj in G if Vi appearsin the structuralequation
for Vj , that is, cj i 6= 0; thereis a bidirectededgebetween
Vi andVj if the error terms� i and� j have non-zerocorre-
lation ( ij 6= 0). Figure 1 shows a simple SEM and the
correspondingcausaldiagramin which eachdirectededge
is annotatedby thecorrespondingpathcoef�cient.

The parametersof the modelarethe non-zeroentriesin
thematricesC and	 . Fixing themodelstructureandgiven
parametersC and 	 , the covariancematrix � is given by
(see,for example,(Bollen1989))

� = (I � C) � 1	( I � C)T � 1
: (2)

Conversely, in theidenti�cation problem,giventhestructure
of amodel,oneattemptsto solve for C in termsof thegiven
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Figure2: A typical instrumentalvariable

covariance� . If Eq. (2) gives a uniquesolution to some
pathcoef�cient cj i , independentof the (unobserved) error
correlations	 , that pathcoef�cient is saidto be identi�ed.
In other words, the identi�cation problemis that whether
a path coef�cient is determineduniquely from the covari-
ancematrix � given the causaldiagram. If every parame-
ter of the model is identi�ed, then the modelis identi�ed.
Note that the identi�ability conditionswe seekinvolve the
structureof themodelalone,notparticularnumericalvalues
of parameters,that is, we insiston having identi�cation al-
mosteverywhere, allowing for pathologicalexceptions(see,
for example,(Brito & Pearl2002a)for formal de�nition of
identi�cation almosteverywhere).

PreviousWork
Many methodshave beendevelopedfor decidingwhethera
speci�c parameteror a modelis identi�able. For example,
thewell-known instrumentalvariable(IV) method(Bowden
& Turkington1984)requiresearchfor variables(calledin-
struments) thatareuncorrelatedwith theerrortermsin spe-
ci�c equations.A typical con�guration of the IV method
is shown in Fig. 2, in which Z servesasan instrumentfor
identifying thecausaleffectbas

b = � Z Y =� Z X : (3)

Traditionalapproachesarebasedon algebraicmanipula-
tion of the structuralequations(Fisher1966;Bekker, Mer-
ckens,& Wansbeek1994;Rigdon1995). Recentlygraphi-
calapproachesfor identifyinglinearcausaleffectshavebeen
developed,andsomesuf�cient graphicalconditionswerees-
tablished(McDonald1997;Pearl1998;Spirteset al. 1998;
Pearl2000;Tian 2004). Theapplicationsof thesemethods
arelimited in scope,andtypically somespecialconditions
have to bemetfor thesemethodsto beapplicable.

Oneprincipledapproachfor theidenti�cation problemis
to write Eq.(2)for eachterm� ij of � usingWright'smethod
of pathcoef�cients (Wright 1934).Wright's equationscon-
sist of equatingthe (standardized)covariance� ij with the
sumof productsof parameters(cj i 'sand j i 's)alongall un-
blocked pathsbetweenVi andVj . A path is unblocked if
there is no nodeX suchthat both edgesconnectedto X
in the pathhave an arrow at X (! X  ). A pathcoef�-
cientcij is identi�ed if andonly if Wright'sequationsgivea
uniquesolutionto cij , independentof errorcorrelations.For
example,theWright'sequationsfor themodelin Fig. 2 are

� Z X = a
� Z Y = ab (4)
� X Y = b+  X Y

Basedon Wright's equations,a numberof suf�cient graph-
ical criteria for model identi�cation have beendeveloped

(Brito & Pearl2002c;2002b;2006),which establishcon-
ditionsfor all theparametersin themodelto beidenti�ed.

Recently, anotherprincipledapproachfor the identi�ca-
tion problemis presentedin (Tian2005),which is similar to
Wright'smethodbut isbasedonexploitingpartialregression
coef�cients. In this paper, we will usethepartialregression
coef�cients methodto solve the identi�ability problemin a
specialclassof SEMs,determiningwhethereachindividual
parameterin themodelis identi�able or not. First we intro-
ducethemethod.

