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Abstract

A linear causal model with correlated errors, represented by a DAG with bi-directed
edges, can be tested by the set of conditional independence relations implied by the model.
A global Markov property speci�es, by the d-separation criterion, the set of all conditional
independence relations holding in any model associated with a graph. A local Markov
property speci�es a much smaller set of conditional independence relations which will im-
ply all other conditional independence relations which hold under the global Markov prop-
erty. For DAGs with bi-directed edges associated with arbitrary probability distributions,
a local Markov property is given in Richardson (2003) which may invoke an exponential
number of conditional independencies. In this paper, we show that for a class of linear
structural equation models with correlated errors the local Markov property will invoke
only linear number of conditional independence relations.For general linear models, we
provide a local Markov property that often invokes far fewernumber of conditional inde-
pendencies than that in Richardson (2003). The results haveapplications in testing linear
structural equation models with correlated errors.

1 Introduction

Linear causal models called structural equation models (SEMs) are widely used for causal rea-
soning in the social sciences, economics, and arti�cial intelligence (Duncan, 1975; Bollen,
1989; Spirtes et al., 2001). One important problem in the applications of linearcausal mod-
els is testing a hypothesized model against the given data. While the conventional method
involves maximum likelihood estimation of the covariance matrix, an alternative approach has
been proposed recently which involves testing for the conditional independence relationships
implied by the model (Spirtes et al., 1998; Pearl, 1998; Pearl and Meshkat,1999; Pearl, 2000;
Shipley, 2000, 2003). The advantages of using this new test method instead of the traditional
global �tting test have been discussed in Pearl (1998); Shipley (2000); McDonald (2002); Ship-
ley (2003). The method can be applied in small data samples and it can test “local” features of
the model.
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To apply this test method, one need be able to identify the conditional independence re-
lationships implied by a SEM. This can be achieved by representing the SEM witha graph
called a path diagram (Wright, 1934) and then reading independence relations from the path
diagram. For a linear SEM without correlated errors, the correspondingpath diagram is a di-
rected acyclic graph (DAG). The set of all conditional independence relations holding in any
model associated with a DAG, often called a global Markov property for theDAG, can be read
by the d-separation criterion (Pearl, 1988). However, it is not necessary to test for all the inde-
pendencies implied by the model as a subset of those independencies may implyall others. A
local Markov property speci�es a much smaller set of conditional independence relations which
will imply (using the laws of probability) all other conditional independence relations that hold
under the global Markov property. A well-known local Markov property for DAGs is that each
variable is conditionally independent of its non-descendants given its parents (Lauritzen et al.,
1990; Lauritzen, 1996). Based on this local Markov property, Pearland Meshkat (1999) and
Shipley (2000) proposed testing methods for linear SEMs without correlated errors that involve
at most one conditional independence test for each pair of variables.

On the other hand, the path diagrams for linear SEMs with correlated errorsare DAGs with
bi-directed edges ($ ) where bi-directed edges are used to represent correlated errors.A DAG
with bi-directed edges is called anacyclic directed mixed graph (ADMG)in Richardson (2003).
The set of all conditional independence relations encoded in an ADMG can still be read by (a
natural extension of) the d-separation criterion (called m-separation in Richardson, 2003) which
provides the global Markov property for ADMGs (Spirtes et al., 1998; Koster, 1999; Richard-
son, 2003). A local Markov property for ADMGs is given in Richardson (2003), which, in the
worst case, may invoke an exponential number of conditional independence relations, a sharp
difference with the local Markov property for DAGs, where only one conditional independence
relation is associated with each variable. Shipley (2003) suggested a methodfor testing linear
SEMs with correlated errors but the method may or may not, depending on the actual models,
be able to �nd a subset of conditional independence relations that imply all others.

In this paper, we seek to improve the local Markov property given in Richardson (2003)
for linear SEMs with correlated errors. The local Markov property in Richardson (2003) is
applicable for ADMGs associated with arbitrary probability distributions. Speci�cally, only
semi-graphoid axioms which must hold in all probability distributions (Pearl, 1988) are used
in showing that the set of conditional independence relations speci�ed bythe local Markov
property will imply all those speci�ed by the global Markov property. On theother hand, in
linear SEMs, variables are assumed to have normal distributions, and it is known that normal
distributions also satisfy the so-called composition axiom. Therefore, in this paper, we look for
local Markov properties for ADMGs associated with probability distributionsthat satisfy the
composition axiom. We will show that for a class of ADMGs, the local Markov property will
invoke only one conditional independence relation for each variable, and therefore the testing
for the corresponding linear SEMs will involve at most one conditional independence test for
each pair of variables. For general ADMGs, we provide a procedurethat reduces the number of
conditional independencies invoked by the local Markov property given in Richardson (2003),
and therefore reduces the complexity of testing linear SEMs with correlated errors.
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In the test of conditional independence relations, the ef�ciency of the test is in�uenced by
the size of the conditioning set (that is, the number of conditioning variables)with a small
conditioning set having advantage over a large one. The conditional independence relations
invoked by the standard local Markov property for DAGs use a parentset as the conditioning
set. Pearl and Meshkat (1999) has shown for linear SEMs without correlated errors how to �nd
a set of conditional independence relations that may involve fewer conditioning variables. In
this paper, we also generalize this result to linear SEMs with correlated errors.

The paper is organized as follows. In Section 2, we introduce linear SEMs, give basic nota-
tion and de�nitions, and present the local Markov property developed inRichardson (2003). In
Section 3, we show that for a class of ADMGs, there is a local Markov property for probability
distributions satisfying the composition axiom that invokes only linear number ofconditional
independence relations. We also show a local Markov property that may involve fewer con-
ditioning variables. In Section 4, we consider general ADMGs (for probability distributions
satisfying the composition axiom) and show a local Markov property that invokes fewer condi-
tional independencies than that in Richardson (2003). Section 5 concludes the paper.

2 Preliminaries and Motivation

2.1 Linear Causal Models

A linear causal model(or linear SEM) over a set of random variablesV = f V1; : : : ; Vng is
given by a set of structural equations of the form

Vj =
X

i

cji Vi + � j ; j = 1; : : : ; n; (1)

where the summation is over the variables inV judged to be immediate causes ofVj . cji , called
apath coef�cient, quanti�es the direct causal in�uence ofVi onVj . � j 's represent “error” terms
and are assumed to have normal distribution. In this paper, we consider recursive models and
assume that the summation in Eq. (1) is fori < j , that is,cji = 0 for i � j .

