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Abstract interventional distribution, and call the distributid®(v)
non-experimental distribution.
We use the implicitization procedure to gener-  The validity of a causal model can be tested only if it has
ate polynomial equality constraints on the set of  empirical implications, that is, it must impose constraint
distributions induced by local interventions on on the statistics of the data collected. A causal BN not only
variables governed by a causal Bayesian network  jmposes constraints on the non-experimental distribution
with hidden variables. We show how we may re- but also on the interventional distributions that can be in-
duce the complexity of the implicitization prob- duced by the network. Therefore a causal BN can be tested

lem and make the problem tractable in certain  and falsified by two types of data, observational, which are
causal Bayesian networks. We also show some  passively observed, and experimental, which are produced
preliminary results on the algebraic structure of by manipulating (randomly) some variables and observing

polynomial constraints. The results have appli-  the states of other variables. The ability to use a mixture of
cations in distinguishing between causal models  observational and experimental data will greatly increase
and in testing causal models with combined ob- our power of causal reasoning and learning.

servational and experimental data. i o
There has been much research on identifying con-

straints on the non-experimental distributions implied by
1 Introduction a BN with hidden variables [Verma and Pearl, 1990,
Robins and Wasserman, 1997, Desjardins, 1999,

The use of graphical models for encoding distribu-Spirteset al, 2001, T“”Y“ and Pearl,2002]. In algebraip

tional and causal information is now fairly standard methods, BNs are defined parametrically by a polynomial
[Heckerman and Shachter, 1995 Lauritzen 2000mapping from a set of parameters to a set of distributions.
Pearl, 2000, Spirtest al 2'001] ' The most com’mon The distributions compatible with a BN correspond to a

such representation involves causal Bayesian network semi-algebraic setwmch can .b-e descnped W'th a finite
(BN), namely, a directed acyclic graph (DAG)which, in numper of polynomial (.aqualme;.and |n¢qualltlg§. n
addition to the usual conditional independence interpretap”nc'ple’ these polynomial equalities and inequalitiaa ¢

tion, is also given a causal interpretation. This addiiiona_be derived by the quantifier elimination method presented

feature permits one to infer the effects of interventions'" [Geiger and Meek, 1999]. However, due to high com-

or actions, such as those encountered in policy analysis?mat'onal demand (doubly exponential in the number of

treatment management, or planning. Specifically, if anprobablhstlc parameters), in practice, quantifier eliain

external intervention fixes any sé&tof variables to some tion is I|1n|ted to mgdgls with df(la\\/IN nEnlt;egrBOf pgoba_blllggg 4
constantst, the DAG permits us to infer the resulting parameters. [Geiger and Meek, , oarcia, '

post-intervention distribution, denoted By(v), from the Garciaet al., 2005] used a procedure callgdplicitization

pre-intervention distributio(v). The quantityP;(y), often tct) getneratethmdeé)endegce and n()_n-lncite?edr_]dte_r;c?_ con-
called the “causal effect’ of on'Y, is what we normally straints on the observed non-experimental distributions.

assess in a controlled experiment withrandomized, in 'Lhess c;pnstr:mts co|r|1$|s;[ ofba ;et of pr?lynom|al_ equalltles
which the distribution ofY is estimated for each level 13t define the smallestigebraic setthat contains the

t of T. We will call a post-intervention distribution an seml-algebralc set. [Garce_ﬁ al, 2005] analyzed the
algebraic structure of constraints for a class of small BNs.
![Pearl, 1995, Pearl, 2000] used the notati®v|se(t)), . . .
P(vido(t)), or P(vif) for the post-intervention distribution, while Algebraic approaches have been applied in causal
[Lauritzen, 2000] use@(v[t). BNs to deal with the problem of the identifiabil-



ity of causal effects [Riccomagno and Smith, 2003,V of discrete variables that correspond to the vertices in
Riccomagno and Smith, 2004]. However, to the besiG.? In this paper, we will assume a topological ordering
of our knowledge, the implicitization method has notV; > ... > V,in G. V; is always a sink and/, is al-
been applied to the problem of identifying constraints onways a source. The interpretation of such a graph has two
interventional distributions induced by causal BNs. components, probabilistic and causal. The probabilistic i

In this paper, we seek the constraints imposed by a Caust<?rpretat|on viewss as representing conditional indepen-