Partial regressionequations
For a setS � V , let � ij :S denotethepartial regressionco-
ef�cient which representsthecoef�cient of Vj in the linear
regressionof Vi onVj andS. (Notethattheorderof thesub-
scriptsin � ij :S is essential.)Partial regressioncoef�cients
canbeexpressedin termsof covariancematricesasfollows
(Cramer1946):

� ij :S =
� Vi Vj � � T

Vi S � � 1
SS � Vj S

� Vj Vj � � T
Vj S � � 1

SS � Vj S
; (5)

where� SS etc. representcovariancematricesover corre-
spondingvariables.

Let Sj k denoteaset

Sj k = f V1; : : : ; Vj � 1g n f Vk g: (6)

(Tian 2005)derivedanexpressionfor thepartial regression
coef�cient � j k :S j k , for eachpair of variablesVk < Vj , in
termsof the modelparameters(pathcoef�cients anderror
covariances)givenby

� j k :S j k = cj k + � j k �
X

k+1 � l � j � 1

� l k :S lk � j l ;

j = 2; : : : ; n; k = 1; : : : ; j � 1; (7)

where� j k 'sarede�nedduringtheprocessof “orthogonaliz-
ing” thesetof errortermsto obtaina new setof errorterms
f � 0

1; : : : ; � 0
n g thataremutuallyorthogonalin thesensethat

Cov(� 0
i ; � 0

j ) = 0; for i 6= j : (8)

The Gram-Schmidtorthogonalizationprocessproceedsre-
cursively asfollows. Weset

� 0
1 = � 1 (9)

For j = 2; : : : ; n, weset

� 0
j = � j �

j � 1X

k=1

� j k � 0
k (10)

in which

� j k =
Cov(� j ; � 0

k )
Cov(� 0

k ; � 0
k )

: (11)

The set of equationsgiven by (7) are called the partial
regressionequations. As anexample,thepartial regression
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Figure3: A P-structure

equationsfor themodelshown in Figure1 aregivenby

� W X = a (12)
� Z W:X = 0 (13)
� Z X :W = b+ � Z X (14)

� Y Z :W X = d (15)
� Y W:X Z = c + � Y W (16)
� Y X :W Z = � � W X � Y W (17)

whichhappento belinearwith respectto all theparameters.
It is not dif�cult to solve theseequationsto obtainthat the
pathcoef�cients a, d, andc areidenti�ed.

Given the modelstructure(representedby zeropathco-
ef�cients andzeroerrorcorrelations),someof thecj k 's and
� j k 's will be set to zero in Eq. (7), and we can solve the
identi�ability problemby solvingEq. (7) for cj k 's in terms
of thepartialregressioncoef�cients. This providesa princi-
pledmethodfor solving the identi�ability problem.A path
coef�cient cij is identi�ed if andonly if thesetof partialre-
gressionequationsgiveauniquesolutionto cij , independent
of errorcorrelations.

Thepartialregressionequationsarelinearwith respectto
pathcoef�cient cj k 's andparameter� j k 's, but may not be
linearwith respectto  ij 's. � j k 'sarenonlinearfunctionsof
 ij 's andmay not be independentwith eachother. In this
paper, we will identify a classof SEMs in which we can
treat� j k 's asindependentfreeparametersandthusfor this
classof SEMsthepartialregressionequationsbecomelinear
equations.

P-structure-FreeSEMs
De�nition 1 (P-structure) For j > k > i , if there is a bidi-
rectededge betweenVj and Vi , and a bidirectededge be-
tweenVi and Vk , thenwe saythat there is a P-structurein
thecausaldiagramunderthevariableorderV1 < : : : < Vn
(seeFig. 3). Equivalently, in termsof modelparameters,we
saythat for j > k > i , if  j i 6= 0 and k i 6= 0, thenthere is
a P-structure in theSEM.