The model structure can be represented by a DAGG with (dashed) bi-directed edges (an
ADMG), called acausal diagram(or path diagram), as follows: the nodes ofG are the variables
V1; : : : ; Vn ; there is a directed edge fromVi to Vj in G if Vi appears in the structural equation
for Vj , that is,cji 6= 0; there is a bi-directed edge betweenVi andVj if the error terms� i and� j

have non-zero correlation. Figure 1 shows a simple linear SEM and the corresponding causal
diagram in which each directed edge is annotated by the corresponding path coef�cient.

2.2 Model Testing and Markov Properties

One important task in the applications of linear SEMs is to test a model against data. One
approach for this task is to test for the conditional independence relationships implied by the
model, which can be read from the causal diagram by the d-separation criterion as de�ned in
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X = � x

W = aX + � w

Z = bX + � z

Y = cW + dZ + � y

Cov(� x ; � z) 6= 0
Cov(� w ; � y) 6= 0

� �

�

�

� �

��

Figure 1: A linear SEM

the following. 1 A pathbetween two verticesVi andVj in an ADMG consists of a sequence of
consecutive edges of any type (directed or bi-directed). A non-endpoint vertexW on a path is
called acollider if two arrowheads on the path meet atW , i.e. ! W  , $ W $ , $ W  ,
! W $ ; all other non-endpoint vertices on a path arenon-colliders, i.e.  W ! ,  W  ,
! W ! , $ W ! ,  W $ . A path between verticesVi andVj in an ADMG is said to be
d-connecting given a setof verticesZ if

1. every non-collider on the path is not inZ , and

2. every collider on the path is an ancestor of a vertex inZ .

If there is no path d-connectingVi andVj givenZ , thenVi andVj are said to bed-separated
givenZ . SetsX andY are said to bed-separatedgivenZ , if for every pairVi , Vj , with Vi 2 X
andVj 2 Y , Vi andVj are d-separated givenZ . Let I (X; Z; Y ) denote thatX is conditionally
independent ofY givenZ . The set of all the conditional independence relations encoded by a
causal diagramG are speci�ed by the following global Markov property.

De�nition 1 (The Global Markov Property (GMP)) A probability distributionP is said to
satisfy the global Markov property forG if for arbitrary disjoint setsX; Y; Z ,

(GMP) X is d-separated fromY givenZ in G =) I (X; Z; Y ): (2)

The global Markov property typically involves a vast number of conditional independence rela-
tions and it is possible that we can test for a subset of those independencies that will imply all
others. A local Markov property speci�es a much smaller set of conditional independence re-
lations which will imply by the laws of probability all other conditional independence relations
that hold under the global Markov property. For example, a well-known local Markov property
for DAGs is that each variable is conditionally independent of its non-descendants given its
parents. The causal diagram for a linear SEM with correlated errors is an ADMG and a local
Markov property for ADMGs is given in Richardson (2003).

1The d-separation criterion was originally de�ned for DAGs (Pearl, 1988) but can be naturally extended for
ADMGs and is called m-separation in Richardson (2003).
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Figure 2: A causal diagram

Note that in linear SEMs, the conditional independence relations will correspond to zero
partial correlations:

� ViVj :Z = 0 () I (f Vi g; Z; f Vj g): (3)

As an example, for the linear SEM with the causal diagram in Figure 2, if we use the local
Markov property in Richardson (2003), then we need to test for the vanishing of the following
set of partial correlations (for ease of notation, we write� ij:Z to denote� ViVj :Z ):

f � 21; � 32:1; � 43:2; � 41:2; � 54:3; � 52:3; � 51:3; � 64:53; � 62:53; � 61:53; � 64:3; � 62:3; � 61:3; � 72:6543;

� 71:6543; � 72:643; � 71:643; � 75:4; � 73:4; � 72:4; � 71:4g: (4)

The local Markov property in Richardson (2003) is valid for any probability distributions. In
fact, the equivalence of the global and local Markov properties is proved using the following so-
calledsemi-graphoid axioms(Pearl, 1988) that probabilistic conditional independencies must
satisfy:

� Symmetry
I (X; Z; Y ) () I (Y; Z; X )

� Decomposition

I (X; Z; Y [ W ) =) I (X; Z; Y ) & I (X; Z; W )

� Weak Union
I (X; Z; Y [ W ) =) I (X; Z [ W; Y )

� Contraction
I (X; Z; Y ) & I (X; Z [ Y; W) =) I (X; Z; Y [ W )

whereX , Y , Z , andW are disjoint sets of variables.
On the other hand, in linear SEMs the variables are assumed to have normal distributions,

and normal distributions also satisfy the followingcompositionaxiom:
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Figure 3: An ADMG and its compressed graph

� Composition
I (X; Z; Y ) & I (X; Z; W ) =) I (X; Z; Y [ W ):

Therefore, we expect that a local Markov property for linear SEMs should invoke fewer condi-
tional independence relations than that for arbitrary distributions. In this paper, we will derive
reduced local Markov properties for linear SEMs by making use of the composition axiom. As
an example, for the linear SEM in Figure 2, a local Markov property which we will present in
this paper (see Section 3.3) says that we only need to test for the vanishingof the following set
of partial correlations:

f � 21; � 32; � 43; � 41; � 54; � 52; � 51:3; � 64; � 62; � 61:3; � 75; � 73; � 71; � 72:4g: (5)

The number of tests needed and the size of the conditioning setZ are both substantially reduced
compared with (4), thus leading to a more economical way of testing the given model.

2.3 A Local Markov Property for ADMGs

In this section, we describe the local Markov property for ADMGs associated with arbitrary
probability distributions presented in Richardson (2003). In this paper, this Markov property
will be used as an important tool to prove the equivalence of our local Markov properties and
the global Markov property.

First, we de�ne some graphical notations. For a vertexX in an ADMG G, paG(X ) �
f Y jY ! X in Gg is the set ofparentsof X . spG(X ) � f Y jY $ X in Gg is the set of
spousesof X . anG(X ) � f Y jY ! � � � ! X in G or Y = X g is the set ofancestorsof X .
And deG(X ) � f Y jY  � � �  X in G or Y = X g is the set ofdescendantsof X . These
de�nitions will be applied to sets of vertices, so that, for example, paG(A) � [ X ∈A paG(X ),
spG(A) � [ X ∈A spG(X ), etc.