BN on both nonexperimental and interventional distribu-gence restrictions of. Each variable is independent of

tions. When all variables are observed, a complete chara all its non-descendants given its direct parents in thefgrap
o . . ed, a compiete Shese restrictions imply that the joint probability furosti

terization of constraints on interventional distribusam- ) = P(v vy factorizes according to the product

posed by a given causal BN has been given in [Pearl, 200(5:,’ T e 9 P

pp.23-4]. In a causal BN containing hidden variables, a 3 e

class of equality and inequality constraints on interven- P(v) = H P(vilpa) (1)

tional distributions are given in [Kang and Tian, 2006]. In

this paper, we propose to use the implicitization procedurgvherepa are (values of) the parents of variablgin G.

to generate polynomial constraints on interventionakdist

butions induced by a causal BN with hidden variables. TheThe 'causal |n'[|grp;|retatlon \t/)lews the ﬁ\rrowsﬂras rzF’re' .
main challenges in applying the implicitization proceduresentmg causal Influences etween the corresponding vart-
on interventional distributions are: ables. In this interpretation, the factorization of (1)Isti

holds, but the factors are further assumed to represent au-
N C tational lexity Th . | tonomous data-generation processes, that is, each condi-
(i) Computational complexity The generic complex- tional probability P(vi|pa) represents a stochastic process

'ttg of |m|BI|C|t|zfat|or) IbSI known ttc)) be fexponentt|al "} by which the values oY/ are assigned in response to the
€ number of variables ("‘“”_‘ er ol parameters 1on 5 a5 pa (previously chosen fol;’s parents), and the
this problem). When we consider interventional dis-

Lo ; : stochastic variation of this assignment is assumed inde-
tributions, the number of variables greatly increase

d to th ¢ : tal distrib Spendent of the variations in all other assignments in the
comparec 1o the case of hon-expenmental distribu,, ¢ Moreover, each assignment process remains invari-
tion, which makes the computation infeasible even for

ant to possible changes in the assignment processes that
small causal BNSs. govern other variables in the system. This modularity as-
(i) Understanding structures of constraintsFinding a ~ Sumption enables us to predict the effects of interventions
syntactic structure of the constraints computed by im_vyhenever interventions are described as specific mod|f|ca—
plicitization also becomes complicated. tions of some factors in the product of (1). The simplest
such intervention, calledtomic involves fixing a seT of

To deal with challenge (i), we show two methods to re.Variables to some constants= t, which yields the post-

duce the complexity of the implicitization problem. We il- intervention distribution

lustrate our method showing a model in which the generic P(y) = [Tiver) P(Ipa) v consistent with. @
implicitization procedure is intractable while our metsod 't 0 v inconsistent with.

can solve the problem. We also show an example of new

constraints on interventional _distributions that are rii-C  Eq. (2) represents a truncated factorization of (1), with fa
tured by the types of constraints in [Kang and Tian, 2006]tors corresponding to the manipulated variables removed.
To deal with challenge (i), we present some preliminary This truncation follows immediately from (1) since, assum-
results on the algebraic structure of polynomial constsain ing modularity, the post-intervention probabilitieés|pa)

on interventional distributions implied by certain classé corresponding to variables ifi are either 1 or 0, while
causal BNs with hidden variables. We also present somehose corresponding to unmanipulated variables remain un-
preliminary results in causal BNs without hidden variaples altered. IfT stands for a set of treatment variables ahd
which are often useful in understanding syntactic str&sur for an outcome variable i \ T, then Eq. (2) permits us to

of the constraints for BNs with hidden variables. calculate the probabiliti?;(y) that eventy = y would occur
if treatment conditioT = t were enforced uniformly over
2 Preliminariesand Problem Statement the population.
_ _ When some variables in a Markovian model are unob-
21 Causal Bayesian Networksand Interventions served, the probability distribution over the observed-var

. , ables may no longer be decomposed as in Eq. (1). Let
A causal Bayesian network, also known asMarkovian  , _ {Vi,...,Va}andU = {Uy,..., Uy} stand for the sets

mode] consists of two mathematical objects: (i) @ D5 f ghserved and unobserved variables respectively. B no
called acausal graphover a seV = {V4,...,V,} of ver-
tices, and (ii) a probability distributioR(v), over the set 2We only consider discrete random variables in this paper.



variable is a descendant of anyvariable, then the corre-
sponding model is called semi-Markovian modelln this
paper, we only consider semi-Markovian models. How-

ever, the results can be generalized to models with arpitrar
unobserved variables as shown in [Tian and Pearl, 2002]:9i

In a semi-Markovian model, the observed probability dis-
tribution, P(v), becomes a mixture of products:

P = ) [ | Pilpa. u)P) 3

wherePA andU' stand for the sets of the observed and
unobserved parents &, and the summation ranges over
all theU variables. The post-intervention distribution, like-
wise, will be given as a mixture of truncated products

Py(v)
Z rl P(vilpa, u)P(u) v consistent with.