This de�nition of P-structuredependson the order of the
variables. In generalwe could rearrangethe order of the
variablesas far as they areconsistentwith the topological
orderof the causaldiagram. For example,the variablesin

Figure1 canbeorderedasX < W < Z < Y or asX <
Z < W < Y. It is possiblethatthereis a P-structurein one
orderof thevariablesbut not in another.

De�nition 2 (P-structure-freeModel) We will say that a
SEM(or causaldiagram) is P-structurefree if there exists
anorderingof thevariablesthat is consistentwith thetopo-
logical order of the causaldiagram such that there is no
P-structure in thecausaldiagramunderthisorder.

In this paperwe will considerP-structure-freeSEMs and
assumethat thevariablesareorderedV1 < : : : < Vn such
thatthereis noP-structureunderthisorder.

First we show that in a P-structure-freeSEM, � j k 's can
betreatedasindependentfreeparametersof themodel.

Lemma 1 In a P-structure-freeSEM

� j k =
 j k

Cov(� 0
k ; � 0

k )
(18)

Proof sketch: Proof by induction. AssumeEq. (18) holds
for all � j 0k suchthat j 0 < j , andfor all � j k 0 suchthatk0 <
k. Then

� j k =
Cov(� j ; � 0

k )
Cov(� 0

k ; � 0
k )

=
 j k � c

P k � 1
l =1 � k l Cov(� j ; � 0

l )
Cov(� 0

k ; � 0
k )

=
 j k � c

P k � 1
l =1  k l  j l =Cov(� 0

l ; � 0
l )

Cov(� 0
k ; � 0

k )

(inductionhypothesis)

Now sincethereis noP-structureeither k l or  j l hasto be
zero.ThereforeEq.(18)holds. �

Corollary 1 In a P-structure-freeSEM� j k = 0 if andonly
if  j k = 0. Graphically speaking, � j k = 0 if and only if
there is nobidirectededgebetweenVj andVk .

FromLemma1 it is clearthat � j k 's canbetreatedasinde-
pendentparametersin placeof  j k 's in thesetof equations
given by (7). The identi�cation problemis reducedto that
solving Eq. (7) for cj k 's in termsof the partial regression
coef�cients � j k :S j k 's, and a path coef�cient cj k is identi-
�ed if andonly if thesetof partial regressionequations(7)
give a uniquesolution to cj k that is independentof � j k 's.
The dif�culty of solving theselinear equationslies in that
thecoef�cients of theseequations,thepartialregressionco-
ef�cients, arenot independentfreeparameters.The partial
regressioncoef�cients arerelatedto eachotherin a compli-
catedway, andit is dif�cult to decidetherankof thesetof
linearequationssinceit is noteasyto determinewhethercer-
tainexpressionsof partialregressioncoef�cients will cancel
out eachotherandbecomeidentically zero. To overcome
this dif�culty , next we show thatthepartialregressioncoef-
�cients that appearin Eq. (7) canbe expressedin termsof
thefreeparameterscj k 's and� j k 's.

We know thatWright's equationsexpresscovariance� ij
in termsof thesumof productsof parametersof theedges
alongpathsbetweenVi andVj . Herewewill deriveasimilar



� � � � � �

Figure4: An active pathbetweenVk andVj givenSj k

resultfor thepartialregressioncoef�cients in a P-structure-
free causaldiagram. We assumethat eachdirectededge
Vj  Vk is associatedwith the path coef�cient cj k and
eachbidirectededgeVj $ Vk is associatedwith theparam-
eter� j k . Next we show how a partialregressioncoef�cient
� j k :S j k is relatedto theparametersalongpathsbetweenVj
andVk in a causaldiagram.First,we de�ne somegraphical
notations.

A pathbetweentwo nodesX andY in a causaldiagram
consistsof a sequenceof consecutive edgesof any type(di-
rectedor bidirected). A non-endpointnodeZ on a pathis
calleda collider if two arrowheadson the pathmeetat Z ,
i.e. ! Z  , $ Z $ , $ Z  , ! Z $ ; all othernon-
endpointnodeson a patharenon-colliders, i.e.  Z ! ,
 Z  , ! Z ! , $ Z ! ,  Z $ .