De�nition 2 (C-component) A c-component ofG is a maximal set of vertices inG such that
any two vertices in the set are connected by a path on which every edge is of the form$ ; a
vertex that is not connected to any bi-directed edge forms a c-component by itself.
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For example, the ADMG in Figure 3 (a) is composed of 6 c-componentsf V1g, f V2g, f V3g,
f V4g, f V5; V6; V7g andf V8; V9g. Thedistrict of X in G is the c-component ofG that includes
X . Thus,

disG(X ) � f Y jY $ � � � $ X in G or Y = X g:

For example, in Figure 3 (a), we have disG(V5) = f V5; V6; V7g and disG(V8) = f V8; V9g. A set
A is said to beancestralif it is closed under the ancestor relation, i.e. if anG(A) = A. Let GA

denote the induced subgraph ofG on the vertex setA, formed by removing fromG all vertices
that are not inA, and all edges that do not have both endpoints inA.

De�nition 3 (Markov Blanket) 2 If A is an ancestral set in an ADMGG, andX is a vertex
in A that has no children inA then theMarkov blanket of vertex X with respect to the induced
subgraph on A, denotedmb(X; A ) is de�ned to be

mb(X; A ) � paGA
(disGA(X )) [ (disGA(X ) n f X g) :

For example, for an ancestral setA = anG(f V5; V6g) = f V1; V2; V3; V4; V5; V6g in Figure 3 (a),
we have

mb(V5; A) = f V3; V4; V6g:

An ordering(� ) on the vertices ofG is said to be consistent withG if X � Y ) Y =2an(X ).
Given a consistent ordering� , let preG;≺(X ) � f Y jY � X or Y = X g.

De�nition 4 (The Ordered Local Markov Property (LMP, � )) A probability distributionP
satis�es the ordered local Markov property forG with respect to a consistent ordering� , if, for
anyX and ancestral setA such thatX 2 A � preG;≺(X ),

(LMP,� ) I (f X g; mb(X; A ); A n (mb(X; A ) [ f X g)): (6)

Theorem 1 (Richardson, 2003)If G is an ADMG and� is a consistent ordering, then a prob-
ability distributionP satis�es the ordered local Markov property forG with respect to� if and
only if P satis�es the global Markov property forG.

We will write (GMP) () (LMP,� ) to denote the equivalence of the two Markov properties.
Therefore the (smaller) set of conditional independencies speci�ed in the ordered local Markov
property will imply all other conditional independencies which hold under theglobal Markov
property. It is possible to further reduce the number of conditional independence relations in
the ordered local Markov property. An ancestral setA, with X 2 A � preG;≺(X ) is said to be
maximal with respect to the Markov blanketmb(X; A ) if, whenever there is a setB such that
A � B � preG;≺(X ) and mb(X; A ) =mb(X; B ), thenA = B . For example, suppose that we
are given an ordering� : V1 � V2 � V3 � V4 � V5 � V6 � V7 � V8 � V9 for the graph
G in Figure 3 (a). While an ancestral setA = anG(f V3; V6; V7g) = f V1; V2; V3; V4; V6; V7g

2The de�nition of Markov blanket here follows that in Richardson (2003)and is compatible with that in Pearl
(1988).
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Figure 4: Directed mixed cycles

is maximal with respect to the Markov blanket mb(V7; A) = f V4; V6g, an ancestral setA ′ =
anG(f V6; V7g) = f V2; V4; V6; V7g is not. It was shown that we only need to consider ancestral
setsA which are maximal with respect to mb(X; A ) in the ordered local Markov property
(Richardson, 2003).

Even though we only consider maximal ancestral sets, the ordered local Markov property
may still invoke exponential number of conditional independence relations.For example, for a
vertexX , if disG(X ) � preG;≺(X ) and disG(X ) has a clique ofn vertices joined by bi-directed
edges, then there are at leastO(2n−1) different Markov blankets.

It should be noted that no assumptions about probability distributions were made to prove
the equivalence of the two Markov properties and only the semi-graphoid axioms were used.
Since we can use the composition axiom in addition to the semi-graphoid axioms forlinear
causal models, the ordered local Markov property can be further reduced, which will be shown
in the next sections.

3 Markov Properties for ADMGs without Directed Mixed Cycles

In this section, we introduce three local Markov properties for a class ofADMGs and show that
they are equivalent to the global Markov property. First, we give some de�nitions.

De�nition 5 (Directed Mixed Cycle) A path is said to be a directed mixed path fromX to Y if
it contains at least one directed edge and every edge on the path is either of the formZ $ W ,
or Z ! W with W betweenZ andY . A directed mixed path fromX to Y together with an
edgeY ! X or Y $ X is called a directed mixed cycle.

For example, the pathX ! Z $ W ! Y $ X in the graph in Figure 4 forms a directed
mixed cycle. In this section, we will consider only ADMGs without directed mixedcycles.

De�nition 6 (Compressed Graph)LetG be an ADMG. The compressed graph ofG is de�ned
to be the graphG′ = (V ′; E ′), V ′ = f VC j C is a c-component ofGg, E ′ = f VCi !
VCj j there is an edgeX ! Y in G such thatX 2 Ci ; Y 2 Cj g.

From these de�nitions, the following proposition follows.

Proposition 1 Let G be an ADMG. The compressed graph ofG is a DAG if and only ifG has
no directed mixed cycles.
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3.1 The Reduced Local Markov Property

In this section, we introduce a local Markov property for ADMGs without directed mixed cycles
which only invokes a linear number of conditional independence relations and show that it is
equivalent to the global local Markov property.

De�nition 7 (The Reduced Local Markov Property (RLMP)) Let G be an ADMG without
directed mixed cycles. A probability distributionP is said to satisfy the reduced local Markov
property forG if

(RLMP) 8X 2 V; I (f X g; paG(X ); V n f(X; G )) (7)

wheref(X; G ) � paG(X ) [ deG(f X g [ spG(X )).

The reduced local Markov property states thata variable is independent of the variables that
are neither its descendants nor its spouses' descendants given its parents.

Theorem 2 If an ADMGG has no directed mixed cycles, then

(GMP) () (RLMP): (8)

Proof: To show(GMP) =) (RLMP), we need to prove that any variableX is d-separated
from V n f(X; G ) given paG(X ) in G with no directed mixed cycle. Suppose some vertexX
is not d-separated fromV n f(X; G ) given paG(X ). This would be true only if some vertex in
spG(X ) is an ancestor ofX . Then, there would be a directed mixed cycle involvingX .

To prove (RLMP) =) (GMP), we will show that for some consistent ordering� ,
(RLMP) =) (LMP; � ). Then, by Theorem 1, we have(RLMP) =) (GMP).

We construct a consistent ordering with the desired property as follows.