= u (ivigT)
0

Assuming thav is consistent with, we can write

Pu(v) = P(v\ 1)

4

v inconsistent with.

(®)

In the rest of the paper, we will usg(v) andP;(v\ t) inter-
changeably, always assumiadpeing consistent with

2.2 Algebraic Sets, Semi-algebraic Setsand Ideals

constraints computed by the implicitization problem mean
algebraically.

Let Py« denote a set of interventional distributions. For
xample, P ={P(v1, V2), Pv,21(V1 = 1,w)} contains a
on-experimental distributioP(vy,v,) and an interven-
tional distributionPy,—1(V1 = 1,Vv,) where the treatment
variable V; is fixed to 1. We will regardP(v) to be a
special interventional distribution whefie = ¢ allowing

it to be in Pw. Let P, denote the set of all interven-
tional distributionsP, = {P{(VW)IT c V.t € Dm(T),v €
Dm(V), vis consistent with} whereDm(T) represents the
domain of T. For example, leV = {Vi,V,} where both
variables are binary, theR, {P(v1,V2), Py,=1 (V1 =
L), Pyi—a(V1 = 2,W0), Py,—1(vq, Vo = 1), Py,—o(v1, Vo =
2)}.

We can describ®;,, in terms of a polynomial mapping
from a set of parameters to the distributions as follows.

First, consider a causal B without hidden variables.
Let Vy,...,V, be the vertices os. We denote the joint
space parameter definirig(v) for v consistent witht by

p, and the model parameter definiffvi|pa) by q{,ipa.

The model parameters are subjected to the linear rela-
tions Y, 0 pa 1. Thus, we have introduced} (-

1) [1ijiv,epa) dj model parameters for the vertdk where

d = |IDm(V;)l. Let Jp,,, denote the set of joint space

We briefly introduce some concepts related to algebraic geparameters associated wiy,,, and M denote the set of

ometry that will be used in this paper.

The set of all polynomials inxy,..., X, with real co-
efficients is called apolynomial ring and denoted by

R[X1,...,%]. Let fi,...,fs be the polynomials in
R[X1,...,%]. A variety or analgebraic set Yfy,..., fs)
is the sef{(ay,...,a,) € R": fi(ag,...,a,) = Oforall1 <

i < s}. Thus, an algebraic set is the set of all solutions of a

system of polynomial equations.

A subsetV of R" is called asemi-algebraic seif V =
UL NiL (X e R Pj(X) i) 0f whereP;j are polynomials
iINR[X1, ..., X,] and < is one of the comparison operators

{<,=,>}. Informally, a semi-algebraic set is a set that can
be described by a finite number of polynomial equalities

and inequalities.

Anideal | is a subset of a ring, which is closed under addi-

tion and multiplication by any polynomial in the ring. The {

ideal generated by a set of polynomigis. . ., gy is the set
of polynomialsh that can be written ds= Y ; figi where
f, are polynomials in the ring and is denotedy, . . ., On)-
The sum of two ideal$ andJisthe setl + J = {f + g :

f €1, g e J} and it holds that ifl = (f;,..., f;) and
J=(01,...,Qs), thenl + I =(fy,..., f,01,...,Qs).
2.3 Problem

We now define thémplicitization problem for a set of in-
terventional distributions. We explain what the polynomia

model parameters. For example, consider a simple causal
BN Vi « V5 in which both variables are binary. Let
Pintv be the set of two distributiondP(vy, Vo), Py,-1(V1 =

LVvz)}.  Then, Jp,, =(P11. Pr2. Po1. P2, Py p\l}fl} and
M = {q},, a1, 92}. The mapping related to (2) is
¢ . RM — R‘]Pimv’
p{/ = 1—[ qivi pa (6)
fiIVigT)

whereRM andR*nv denote the real vector space of dimen-
sion|M| and|Jp,,, | respectively. (6) induces a ring homo-
morphism