De�nition 3 (ActivePath) A path betweentwo nodesX
andY is saidto beactive givena setof nodesZ if

(i) everynon-collideron thepathis not in Z , and
(ii) everycollider on thepathis in Z .

Lemma 2 In a P-structure-freeSEM,every nodeVl on an
activepathbetweenVk andVj givenSj k where k < j must
bea collider andis orderedbetweenVk andVj , Vk < Vl <
Vj (seeFigure4).

Theproofof Lemma2 is ignoreddueto spaceconstraints.
For a path p, let T(p) representthe productof the pa-

rametersalong path p. For example, let p be the path
V1 ! V2 ! V6 $ V8 in Figure5. ThenT(p) = c21c62� 86.

Lemma 3 In a P-structure-freeSEM,

� j k :S j k =
X

p:activepathgivenSj k

(� 1)j pj� 1T(p); (19)

in which thesummationis over all theactivepathsbetween
Vj andVk givenSj k andjpj representthenumberof edges
onp.

Proof idea: Proofby inductionusingEq.(7) andLemma2.
�
As a corollary of Lemma3 we have that � j k :S j k = 0 if
thereis no active pathbetweenVj andVk givenSj k , which
essentiallysaysthat� j k :S j k = 0 if Vj is conditionallyinde-
pendentof Vk givenSj k (see(Spirtesetal. 1998)).

Next, we show how to solve the setof partial regression
equationsgivenby Eq.(7) in aP-structure-freeSEM.

Identifying P-structure-freeSEMs
In a P-structurefree SEM, to decidethe identi�ability of
the path coef�cients associatedwith a variableVj , cj k 's,
all we needto do is to solve the j � 1 equationsin (7),
k = 1; : : : ; j � 1, for cj k 's in termsof � j k :S j k 's, andcj k is
identi�ed if andonly if thesetof equationsgiveauniqueso-
lution to cj k . Eachof theequationexpressestheactivepaths

betweenVj anda variableandwe will nameeachequation
afterthecorrespondingvariableas

(Vk ) : � j k :S j k = cj k + � j k �
X

k+1 � l � j � 1

� l k :S lk � j l : (20)

Considerthe casethat thereis a directededgefrom Vk to
Vj , Vk ! Vj , in the causaldiagram. The pathcoef�cient
cj k only appearsoncein this j � 1 equations,that is, in the
equation(Vk ). Wecanexpresscj k in termsof � j i 's,

cj k = � j k :S j k � � j k +
X

k+1 � l � j � 1

� l k :S lk � j l : (21)

Thereforecj k is identi�able if noneof the � j i 's appearsin
this equationor all the � j i 's appearingin the equationare
identi�able.

Next, we considerthe rest of equation(Vk )'s given by
(20)wherethereis nodirectededgefrom Vk to Vj andthere-
fore cj k = 0. Let � j denotethis setof linearequations,in
which � j i 's arethevariables.In general� j mayhave more
equationsthanvariables,or morevariablesthanequations.
A commonapproachto representthe structuresof systems
of equationsis usingbipartitegraphs.A bipartite graph is
anundirectedgraphG = (N ; E) in which thesetof nodes
N canbepartitionedinto two setsN1 andN2 suchthatall
edgesin E go betweenthe two setsN1 andN2. A match-
ing in a bipartitegraphis a setof edgesthat do not share
nodes.A matchingis maximalif it is notproperlycontained
in any othermatching.A nodeX is matchedby matching
M if someedgein M is incidenton X , otherwiseX is un-
matched. We usea bipartitegraphto representtherelations
betweenequationsandvariablesasfollows. Let eachnode
in N1 representan equation,eachnodein N2 representa
variable,andeachedgein E representthat thevariableap-
pearsin thecorrespondingequation.For example,Figure6
shows thebipartitegraphrepresentationfor thesetof equa-
tions(25) to (28).