1. Construct the compressed graphG′ of G.

2. Let � ′ be any consistent ordering onG′. Construct a consistent ordering� from � ′ by
replacing eachVC (corresponding to each c-componentC of G) in � ′ with the vertices
in C (the ordering of the vertices in C is arbitrary).

We now prove that (RLMP)=) (LMP,� ). Assume that a probability distributionP satis�es
(RLMP). Consider the set of conditional independence relations invoked by (LMP,� ) for each
variableX given in (6). First, observe that for any vertexY in disGA(X ), we have

A n (paGA
(Y ) [ f Yg [ spGA

(Y )) � V n f(Y; G); (9)

sinceA � V andA \ f(Y; G) = paGA
(Y ) [ f Yg [ spGA

(Y ). Thus, by (7), for allY in
disGA(X ), we have

I (f Yg; paGA
(Y ); A n (paGA

(Y ) [ f Yg [ spGA
(Y ))): (10)
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Let S1 = paGA
(disGA(X )) n paGA

(Y ) andS2 = A n (mb(X; A ) [ f X g). It follows that

S1 � A n (paGA
(Y ) [ f Yg [ spGA

(Y )) and (11)

S2 � A n (paGA
(Y ) [ f Yg [ spGA

(Y )): (12)

Also, we have

S1 \ S2 = ; ; (13)

sinceS1 � mb(X; A ). Therefore,

I (f Yg; paGA
(Y ); S1 [ S2) by decomposition (14)

I (f Yg; paGA
(Y ) [ S1; S2) by weak union (15)

I (disGA(X ); paGA
(disGA(X )); A n (mb(X; A ) [ f X g) by composition (16)

I (f X g; paGA
(disGA(X )) [ (disGA(X ) n f X g);

A n (mb(X; A ) [ f X g)) by weak union. (17)

Thus, by the de�nition of the Markov blanket ofX with respect toA, we have

I (f X g; mb(X; A ); A n (mb(X; A ) [ f X g)): (18)

�
As an example, consider the ADMGG in Figure 3 (a) which has no directed mixed cycles.

The graph in Figure 3 (b) is the compressed graphG′ of G described in the proof. From the
ordering� ′: V1 � V2 � V3 � V4 � V567 � V89, we obtain the ordering� : V1 � V2 � V3 �
V4 � V5 � V6 � V7 � V8 � V9. The ordered local Markov property (LMP,� ) involves the
following conditional independence relations:

I (f V2g; ; ; f V1g); I (f V3g; f V1g; f V2g);
I (f V4g; f V2g; f V1; V3g); I (f V5g; f V3g; f V1; V2; V4g);
I (f V6g; f V3; V4; V5g; f V1; V2g); I (f V6g; f V4g; f V1; V2; V3g);
I (f V7g; f V3; V4; V5; V6g; f V1; V2g); I (f V7g; f V4; V6g; f V1; V2; V3g);
I (f V7g; f V4g; f V1; V2; V3; V5g); I (f V8g; f V6g; f V1; V2; V3; V4; V5; V7g);
I (f V9g; f V2; V6; V7; V8g; f V1; V3; V4; V5g); I (f V9g; f V2; V7g; f V1; V3; V4; V5; V6g): (19)

(RLMP) invokes the following conditional independence relations:

I (f V1g; ; ; f V2; V4; V6; V7; V8; V9g); I (f V2g; ; ; f V1; V3; V5g);
I (f V3g; f V1g; f V2; V4; V6; V7; V8; V9g); I (f V4g; f V2g; f V1; V3; V5g);
I (f V5g; f V3g; f V1; V2; V4; V7; V9g); I (f V6g; f V4g; f V1; V2; V3g);
I (f V7g; f V4g; f V1; V2; V3; V5g); I (f V8g; f V6g; f V1; V2; V3; V4; V5; V7g);
I (f V9g; f V2; V7g; f V1; V3; V4; V5; V6g) (20)
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which, by Theorem 2, imply all the conditional independence relations in (19).
For the special case of graphs containing only bi-directed edges,3 Kauermann (1996) pro-

vides a local Markov property for probability distributions obeying the composition axiom as
follows:

8X 2 V; I (f X g; ; ; V n (f X g [ spG(X ))): (21)

Since a graph containing only bi-directed edges is a special case of ADMGs without directed
mixed cycles, the reduced local Markov property (RLMP) is applicable, and it turns out that
(RLMP) reduces to (21) for graphs containing only bi-directed edges.Therefore (RLMP) in-
cludes the local Markov property given in Kauermann (1996) as a special case.

3.2 The Ordered Reduced Local Markov Property

The set of zero partial correlations corresponding to a conditional independence relation
I (X; Z; Y ) is

f � ViVj :Z = 0 j Vi 2 X; V j 2 Yg: (22)

Although (RLMP) gives only a linear number of conditional independencerelations, the number
of zero partial correlations may be larger than that invoked by (LMP,� ) in some cases. For
example, 12 conditional independence relations in (19) involve 37 zero partial correlations while
9 conditional independence relations in (20) involve 41 zero partial correlations. In this section,
we will show an ordered local Markov property such that at most one zero partial correlation is
invoked for each pair of variables.

De�nition 8 (C-ordering) LetG be an ADMG. A consistent ordering� on the vertices ofG is
said to be a c-ordering if all the vertices in each c-component ofG is continuously ordered in
� .

For example, the orderingV1 � V2 � V3 � V4 � V5 � V6 � V7 � V8 � V9 is a c-ordering on
the vertices ofG in Figure 3 (a). The following holds.

Proposition 2 There exists a c-ordering on the vertices ofG if G does not have directed mixed
cycles.

We can easily construct a c-ordering from the compressed graph ofG. We introduce the fol-
lowing Markov property.

De�nition 9 (The Ordered Reduced Local Markov Property (RLMP, � c)) Let G be an
ADMG without directed mixed cycles and� c be a c-ordering on the vertices ofG. A prob-
ability distribution P is said to satisfy the ordered reduced local Markov property forG with
respect to� c if

(RLMP,� c) 8X 2 V; I (f X g; paG(X ); preG;≺c
(X ) n (f X g [ paG(X ) [ spG(X ))): (23)

3Kauermann (1996) actually used undirected graphs with dashed edgeswhich are Markov equivalent to graphs
with only bi-directed edges (see Richardson, 2003, for discussions).
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The ordered reduced local Markov property states thata variable is independent of its predeces-
sors, excluding its spouses, in a c-ordering given its parents. We now establish the equivalence
of (GMP) and (RLMP,� c).