® : R[Jp,] = RIM]. (7)
Second, consider a causal B\with hidden variables. Let
Vi,...,Vp} and{Uy, ..., Uy} be sets of observed and hid-
den variables respectively. We denote the joint space pa-
rameters definin,(v) for v consistent witt by p!, and the

model parameters definiR(vi|pa, u') andP(u;) by qili oau

andrljJJ respectively. The joint space parameters and the
model parameters form two rings of polynomi&glp, ]
andR[M]. The mapping related to (4) is

7 RM 5 R%Pinw,

p= > []

Up...Uy (i[VigT}

(8)

w
qi _ 1_[ rl
v pg Ul Ui+
j=1



v, on the analysis of the computed constraints. In this section

v / \ we give a preliminary result on the algebraic structure of
N the constraints for a set of interventional distributioss a
/ \ Vo 15 sociated with causal BNs without hidden variables. The
v, V, problem of characterizing the structure of the constraints
|24 for arbitrary set of interventional distributions is stiben.
(a) (b) We show a few cases in which the constraints can be nicely
described by a simple set of polynomials.
Figure 1: Two causal BNs. 3.1 Onelnterventional Distribution

SupposePi,,, contains only one interventional distri-
(8) induces a ring homomorphism bution Py(v). For non-experimental distributiofP(V),
[Garciaet al,, 2005] showed that

¥ 1 R[Jp,,] — RIM]. ©)
ker@) = (locai) : P) + () -1 (10)

By Tarski-Seidenberg theorem, the imagepd(or ) cor-
responds to a semi-algebraic set, which can be describeghere | ocqic) is the ideal associated to the local Markov
by a set of polynomial equalities and inequalities. Findingproperty on a BNG and p is the product of all linear
all of these equalities and inequalities is usually infelesi  forms Piotvin = Z Puvivisv, @andl < = (g e

In this paper, we choose to find a set of polynomial equal- "

ities that define the smallest algebraic set that conta@s thR[J;p] | gfN € |, for someN} denotes thesaturationof
image of¢ (or 7). These polynomial equalities are a sub- | by f.

set of the constraints that describe the image @br n)
and turn out to be equal to tikernelof the ring homomor-
phism® (or ¥). Thekernelof ®, denoted by ke®) is the
ideal consisting of all polynomial§ in R[Jp,,,] such that local@G) = {Vi L ND(V))IPA(V)) :i=1,....n}  (11)
®(f) = 0. Thus, the vanishing of the polynomial equali-

ties in ker(d) and kerl) is a necessary condition that there ywhere NDY/;) denotes the set of nondescendentsjdh G
exist the model parameters in (6) and (8) respectively. Theind PAY;) denotes the set of parents\4fin G.

process of computing keb is calledimplicitization

The local Markov property ofs is the set of independence
statements

For example, consider the causal BNn Figure 1 (a). As-

Our goal is to compute and analyze the kernels for causeﬂutme thé\tha” varilables arle bin;\;y- Th\/e I|o§:/al MF%VKOV prop-
- - - : erty onG has only one element; 1 V, | Va. The con-
BNs with or without hidden variables. straints induced by an independence statemfnt,B | C

are given by the vanishing of the polynomials
3 Causal Bayesian Network with No Hidden

. P(A=a,B=b,C=c)P(A=a,B=b',C=c
Variables ( P )

-P(A=a,B=b,C=c)P(A=a,B=b,C=0) (12)

Consider a causal BK6 and a set of interventional dis- for all @, &, b, b/, c. Thus, the idealiocale) associated with
tributions Piyy.  If checking whether eacRi(v) € Piny  the local Markov property o is
factors as in (2) is the only goal, it is not necessary to
solve the implicitization problem since you can use the liocaie) = (P111P221 — P121P211, P112P222 — P122P212).
constraints (2) given by the definition or the constraints (13)
given in [Pearl, 2000, pp.23-4]. However, we study the
implicitization problem for a set of interventional distri
butions associated with a causal BN without hidden vari- 0% o) . .

. . local@G) - p localG) - (plll- - P222P+11 - - - Pr22Ps+1 p++2)
ables, since we expect that the structure of the constraints ~local)- (14)
for a causal BN without hidden variables may reveal
some syntactic structure of the constraints for a causal BNFrom (10), it follows that
with hidden variables. For non-experimental distribution
[Garciaet al, 2005] showed that the constraints for a BN ker@) = liocaie) + <va -1, (15)
without hidden variables can help finding the structure of v
the constraints for a BN with hidden variables.

For this particular BNG, it turns out that

In general, however, kel{) does not coincide withgcag).-
Since the computation of the constraints for causal BNg-or example]ocai) : P for the causal BNG in Figure 1
without hidden variables is relatively easy, we will focus (b) includes 16 additional generators other thggc).