LetB G bethebipartitegraphrepresentingthesetof equa-
tions� j . Let M bea maximalmatchingin B G. Let � j be
thesetof equationsthatarematchedby thematchingM and
� 0

j be the setof equationsthat areunmatchedby M . The
equationsin � 0

j are redundantconsideringonly the struc-
tural information of the equationsystem. The numberof
equationsin � j is no morethanthenumberof variablesin
� j . For any setof equationsS, let jSj denotethenumberof
equationsin S, andlet nS denotethenumberof variablesin
S.

De�nition 4 (Non-over-constrainedSystem) A systemof
equationsS is non-over-constrainedif anysubsetof k � jSj
equationsof S containsat leastk differentvariables.

Lemma 4 � j is non-over-constrained.

Proof: Any subsetof k equationsof � containsat least
the k variablesthat match the subsetof equationsin the
matchingM . �

Oneapproachfor solvinga non-over-constrainedsystem
is usingSimon's causalorderingalgorithm(Simon1953),
extendedin (Lu, Druzdzel,& Leong2000). Thealgorithm



works by successively solving self-containedset of equa-
tions. A non-over-constrainedset of equationsS is self-
containedif jSj = nS . A self-containedset is minimal if
it doesnotcontainany self-containedsubsets.

Next we presentthe causalordering algorithm as de-
scribedin (Lu, Druzdzel,& Leong 2000). The algorithm
startswith identifyingthe mininal self-containedsubsetsin
the input systemK . Thenwe solvethesesubsets,remove
the equationsin thosesubsetsfrom K , and substitutethe
valuesof solvedvariablesinto remainingequations.There-
mainingsetof equationsis called the derivedsystem. We
keepapplying identifying, solving, andsubstitutionopera-
tionson derivedsystemuntil eitherthederivedsystemD is
empty, which meansthat K is self-contained,or thereare
no moreself-containedsubsetsthatcanbeidenti�ed, which
meansthat the setof remainingvariablesin D cannot be
solvedandD is calleda derivedstrictly under-constrained
subsets.

The following lemmashows that we canalwayssolve a
self-containedsubsetof � j , andthereforethecausalorder-
ing algorithmcanbeusedto solve � j .

Lemma 5 Thesetof equationsin anyself-containedsubset
A of � j , or in a derivedself-containedsubsetof � , are lin-
ear independent.Thatis, A canbesolvedfor uniquevalues
of thesetof variablesin A.

Proof idea: Let thesetof equationsbef (Z1); : : : ; (Zm )g.
Assumethateachequation(Z i ) matchesthevariable� Vj A i .
Thenfor every nodeZ i , thereis an active pathpi between
Z i and Vj that includesthe edgeA i $ Vj by Lemma3.
The determinantof the coef�cient matrix of the set of
equationswill containtheterm

Q
i T(pi ). This termcannot

becancelledout by any othertermbecauseany active path
betweenZ l andVj that includesthe edgeA i $ Vj must
containan edgethat doesnot appearin any of p1; : : : ; pn .
Note that theproof is similar to theproof for Theorem1 in
(Brito & Pearl2006). �

After applyingthecausalorderingalgorithmto solve � j ,
if the derived systemD is empty, thenevery � j k is iden-
ti�ed. If the derived systemD is a derived strictly under-
constrainedsubsets,thenthe setof variablesin D cannot
beidenti�ed. Thereforethis procedurewill tell which � j i 's
areidenti�able, andwhich � j i 's arenot identi�able. Then
theidenti�ability of thepathcoef�cients cj k 's canbedeter-
minedby Eq.(21). Althoughtheequationsin � 0

j areredun-
dantin thesensethatthey arenotusefulfor determiningthe
identi�ability of parameters,they leadto constraintson the
covariancematrix implied by the SEM. Finally, to decide
theidenti�ability of everypathcoef�cients in themodel,we
applythisprocedurefor eachj from 2 to n.