Theorem 3 If an ADMGG has no directed mixed cycles and� c is a c-ordering on the vertices
of G, then

(GMP) () (RLMP,� c): (24)

Proof: The proof of (GMP)=) (RLMP,� c) follows from the proof of (GMP)=) (RLMP).
We prove (RLMP,� c) =) (GMP) by showing (RLMP,� c) =) (LMP,� c). Assume that a
probability distributionP satis�es (RLMP,� c). Let g(Y ) = preG;≺c

(Y ) n (f Yg [ paG(Y ) [
spG(Y ). Consider the set of conditional independence relations invoked by (LMP,� c) for each
variableX given in (6). By (23), for allY in disGA(X ), we have

I (Y;paGA
(Y ); g(Y )): (25)

Let S1 = paGA
(disGA(X )) n paGA

(Y ) andS2 = A n (mb(X; A ) [ f X g). We have that

S1 � g(Y ): (26)

If S2 � g(Y ) held, the rest of the proof would be identical to that of Theorem 2. However,
S2 n g(Y ) may be non-empty. LetS3 = S2 n g(Y ). We claim that

I (Y;paGA
(Y ); g(Y ) [ S3): (27)

For anyZ in S3, we have

Y � Z; Z =2 spGA
(Y ): (28)

It follows that

I (f Z g; paGA
(Z ); g(Z )) (29)

I (f Z g; paGA
(Z ); f Yg [ (paGA

(Y ) n paGA
(Z ))) by decomposition (30)

I (f Z g; paGA
(Z ) [ paGA

(Y ); f Yg) by weak union (31)

I (f Yg; paGA
(Y ); paGA

(Z ) n paGA
(Y )) (32)

I (f Yg; paGA
(Y ); f Z g) by contraction. (33)

Therefore, by composition, (27) follows and we have that

I (Y;paGA
(Y ); S1) and (34)

I (Y;paGA
(Y ); S2): (35)

Thus, the relations from (13) to (18) hold, which proves (RLMP,� c) =) (LMP,� c). �
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(RLMP,� c) invokes one zero partial correlation for each pair of nonadjacent variables. For
example, for the ADMGG in Figure 3 (a) and a c-ordering� c: V1 � V2 � V3 � V4 � V5 �
V6 � V7 � V8 � V9, (RLMP,� c) invokes the following conditional independence relations:

I (f V2g; ; ; f V1g); I (f V3g; f V1g; f V2g);
I (f V4g; f V2g; f V1; V3g); I (f V5g; f V3g; f V1; V2; V4g);
I (f V6g; f V4g; f V1; V2; V3g); I (f V7g; f V4g; f V1; V2; V3; V5g);
I (f V8g; f V6g; f V1; V2; V3; V4; V5; V7g); I (f V9g; f V2; V7g; f V1; V3; V4; V5; V6g) (36)

which involve 25 zero partial correlations while (19) involve 37 zero partial correlations.

3.3 The Pairwise Markov Property

In this section, we give a pairwise Markov property which speci�es the conditional indepen-
dence relations between pairs of variables and show that it is equivalentto the global Markov
property. In previous sections, we focused on minimizing the number of zero partial correla-
tions. We now take into account the size of the conditioning setZ in each zero partial correlation
� XY:Z . When the size of paG(X ) for a vertexX in (RLMP,� c) is large, it might be advanta-
geous to use a different conditioning set with smaller size (if the equivalence of the Markov
properties still holds). Pearl and Meshkat (1999) introduced a pairwise Markov property for
DAGs (without bi-directed edges) which may involve fewer conditioning variables and thus
lead to more economical tests. The result can be easily generalized to ADMGswith no directed
mixed cycles.

Let d(X; Y ) denote the shortest distance between two verticesX andY , that is, the number
of edges in the shortest path betweenX andY . Two verticesX andY are nonadjacent ifX
andY are not connected by a directed nor a bi-directed edge.

De�nition 10 (The Pairwise Markov Property (PMP, � c)) Let G be an ADMG without di-
rected mixed cycles and� c be a c-ordering on the vertices ofG. A probability distributionP is
said to satisfy the pairwise Markov property forG with respect to� c if for any two nonadjacent
verticesVi ; Vj ; Vj < V i in � c

(PMP,� c) I (f Vi g; Z ij ; f Vj g) (37)

whereZ ij is any set of vertices such thatZ ij d-separatesVi fromVj and8Z 2 Z ij ; d(Vi ; Z ) <
d(Vi ; Vj ).

Note that, in ADMGs with no directed mixed cycles, there always exists such aZ ij for any two
nonadjacent vertices. For example, the parent set ofVi always satis�es the condition forZ ij . If
the empty set d-separatesVi from Vj , then the empty set is de�ned to satisfy the condition for
Z ij . Therefore we can always choose aZ ij with the smallest size, providing a more economical
way to test zero partial correlations.
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Figure 5: An ADMG with directed mixed cycles

Theorem 4 If an ADMGG has no directed mixed cycles, then

(GMP) () (PMP,� c): (38)

Proof: Noting that two verticesX andY are adjacent ifX  Y , X ! Y or X $ Y , the proof
of Theorem 1 by Pearl and Meshkat (1999) is directly applicable to ADMGs and it effectively
proves that (RLMP,� c) () (PMP,� c). We will not reproduce the proof here. �

As an example, for the ADMGG in Figure 3 (a) and a c-ordering� c: V1 � V2 � V3 �
V4 � V5 � V6 � V7 � V8 � V9, the following conditional independence relations (for
convenience, we combined the relations for each vertex that have the sameconditioning set)
can be given by (PMP,� c):

I (f V2g; ; ; f V1g); I (f V3g; ; ; f V2g);
I (f V4g; ; ; f V3; V1g); I (f V5g; ; ; f V4; V2g);
I (f V5g; f V3g; f V1g); I (f V6g; ; ; f V3; V1g);
I (f V6g; f V4g; f V2g); I (f V7g; ; ; f V5; V3; V1g);
I (f V7g; f V4g; f V2g); I (f V8g; f V6g; f V7; V5; V4; V2g);
I (f V8g; ; ; f V3; V1g); I (f V9g; f V2; V7g; f V6; V4g);
I (f V9g; ; ; f V5; V3; V1g) (39)

which involve the same number of zero partial correlations as (36) but involve smaller condi-
tioning sets than those in (36).