The above result can be applied to an arbitrary intervenfrom (15), it follows that
tional distributionP;(v). We see that the mapping in (6)
defined forP;(v) and G is equivalent to the mapping de-

fined for P(v \ t) andG(V \ T) whereG(C) denotes the

subgraph ofc composed only of the variables@ Thus,
the following holds.

Proposition 1 Let® be a ring homomorphism

© : R[Jp,y] = RIM] (16)
induced by (6). Then, we have
ker@) = (locaigonmy * P+ Py -1 (17)
V\t
wherep is the product of all linear formp+_,,+vir+1...vik when

V\T = {Vil,...,Vik},Vi1 > ... >Vik-

3.2 All Interventional Distributions

Consider the set of all interventional distributidRs For
any joint space parametgy, we have

S [ A (18)

{ilvigT} {ilvigT}

Thus, every joint space parameter can be written as the

product of some other joint space parameters. Then,

ker@) = ¢pl,— [ | pi™: w0,

{iVigT)

(19)

3.3 Two Interventional Distributions

Consider the case in whid®, has two distributions. We
show some cases in which ké¥)(can be described by a

simple set of polynomials.

Consider the causal Bl in Figure 1 (a) where all vari-

ables are binary. SuppoBgy = {P(v), Py,=1(v)}. We have
the following relation betweem;' and p,. For anyv,
andvs,

p\llxgvi = Z Puivavs - (20)
Vi
Let ® denote a ring homomorphism
@ : R[Jip) py,s(vavsit] = RIM]. (21)

Since the joint space parameﬁ(;:\é for anyv, andvs is a
polynomial function of some of joint space parametgys
we have

ker@) = ker@") + Pyt = > Puwys 1 VW2, Va) - (22)
Vi

where®’ denotes the ring homomorphism

@t R[Jpy] = R[M]. (23)

ker@) =liocae) + (va -1+ <p\1/32=vz - Z Puvovs & YV2, V3).
W Vi
(24)

Note that the equation in (20) holds because th¢\5et/3}
contains its own ancestors {B. We have the following
proposition.

Proposition 2 SupposéRy = {P(v), Py(v)}. Let® and @’
be ring homomorphisms

@ : R[Jpw.pon] = RIML, @ 1 R[Jpwy] = R[M].  (25)

If V\ T contains its own ancestors in G, we have

ker(@) = ker@’) + (pl, - Z By 1 V(V\ D). (26)
t

The relationship between two distributions in the above
proposition is the result of Lemma 3 in Section 4.

Now consider the causal B in Figure 1 (a) and sup-
pose thatPiny = {P(V), Py,=1(V)}. In this casePy,-1(v)
cannot be represented as a polynomial functiorP@4).
However, we can describe the generators ofdggs fol-
lows. Given an instantiation of all the variablesand an
Instantiation of treatment variablds let Veons = {Vi €
V\ T | vipa in vis consistent with} and consg, t) denote
the instantiation of/ obtained by replacing the inconsis-
tent variables inv with the values ot. For example, for
G in Figure 1 (a), ifv = (V1 = LV, = 1,V3 = 1) and
t = (V2 = 2), thenV¢ons = {V1, V3} and cons(, t) = (V1 =
1,V, = 2,V3 = 1). We have the following lemma.

Lemmal SupposdR = {P(V), Pi(v)}. Let®, @ and®”
be ring homomorphisms
@ : R[] = RIM], @ 1 R[Jipy] — R[M]

" : R[Jpw] = R[M]. @7)

If for any two vertices Vand V; in V\ T, \ is neither \{’s
ancestor nor its descendent, then

(i) there exist two disjoint subsets;\# {A, ..
W, = {C4,...,Cy} of T such that

.,A} and

A>...>A>B>...>Bj>C;>...>C (28)

is a consistent topological ordering of variables in G

where V\T = {By,..., B} and
(ii)
ker(@) =ker(@") + ker(®")
+ (f(v,1) Z pV—ZpV:Vv> (29)
W1, Veons W1
where
f(v.1) = D Plonguoy: (30)

{iVi€Vcons Veons\Vi



See the Appendix for the proof. induced by the mapping

We can use Lemma 1 to compute ke for the causal BN .
G in Figure 1 (@) anPinty = {P(V), Py,-1(V)} sinceV; is t ; i
neitherV,'s ancestor nor its descendent. It turns out that P = 1—[ %, pau 1_[ ry;- (34)
- (iIVigT) j=1
ker(@) =ker@) + ker@”) + (p,%; Z Pryvol — Puywon & YV, Vo)
V1.V2