Thefollowing theoremstatetheconditionsfor themodel
identi�cation.
Theorem1 A P-structure-freeSEMis identi�ed if andonly
if � j is self-containedfor everyj .

An example
We illustrate the procedurewe presentedby applying it to
the model given in Figure 5. Assumethat we would like
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Figure5: A SEM
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Figure6: Thebipartitegraphrepresentationof equations

to decidethe identi�ability of the pathcoef�cients associ-
atedwith V8. First we expressc87, c86, c85 in termsof
� 87,� 86,� 85:

c87 = � 87:S87 � � 87 (22)
c86 = � 86:S86 � � 86 + � 76:S76 � 87 (23)
c85 = � 85:S85 � � 85 (24)

Thenwegivethesetof equationscorrespondingto variables
V1; V2; V3; V4:

V4 : � 84:S84 = � � 54:S54 � 85 (25)
V3 : � 83:S83 = � � 53:S53 � 85 � � 63:S63 � 86 (26)
V2 : � 82:S82 = � � 52:S52 � 85 � � 62:S62 � 86 (27)
V1 : � 81:S81 = 0 (28)

Thebipartitegraphrepresentationof thesesetof equations
is shown in Figure6, which alsoshows a maximummatch-
ing in which (V3) and (V2) are matched. Equations(V3)
and(V2) form aminimalself-containedset,andthey canbe
solvedto obtainasolutionfor � 85 and� 86

� 85 =
� 82:S82 � 63:S63 � � 83:S83 � 62:S62

� 53:S53 � 62:S62 � � 52:S52 � 63:S63

(29)

� 86 =
� 83:S83 � 52:S52 � � 82:S82 � 53:S53

� 53:S53 � 62:S62 � � 52:S52 � 63:S63

(30)

� 87 doesnot appearin any equationsand thereforeis not
identi�able. Equations(V1) and (V4) are unmatchedand
leadto constraintsimplied by themodel.More speci�cally,
equation(V1) representstheconditionalindependencecon-
straintsthatV8 is conditionallyindependentof V1 givenall
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Figure7: A SEMmodel

othervariables.Substitutingthevalueof � 85 into equation
(V4) leadsto thefollowing constraints

� 84:S84 = � � 54:S54

� 82:S82 � 63:S63 � � 83:S83 � 62:S62

� 53:S53 � 62:S62 � � 52:S52 � 63:S63

(31)

Finally, substitutingthesolutionsfor � 85 and� 86 into Eqs.
(22) to (24)weconcludethatc85 is identi�ed as

c85 = � 85:S85 �
� 82:S82 � 63:S63 � � 83:S83 � 62:S62

� 53:S53 � 62:S62 � � 52:S52 � 63:S63

(32)

andthatc86 andc87 arenot identi�able.

Conclusionand Discussions
Theidenti�cation problemhasbeenalongstandingproblem
in theapplicationsof linearSEMs.GivenaSEM,wewould
like to know which parametersin the model are uniquely
determinedby the observed covariancesandwhich param-
etersarenot, andwe would like to know what constraints
areimpliedby themodelstructureonthecovariancematrix.
In this paper, we provide a procedurefor answeringthese
questionsin aspecialclassof SEMs.

Theapplicationsof this resultmaybebroadenedby com-
bining it with a model decompositiontechniquegiven in
(Tian 2005),which shows thata modelcanbedecomposed
into a setof submodelssuchthat the identi�cation problem
canbesolvedindependentlyin eachsubmodel.It is possible
that a modelwhich is not P-structure-freemay be decom-
posedinto submodelsall of which areP-structure-free.For
example, the model in Figure 7(a) is not P-structure-free.
However (Tian 2005)shows that the identi�cation problem
canbesolvedindependentlyin thetwomodelsin Figure7(b)
and(c). Now themodelin Figure7(c) is P-structure-freeun-
der theorderW < Z < X < Y. Hence,we concludethat
theidenti�cation problemin themodelin Figure7(a)canbe
solvedby theproceduregivenin thispaper.
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