4 Markov Properties for General ADMGs

4.1 Reducing the Ordered Local Markov Property

When an ADMGG has directed mixed cycles, (RLMP), (RLMP,� c), and (PMP,� c) are no
longer equivalent to (GMP) while (LMP,� ) still is. In this section, we show that the number of
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conditional independence relations given by (LMP,� ) for an arbitrary ADMG that might have
directed mixed cycles can still be reduced. First, we introduce a lemma that gives a condition
by which a conditional independence relation renders another conditional independence relation
redundant.

Lemma 1 Given an ADMGG, a consistent ordering� on the vertices ofG and a ver-
tex X , assume that a probability distributionP satis�es the global Markov property for
GpreG,� (X )\{X }. LetA = preG;≺(X ) andA ′ be a maximal ancestral set such thatX 2 A ′ � A,
(A ′ \ disGA(X )) n disGA0(X ) = ; andpaG(disGA(X ) n disGA0(X )) � mb(X; A ′). Then,

I (f X g; mb(X; A ); A n (mb(X; A ) [ f X g)) (40)

implies
I (f X g; mb(X; A ′); A ′ n (mb(X; A ′) [ f X g)): (41)

We de�nerdG;≺(X ) to be the set of allA ′ satisfying this condition.

See the Appendix for the proof.
For example, consider the ADMGG in Figure 2 and a consistent orderingV1 � V2 � V3 �

V4 � V5 � V6 � V7. Assume that the global Markov property forGpreG,� (V6 ) is satis�ed . Let
A = f V1; V2; V3; V4; V5; V6; V7g andA ′ = f V1; V2; V3; V4; V6; V7g. Then,

disGA(V7) = f V5; V6; V7g (42)

disGA0(V7) = f V6; V7g (43)

(A ′ \ disGA(V7)) n disGA0(V7) = f V6; V7g n fV6; V7g = ; (44)

paG(disGA(V7) n disGA0(V7)) = f V3g � f V3; V4; V6g = mb(V7; A ′): (45)

Thus, by Lemma 1,I (f V7g; f V3; V4; V6g; f V1; V2g) can be derived byI (f V7g, f V3; V4; V5; V6g,
f V1; V2g). Note that in the proof of Lemma 1, the composition axiom is not used. Thus, Lemma
1 can be used to reduce the ordered local Markov property for ADMGsassociated with an
arbitrary probability distribution.

We now introduce a key concept in eliminating redundant conditional independence rela-
tions from (LMP,� ).

De�nition 11 (C-ordered Vertex) Given a consistent ordering� on the vertices of an ADMG
G, a vertexX is said to be c-ordered in� if

1. all vertices indisG(X ) \ preG;≺(X ) are consecutive in� and

2. for any two verticesY andZ in disG(X ) \ preG;≺(X ), there is no directed edge between
Y andZ .

For example, consider the ADMGG in Figure 5 (a).� : V1 � V2 � V3 � V4 � V5 � V6 �
V7 � V8 � V9 is a consistent ordering on the vertices ofG. V1; V2; : : : ; V8 are c-ordered in�
butV9 is not sinceV5 andV9 are not consecutive in� .
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procedure ReduceMarkov
INPUT: An ADMG G and a consistent ordering� on the vertices ofG
OUTPUT: A set of conditional independence relationsS
S  ;
for i = 1; : : : ; n do

I i  ;
if Vi is c-ordered in� then

for Vj � Vi do
I i  I i [ I (f Vi g; Z ij ; f Vj g) whereZ ij is any set of vertices such thatZ ij d-separates
Vi from Vj and8Z 2 Z ij ; d(Vi ; Z ) < d (Vi ; Vj )

end for
else

for all maximal ancestral setsA such thatVi 2 A � preG;≺(Vi ), A =2 rdG;≺(Vi ) do
I i  I i [ I (f Vi g; mb(Vi ; A); A n (mb(Vi ; A) [ f Vi g))

end for
end if
S  S [ I i

end for

Figure 6: A procedure to generate a reduced set of conditional independence relations for an
ADMG G and a consistent ordering�

The key observation, which will be proved, is that c-ordered vertices contribute to eliminat-
ing many redundant conditional independence relations invoked by the ordered local Markov
property (LMP,� ). We provide two procedures. The �rst procedureReduceMarkov in Figure
6 removes redundant conditional independence relations from (LMP,� ) using c-ordered ver-
tices given a �xed ordering� . The second procedureGetOrdering in Figure 8 gives a good
ordering that might have many c-ordered vertices.

We �rst describe the procedureReduceMarkov. Given an ADMGG and a consistent order-
ing � , ReduceMarkov gives a set of conditional independence relations which will be shown
to be equivalent to the global Markov property forG. For each vertexVi , ReduceMarkov
generates a set of conditional independence relations. IfVi is c-ordered, the relations that corre-
spond to the pairwise Markov property are generated. Otherwise, the relations that correspond
to the ordered local Markov property are generated. Also, Lemma 1 is used to remove some
redundant relations (by rdG;≺(Vi )). The outputS = ReduceMarkov(G; � ) can be described
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as follows:

S =
[

X :X is c-ordered in≺

� [

Y :Y ≺X

I
�
f X g; ZXY ; f Yg

� � [

[

X :X is not c-ordered in≺

� [

all maximal setsA :
X ∈A⊆preG,� (X );

A=∈rdG,� (X )

I
�
f X g; mb(X; A ); A n (mb(X; A ) [ f X g)

� �

(46)

whereZXY is any set of vertices such thatZXY d-separatesX from Y and 8Z 2 ZXY ,
d(X; Z ) < d (X; Y ).

If a vertexX is c-ordered,O(n) conditional independence relations (or zero partial corre-
lations) are added toS. Otherwise,O(2n) conditional independence relations may be added
to S and O(n2n) zero partial correlations may be invoked. Furthermore, a c-ordered ver-
tex typically involves a smaller conditioning set.I (f X g; ZXY ; f Yg) has the conditioning set
ZXY � paG(X ) while I (f X g; mb(X; A ); A n (mb(X; A ) [ f X g)) has the conditioning set
mb(X; A ) � paG(X ).

We now prove that the conditional independence relations produced byReduceMarkovcan
derive all the conditional independence relations invoked by the global Markov property.