Vasi For the non-experimental  distribution P(v),
ocaie) + <Zv: B = 1) + locateva vy + (), B = 1) [Garciaet al, 2005] showed that

V1,v2

O D Puaiat = Pt T Y, V2, (31) ker(¥) = ker@) N R[J;p]. (35)
V1.V2
It can be naturally extended to the case of arbitf@gy;.
. . . We have
4 Causal Bayesian Network with Hidden
Variables ker(¥) = ker@) NR[Jp, 1. (36)

Solving the implicitization problem for a causal BN with Following [Garciaet al, 2005], kerf) can be computed
hidden variables has a high computational demand. Th& two steps. First, we compute kéx) corresponding to
implicitization problem can be solved by computing athe case where all variables are assumed to be observed.
certain Groebner basis and it is known that computingThen we compute the subset of k&) (hat corresponds to

a Groebner basis has the generic compleri§Ug®™)  the polynomial constraints on observable distributions. W
wherem s the number of equationg,is the degree of the have implemented our method using a computer algebra
polynomials ancN is the number of variables. In our im- system, Singular [Greuet al., 2005].

plicitization problemsN is the sum of the number of joint

space parameters and model parameters. Consider the il2  Reducing the Implicitization Problem Using
plicitization for non-experimental distribution. The num K nown Constraints

ber of joint space parameters for non-experimental distri-

bution isd; ... dy. Solving the implicitization problem be- We can reduce the complexity of the implicitization prob-
comes intractable as the number of vertices in the causam by using some known constraints among interventional
BN and the domains of variables increase. Now considedistributions. Given the set of joint space paramefgrs,

the cases in which we have a set of interventional distrisuppose that we have some known constraints andgng
butions. The number of joint space parametersHpiis  stating that a joint space paramepéican be represented as
di...dn(d:...dn - 1). This greatly increases the complex- a polynomial function of some other joint space parameters
ity of the already hard problem. In this section, we showin Jp_ \ p!. Then, the relation reduces the implicitization
two methods to reduce the complexity of our implicitiza- problem as follows. Lef be a polynomial function such
tion problem. that

41 Two-step Method L= f(Ip,, \ BY) @37)

[Garciaet al., 2005] proposed a two-step method to com-and let¥ and¥’ be two ring homomorphisms

pute ker) for a BN with hidden variables and non-

experimental distribution. Itis known that this methodusu ¥ : R[Jp,,] — R[M], ¥’ : R[Jp,,, \ p.] — R[M]. (38)
ally works faster than direct implicitization. We applydt t

our problem in which we have a set of interventional distri- Then, we have

butions.
ker(¥) = ker(®’) + (p\, — f(Jp L)). 39
Suppose we have a causal BNwith n observed variables ®) () + (P, = TP \ P (39)

Vi,...,Vn andn’ unobserved variableds,...,Uy and @ Thjs suggests that the more we find such relations among

ring homomorphism defined in (9). We den@®g,, be the  proplem. The following two lemmas provide a class of
set of joint distributions assuming that &li,...,Uy are g ch relations.

observed ) )
U A c-components a maximal set of vertices such that any
Pint = {PlVU)IP(V) € Piny}. (32)  two vertices in the set are connected by a path on which
Let @ denote the ring homomorphism every edge is of the form-- U --> whereU is a hidden

variable. A sefA C V is called arancestral seif it contains

D R[‘]P.‘éw] — R[M] (33) its own observed ancestors.



procedure PolyRelations(G,Jp, ) U, U

INPUT: a causal BNG, joint space parameteds,,, associ- SN
ated with a set of interventional distributioRg;, S o AR
OUTPUT: a sub§e_ﬂ,’,lmv C Jpi qf joint space parameters 'arjd Vie—Vy—Vs+—V, Vie— Vs s
the ideall containing polynomial relations among the joint
space parameters

Initialization: (a) (b)
|l <0
Pintv < ‘]Pintv . X i .
Step 1: Figure 3: Two causal BNs with one hidden variable.