De�nition 12 ( S-Markov Property ( S-MP,� )) Let G be an ADMG and� be a consistent
ordering on the vertices ofG. Let S be the set of conditional independence relations given by
ReduceMarkov(G,� ). A probability distributionP is said to satisfy the S-Markov property for
G with respect to� , if

(S-MP,� ) P satis�es all the conditional independence relations inS: (47)

Theorem 5 Let G be an ADMG and� be a consistent ordering on the vertices ofG. LetS be
the set of conditional independence relations given byReduceMarkov(G,� ). Then,

(GMP) () (S-MP,� ): (48)

Proof: (GMP)=) (S-MP,� ) since every conditional independence relation in (S-MP,� ) corre-
sponds to a valid d-separation. We show (S-MP,� ) =) (GMP). Without any loss of generality,
let � : V1 � : : : � Vn . The proof is by induction on the sequence of ordered vertices. Suppose
that (S-MP,� ) =) (GMP) holds forV1; : : : Vi −1. LetSi −1 = I 1[ : : :[ I i −1. Then, by the induc-
tion hypothesis,Si −1 contains all the conditional independence relations invoked by (LMP,� )
for V1; : : : Vi −1. If Vi is not c-ordered,I i = I (f Vi g; mb(Vi ; A); A n (mb(Vi ; A) [ f Vi g)) for
all maximal ancestral setsA such thatVi 2 A � preG;≺(Vi ), A =2 rdG;≺(Vi ). The conditional
independence relations invoked by (LMP,� ) with respect toVi and anyA 2 rdG;≺(Vi ) can be
derived from other conditional independence relations by Lemma 1. Thus, Si = Si −1 [ I i con-
tains all the conditional independence relations invoked by (LMP,� ) for V1; : : : Vi , which im-
plies (GMP). IfVi is c-ordered, applying the arguments in the proof of (GMP)() (PMP,� c),
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Figure 7: The c-componentf V1; V2; V3; V4g has the root setf V1; V2g

we have

I (f Vi g; paG(Vi ); preG;≺(Vi ) n (f Vi g [ paG(Vi ) [ spG(Vi ))): (49)

By the induction hypothesis and the de�nition of a c-ordered vertex, we have for all Vj 2
disG(Vi ) \ preG;≺(Vi )

I (f Vj g; paG(Vj ); preG;≺(Vj ) n (f Vj g [ paG(Vj ) [ spG(Vj ))): (50)

By the arguments in the proof of (GMP)() (RLMP,� c), we have for all maximal ancestral
setsA such thatVi 2 A � preG;≺(Vi )

I (f Vi g; mb(Vi ; A); A n (mb(Vi ; A) [ f Vi g)): (51)

Therefore,Si = Si −1 [ I i derives all the conditional independence relations invoked by (GMP).
�

As we have seen earlier, the number of zero partial correlations critically depends on the
number of c-ordered vertices in a given ordering. This motivates us to �nd the ordering with the
most c-ordered vertices. An obvious way of �nding this ordering is to explore the space of all
the consistent orderings. However, this exhaustive search may becomeinfeasible as the number
of vertices grows. We propose a greedy algorithm to get an ordering that has a large number of
c-ordered vertices. The basic idea is to �rst �nd a large c-component inwhich many vertices
can be c-ordered and place the vertices consecutively in the ordering,then repeating this until
we cannot �nd a set of vertices that can be c-ordered. To describe the algorithm, we de�ne the
following notion, which identi�es the largest subset of a c-component thatcan be c-ordered.

De�nition 13 (Root Set) The root set of a c-componentC, denotedrt(C) is de�ned to be the
setf Vi j there is noVj 2 C such that a directed pathVj ! : : : ! Vi exists inGg.

For example, the c-componentf V1; V2; V3; V4g in Figure 7 has the root setf V1; V2g. V3 andV4

are not in the root set since there are pathsV2 ! V3 andV1 ! W ! V4. The root set has the
following properties.

Proposition 3 Let � be a consistent ordering on the vertices of an ADMGG and C be a c-
component ofG. If the vertices inrt(C) are consecutive in� , then all the vertices inrt(C) are
c-ordered in� .
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procedure GetOrdering
INPUT: An ADMG G
OUTPUT: A consistent ordering� onV
Step 1:
G′  G
while (there is a c-componentC of G′ such thatjrt(C)j > 1) do

M  ;
for each c-componentC of G′ do

if jrt(C)j > jM j then
M  rt(C)

end if
end for
Add a vertexVM to G′

V 0\M
Draw an edgeVM  X (respectivelyVM ! X , VM $ X ) if there is
Y  X (respectivelyY ! X , Y $ X ) in G′ such thatY 2 M; X 2 V ′

Let G′ be the resulting graph
end while
Step 2:
Let � ′ be any consistent ordering onV ′. Construct a consistent ordering� from � ′ by replacing
eachVS 2 V ′ n V with the vertices inS (the ordering of the vertices inS is arbitrary)

Figure 8: A greedy algorithm to generate a good consistent ordering on the vertices of an
ADMG G

Proposition 4 Let � be a consistent ordering on the vertices of an ADMGG and C be a c-
component ofG. If a vertexX in C is c-ordered in� , thenX 2 rt(C).

Proposition 3 and 4 imply that the root set of a c-component is the largest subset of the c-
component that can be c-ordered in a consistent ordering. IfG does not have directed mixed
cycles, rt(C) = C for every c-componentC.

The procedureGetOrdering in Figure 8 is our proposed greedy algorithm that generates a
good consistent ordering forG. In Step 1, it searches for the largest root setM and then merges
all the vertices inM to one vertexVM modifying edges accordingly. Then, it repeats the same
operation for the modi�ed graph until there is no root set that contains morethan one vertex.
After Step 1, we can easily obtain a consistent ordering for the original graph from the modi�ed
graph.

4.2 An Example

In this section, we show the application of the proceduresReduceMarkov andGetOrdering
by considering the ADMGG in Figure 5 (a). First, we applyGetOrdering to get a consistent
ordering on the verticesV of G. In Step 1, we �rst look for the largest root set. The c-component
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f V6; V7; V8g has the largest root setf V6; V7; V8g. Then, the vertices inf V6; V7; V8g is merged
into a vertexV678. Figure 5 (b) shows the modi�ed graphG′ after the �rst iteration of the while
loop. In the next iteration, we �nd that every c-component has the root set of size 1. Note that
for C = f V5; V9g, rt(C) = f V5; V9g in G but rt(C) = f V5g in G′. Thus, Step 1 ends. In Step 2,
from G′ in Figure 5 (b), we can obtain an ordering� ′: V1 � V2 � V3 � V4 � V5 � V678 � V9.
This is converted to a consistent ordering� : V1 � V2 � V3 � V4 � V5 � V6 � V7 � V8 � V9

for G.
With the ordering� , we now applyReduceMarkov to obtain a set of conditional indepen-

dence relations that can derive those invoked by the global Markov property. It is easy to see
that the verticesV1; : : : ; V8 are c-ordered in� . Thus, the following conditional independence
relations corresponding to the pairwise Markov property are added to thesetS (initially empty).

I (f V2g; ; ; f V1g); I (f V3g; ; ; f V2g);
I (f V4g; ; ; f V3; V1g); I (f V5g; ; ; f V4; V3; V2; V1g);
I (f V6g; ; ; f V5; V4; V2g); I (f V6g; f V3g; f V1g);
I (f V7g; ; ; f V5; V4; V2g); I (f V7g; f V3g; f V1g);
I (f V8g; ; ; f V6; V3; V1g); I (f V8g; f V4g; f V2g): (52)

V9 is not c-ordered in� sinceV5 is not adjacent in� . Thus, we use the ordered local Markov
property (LMP,� ) for V9. The maximal ancestral sets that we need to consider are

A1 = anG(f V6; V8; V9g) = f V1; V2; V3; V4; V5; V6; V7; V8; V9g and (53)

A2 = anG(f V4; V6; V9g) = f V1; V2; V3; V4; V6; V7; V9g: (54)

The corresponding conditional independence relations are

I (f V9g; f V7; V5g; f V8; V6; V4; V3; V2; V1g); (55)

I (f V9g; f V7g; f V6; V4; V3; V2; V1g): (56)

However, it turns out thatA2 2 rdG;≺(V9) and (56) is not added toS. Let's check the condition
of Lemma 1. The global Markov property forGpreG,� (V8 ) is satis�ed by (52). Also,

disGA1
(V9) = f V5; V9g (57)

disGA2
(V9) = f V9g (58)

(A2 \ disGA1
(V9)) n disGA2

(V9) = f V9g n fV9g = ; (59)

paG(disGA1
(V9) n disGA2

(V9)) = ; � f V7g = mb(V9; A2): (60)

Therefore, the condition of Lemma 1 is satis�ed and it follows that (56) is redundant. To see
how much we reduced the testing requirements, the conditional independence relations invoked
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by (LMP,� ) are shown below.

I (f V2g; ; ; f V1g); I (f V3g; f V1g; f V2g);
I (f V4g; f V2g; f V3; V1g); I (f V5g; ; ; f V4; V3; V2; V1g);
I (f V6g; f V3g; f V5; V4; V2; V1g); I (f V7g; f V3g; f V5; V4; V2; V1g);
I (f V7g; f V6; V3g; f V5; V4; V2; V1g); I (f V8g; f V5; V4g; f V6; V3; V2; V1g);
I (f V8g; f V7; V5; V4; V3g; f V2; V1g); I (f V8g; f V7; V6; V5; V4; V3g; f V2; V1g);
I (f V9g; f V7g; f V6; V4; V3; V2; V1g); I (f V9g; f V7; V5g; f V8; V6; V4; V3; V2; V1g): (61)

S invokes 26 zero partial correlations while (LMP,� ) invokes 39. Also,S involves much smaller
conditioning sets. We have at most one vertex in each conditioning set in (52) and two vertices
in (55) while 23 zero partial correlations in (61) involve more than 2 verticesin the conditioning
set.

5 Conclusion

We present local Markov properties for ADMGs representing linear SEMs with correlated er-
rors. The results have applications in testing linear SEMs against the data bytesting for zero
partial correlations implied by the model. For a class of models whose corresponding path dia-
grams contain no directed mixed cycles, we show that at most one zero partial correlation test
is needed for each pair of variables. For general linear SEMs with correlated errors, we provide
a procedure that lists a subset of zero partial correlations that will imply all other zero partial
correlations implied by the model.

In general, our procedure may still invoke an exponential number of zero partial correlations
if the path diagramG satis�es all of the following properties: (i)G has large c-components; (ii)
the vertices in each c-component are heavily connected by bi-directed edges; and (iii)G has
many directed mixed cycles. If one of these properties is not satis�ed, thenthe number of zero
partial correlations derived by our method is typically not exponential.

The potential advantages of testing linear SEMs based on vanishing partialcorrelations over
the classical test method based on maximum likelihood estimation of the covariancematrix have
been discussed in Pearl (1998); Shipley (2000); McDonald (2002);Shipley (2003). The results
presented in this paper provide a theoretical foundation for the practicalapplications of this test
method in linear SEMs with correlated errors. How to implement this test method in practice
still needs further study. We also note that, in linear SEMswithout correlated errors, all the
constraints on the covariance matrix are in the form of vanishing partial correlations; however,
linear SEMswith correlated errors may imply constraints on the covariance matrix that are not
in the form of zero partial correlations.

Although the intended application is in linear SEMs, the local Markov properties presented
in the paper are valid for ADMGs associated with any probability distributions that satisfy the
composition axiom. For example, any probability distribution that is faithful to someDAG or
undirected graph (and the marginals of those distribution) satis�es the composition axiom.
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Appendix : Proof of Lemma 1

Let T = disGA(X ) ndisGA0(X ), Y1 = disGA(X ) n(A ′ \ disGA(X )) andY2 = T nY1. We have

mb(X; A ) = mb(X; A ′) [ T [ paG(T) and (62)

A n (mb(X; A ) [ f X g) =
�

A ′ n (mb(X; A ′) [ f X g [ Y2 [ paG(T))
�

[
�

deG(Y1) n Y1

�

(63)

Plugging (62) and (63) into (40), we get

I
�

f X g; mb(X; A ′) [ T [ paG(T)
�

A ′ n (mb(X; A ′) [ f X g [ Y2 [ paG(T))
�

[
�

deG(Y1) n Y1

��
: (64)

It follows from the decomposition axiom that

I (f X g; mb(X; A ′) [ T [ paG(T); A ′ n (mb(X; A ′) [ f X g [ Y2 [ paG(T))): (65)

Also we have

I (Y1; mb(X; A ′) [ Y2 [ paG(T); A ′ n (mb(X; A ′) [ f X g [ Y2 [ paG(T))); (66)

sinceY1 is d-separated fromA ′ n (mb(X; A ′) [ f X g [ Y2 [ paG(T)) given mb(X; A ′) [ Y2 [
paG(T) and by the assumption thatP satis�es the global Markov property forGpreG,� (X )\{X }.
Then, from (65), (66) and the contraction axiom, we have

I (f X g; mb(X; A ′) [ Y2 [ paG(T); A ′ n (mb(X; A ′) [ f X g [ Y2 [ paG(T))): (67)

SinceY2 = ; and paG(T) � mb(X; A ′),

I (f X g; mb(X; A ′); A ′ n (mb(X; A ′) [ f X g)) (68)

holds. �
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