For each p, € Jp,
LetHy,..., H, be the c-components in the subgraph

G(V\T). computed byPolyRelations. Then,
L1+ (pL—1] [py"
B ]—[p : ker(¥) = ker(¥’) + | (42)
Jl/:’mtv < J{Dinlv \ ps/
Step 2: where¥’ is a ring homomorphism
For each pf, € Jp
If there is a joint space parametgrthat satisfies ¥ R[Jp ] — RIM]. (43)
(I) C g T g V intv
(i) V\ T is an ancestral set B(V \ C)
then To illustrate the procedure, consider a causal BNvith
I —1+(p,— Zp3> four observed variableg;, V-, V3, V4 and one hidden vari-
, , e ableU; in Figure 3 (a). We will compute keH) for the set
oy < o \ Py of all interventional distribution®, usingPolyRelations.

In Step 1, we find that most of joint space parameters can

Figure 2: A Procedure for Listing Polynomial Relations be represented as the product of other parameters. For ex-
among Interventional Distributions ample, we have

px1 — pxlwm pxlvzw pxlv2v3 ( 4 4)
Lemma 2 [Tian and Pearl, 2002let T € V and assume _ N )
that V\ T is partitioned into c-componentsyH.. H in ~ SiNC€V \ Vi = {V,V3,Va} is partitioned into three c-
the subgraph @/ \ T). Then we have components$Va}, {V3} and{V,}. Also,

PV = [ [Pun): (40) Pl = P P (45)

sinceV \ Vo, = {Vi,Vs3,Vy} is partitioned into two c-
Lemma3 [Tian and Pearl, 2004]let CC T C V. If V\ T  component$Vy, Vs} and{Va}. The only joint space param-
is an ancestral set in / \ C), then eters that do not decompose in Step 1 are

PY) = > Pe(v). (41) PU, PY, U, pe and plet. (46)
ne Thus, after Step 1 we have

We give a procedure in Figure 2 that lists a set of poly- N
nomial relations amon®;.,, based on these two lemmas. n
Given a set of joint space parametégg,, it outputs asub-  |n Step 2, we find that
setJp of Jp,, which contains the joint space parameters
that cAnnot be represented as a polynomial function of other P = )" pie andppes = 3 ples (48)
joint space parameters, and the idegkenerated by all the
relations found by Lemma 2 and Lemma 3. In Step 1, we
look for the parameters that can be represented as the pro&mcev\ (V2, V3, Va} = (V1] andV'\ {Va, Vo, Va} = (V5] are

uct of other parameters using Lemma 2. In Step 2, we ﬁn(gncestral Sets IG(V \ {V2, Val) = G({V1, Vs}). After Step

the parameters that can be represented as the sum of othier'® have

parameters using Lemma 3. We have the following propo-
sition.

= J1Puyuy (V)-Puyusis (V)-PogipisW:Pagvgs Py - (47)

Jore = IPupuy (V):Puyvgs ). Pepvpis () (49)

andl is generated by all the relations found in Step 1 and
Proposition 3 Given a set of interventional distributions 2. Finally, we have

Pinwv, @ causal BN G with hidden variables and a ring ho- /
momorphism¥ defined in (9), let§ and I be the resuits ker(¥) = ker(¥”) + 1 (50)



where¥ is the ring homomorphism 5 Conclusion and Future Work
PRy, ]~ RIM]. (1) We obtain polynomial constraints on the interventional dis
Moreover, we find that ke¥(’) can be represented as tributions induced by a causal BN with hidden variables,
ker(¥,) + ker¥,) + ker(¥3) where via the implicitization procedure. These constraints tiens
tute a necessary test for a causal model to be compatible
with given observational and experimental data. To apply
these constraints to finite data in practice, an important fu
ture work is to design test statistics for non-independence
constraints. Another future work is to study how to use
these constraints in the model selection process. We are
ker¥) = ker(¥1) + ker(¥>) + ker(¥3) + I. (53) investigating a model selection method that uses a new

S goodness-of-fit score based on the geometric distance be-
Compared to the original implicitization problem of com- +\een data and a model.

puting ker’) involving 240 joint space parameters which

is intractable, we now have three small implicitization We are also working on the general characterization of
problems. Computing kef,) involves 12 joint space the constraints computed by implicitization for causal BNs
parameters and each of the computation of Kgr(and  Without hidden variables, which will be helpful in finding

ker(¥s) involves 2 joint space parameters. The reducedhe algebraic structure of the constraints implied by causa
problem can be solved easily. BNs with hidden variables which typically have compli-

cated structures.

P11 Ry, my] = RIM], P2 R[Jpy, 0, 0] = R[M]

V1Vov3 W)

since the mappings inducing,, ¥, and¥; do not share
model parameters. This gives

Note thatJ,;imV computed byPolyRelations in the above

example contains only the joint space parameters related chnowledgments

c-components i. This holds generally foB in which the

subgraphG(C) for each c-componer@ of G has no edges. This research was partly supported by NSF grant IIS-

0347846.
Proposition 4 Let Cy,...,C, be c-components of a causal

BN G. If every subgraph (€;) has no edges, then
ker(W) = ker(¥1) + ... + ker(®)) + | (54)

Appendix : Proof of Lemma 1

We define the idedl associated witld.

I =(py - nqi,ipa DYV + (pl - 1_[ ypa - Y(V\1).  (57)
it R[Ip,q ] = R[M] (55) ' et
The elimination ideall N R[Jpw).p,v;] iS equivalent to
and | is the ideal computed by the procedirelyRela- ker(®). The idea is that we can represérds the sum of
tions. three ideal, I, andl3 such that the model parametergin
and those i, are disjoint and no model parameter appears
The implicitization problem for a large causal BG is N lsand thus
computationally feasible i5 has the structure described ker(@) =I N R[Jpw) ]
in Proposition 4 and the size of each c-componer iis =13 NR[Jpwy] + 12 NR[Ipy] + I3
small. Our method becomes infeasible as the size of each =ker(@’) + ker(@”) + . (58)
c-component grows.

where

. _Letly = (py—TI; qi/ipa :Yvy andl; = <pE/_H{i|Vi¢T] Qi/ipa :
In general, there may be some constraints that are not iy, \ )y, 'We will replace each generator In with two

cluded in the constraints for each c-component and cannat, h I ial | ial hich i
be found by Lemma 2 and 3. For example, for the causafthe" Polynomials and add one polynomiallgowhich is
BN G in Figure 3 (b), we find the following constraint by Initially empty as follows.

the method in Section 4.1 using the Singular system: For any polynomiap, — [T, qi/.pa’ we have

Vo=2 Vp=1 Vo=2  Vo=1 Vo=2 V=2
p222p1§2 pzil + p222p1§2 pziz + p212p152 ngl Py — nql (59)
\p=1, Vp=2 Vo=l Vo=2  Vo=2 V=1 Vp=2 L vipa
* P122P515 Popr + Pa22Poin Pozn — P12z Polo Poy !
Vo=2  Vp=2 Vo=1 V=2 Vo=1 Vp=2 _ i i i
+ P12Py5y Pazs — Pr2aPody Posy” + P222Pyss Pojy - p\,—( H q"ipai)( l_l q"ipa{)( l_l q"ipﬁ)
Vo=2 Vp=1 _Vp=2 Vo=2 Vp=2 Vo=1 V=2 Vp=2 {ilViews} {iIVieV\T} {iIVieW,}
- p1§2 pziz pz%z + p212p2§1 p2§2 - pziz ngl ngz _— ( I—l CI{, )(Z pv) (60)
Vo=2 V=2 Vo=l Vo=2 V,=2 V=1 V=2 =B P&
+ P212P355 Pazp” — Paiz Pazo Paza” — PzaPai; — Pa12Paz; {ilVieW; } I Wy
Vo=1 V=2
+ pziz p2§2 (56) since
L . ; i
which is in ker®) but cannot be induced by Lemma 2 and Yov=( [ dua) [ diga)
3. Wy {iIVieV\T} {iIVieW,}



isinl. Also,
2 _ [ i n Gl pa)
wy (iIVieV\T) (iIV Vs
[

:va_( l_[ Qi/ipa)(_
W {iIViE(VAT)\Veond

{iIVi€Vcons

(] diwa)

{ilVieW,}

Glpa)

From the property that any two verticésandV; in V\T,
V; is neitherV;’s ancestor nor its parent, it follows that the

polynomial
Z p\/ _( q:/,pa)( l_l qi/ipa) (61)
W1,Veons {iIVie(V\T)\Vconst {iIVieW,}
isinl. Thus,
Z p\,—( _ I_[ qi/ipa)( _ I_[ qi/ipa.')
wy {iVieV\T} {iIVieWs}
:va_(_ I_[ lpa ) Z p.)
Wy {ilVieVcons W1, Veons
= Z pv—( I_[ Z ptconiv,t))( Z pv) (62)
Wy

{iIVi€Vcons Veons\Vi W1,Veons

We replace the polynomial (59) with the polynomials (60)

and (61) and add the polynomial (62)Itp After process-
ing every polynomial ifl;, we have three idedl, I, andls
with the desired property
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