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Abstract

A linear causal model with correlated errors, represented BDAG with bi-directed
edges, can be tested by the set of conditional independelad®ns implied by the model.
A global Markov property speci es, by the d-separationemion, the set of all conditional
independence relations holding in any model associateld avigraph. A local Markov
property speci es a much smaller set of conditional indefmte relations which will im-
ply all other conditional independence relations whictdhatder the global Markov prop-
erty. For DAGs with bi-directed edges associated with eabjt probability distributions,
a local Markov property is given in Richardson (2003) whichyninvoke an exponential
number of conditional independencies. In this paper, wavsihat for a class of linear
structural equation models with correlated errors thelldtarkov property will invoke
only linear number of conditional independence relatiodfst general linear models, we
provide a local Markov property that often invokes far femember of conditional inde-
pendencies than that in Richardson (2003). The results d&yapications in testing linear
structural equation models with correlated errors.

1 Introduction

Linear causal models called structural equation models (SEMs) are wisledlfar causal rea-
soning in the social sciences, economics, and arti cial intelligence (Dynt@75; Bollen,

1989; Spirtes et al., 2001). One important problem in the applications of laseral mod-

els is testing a hypothesized model against the given data. While the comantiethod

involves maximum likelihood estimation of the covariance matrix, an alternativeoapip has
been proposed recently which involves testing for the conditional indkgpexe relationships
implied by the model (Spirtes et al., 1998; Pearl, 1998; Pearl and Mesl8@Q; Pearl, 2000;
Shipley, 2000, 2003). The advantages of using this new test methoddrudtéze traditional

global tting test have been discussed in Pearl (1998); Shipley (208€ponald (2002); Ship-
ley (2003). The method can be applied in small data samples and it can test festures of

the model.



To apply this test method, one need be able to identify the conditional independe-
lationships implied by a SEM. This can be achieved by representing the SEMawgthph
called a path diagram (Wright, 1934) and then reading independentiemslérom the path
diagram. For a linear SEM without correlated errors, the correspornmdittgdiagram is a di-
rected acyclic graph (DAG). The set of all conditional independeataions holding in any
model associated with a DAG, often called a global Markov property fob#@&, can be read
by the d-separation criterion (Pearl, 1988). However, it is not nacg$s test for all the inde-
pendencies implied by the model as a subset of those independencies maglirofhers. A
local Markov property speci es a much smaller set of conditional inddpane relations which
will imply (using the laws of probability) all other conditional independendatiens that hold
under the global Markov property. A well-known local Markov prdagdor DAGs is that each
variable is conditionally independent of its non-descendants given is{saflLauritzen et al.,
1990; Lauritzen, 1996). Based on this local Markov property, Paadl Meshkat (1999) and
Shipley (2000) proposed testing methods for linear SEMs without cordetaiters that involve
at most one conditional independence test for each pair of variables.

On the other hand, the path diagrams for linear SEMs with correlated aneBAGSs with
bi-directed edges¥( ) where bi-directed edges are used to represent correlated ekrDAG
with bi-directed edges is called aeyclic directed mixed graph (ADM@) Richardson (2003).
The set of all conditional independence relations encoded in an ADMGtilabe read by (a
natural extension of) the d-separation criterion (called m-separation lmaRison, 2003) which
provides the global Markov property for ADMGs (Spirtes et al., 1998st€r, 1999; Richard-
son, 2003). A local Markov property for ADMGs is given in Richardg@003), which, in the
worst case, may invoke an exponential number of conditional indepeadelations, a sharp
difference with the local Markov property for DAGs, where only onaditional independence
relation is associated with each variable. Shipley (2003) suggested a nfiethesting linear
SEMs with correlated errors but the method may or may not, depending onottred nodels,
be able to nd a subset of conditional independence relations that implyredirs

In this paper, we seek to improve the local Markov property given in Rigwn (2003)
for linear SEMs with correlated errors. The local Markov property inhRidson (2003) is
applicable for ADMGs associated with arbitrary probability distributions. cBpally, only
semi-graphoid axioms which must hold in all probability distributions (Pearl8188 used
in showing that the set of conditional independence relations speci ethdéyocal Markov
property will imply all those speci ed by the global Markov property. On titber hand, in
linear SEMs, variables are assumed to have normal distributions, and bugkihat normal
distributions also satisfy the so-called composition axiom. Therefore, in therpae look for
local Markov properties for ADMGs associated with probability distributitirest satisfy the
composition axiom. We will show that for a class of ADMGs, the local Markoyperty will
invoke only one conditional independence relation for each variabtetrerefore the testing
for the corresponding linear SEMs will involve at most one conditional pedeence test for
each pair of variables. For general ADMGs, we provide a proceitiateeduces the number of
conditional independencies invoked by the local Markov propertygireRichardson (2003),
and therefore reduces the complexity of testing linear SEMs with correlaiad e



In the test of conditional independence relations, the ef ciency of thieigés uenced by
the size of the conditioning set (that is, the number of conditioning variaklil)a small
conditioning set having advantage over a large one. The conditiongdendence relations
invoked by the standard local Markov property for DAGs use a paenas the conditioning
set. Pearl and Meshkat (1999) has shown for linear SEMs withoretlated errors how to nd
a set of conditional independence relations that may involve fewer comidijovariables. In
this paper, we also generalize this result to linear SEMs with correlategerro

The paper is organized as follows. In Section 2, we introduce linear Sgisbasic nota-
tion and de nitions, and present the local Markov property developdicghardson (2003). In
Section 3, we show that for a class of ADMGs, there is a local Markopemty for probability
distributions satisfying the composition axiom that invokes only linear numbeomditional
independence relations. We also show a local Markov property that malvénfewer con-
ditioning variables. In Section 4, we consider general ADMGs (for ability distributions
satisfying the composition axiom) and show a local Markov property thakaséewer condi-
tional independencies than that in Richardson (2003). Section 5 casdlne paper.

2 Preliminaries and Motivation

2.1 Linear Causal Models

given by a set of structural equations of the form

X
V) = GiVi+ j; i =1:5m Q)
|
where the summation is over the variable¥ijudged to be immediate causes\f ¢ , called
apath coef cienf quanti es the direct causal in uence & onV;. ;'s represent “error” terms
and are assumed to have normal distribution. In this paper, we consadesive models and
assume that the summation in Eq. (1) isiferj , thatis,gi =0fori j.
The model structure can be represented by a IA@ith (dashed) bi-directed edges (an
ADMG), called acausal diagranfor path diagran), as follows: the nodes @ are the variables

for Vj, thatis,c; € 0; there is a bi-directed edge betweérandV if the error terms; and
have non-zero correlation. Figure 1 shows a simple linear SEM and thesponding causal
diagram in which each directed edge is annotated by the correspondimgaes cient.

2.2 Model Testing and Markov Properties

One important task in the applications of linear SEMs is to test a model agaiast Game
approach for this task is to test for the conditional independence relaggsnisnplied by the
model, which can be read from the causal diagram by the d-separaiti@mocr as de ned in
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Figure 1: A linear SEM

the following.® A pathbetween two vertice¥; andV; in an ADMG consists of a sequence of
consecutive edges of any type (directed or bi-directed). A nonantdpertexW on a path is
called acollider if two arrowheads on the path meet\dt, i.e.! W ,$ WS ,$ W |

I W $ ; all other non-endpoint vertices on a path aom-collidersi.e. W! , W |
wl!l,$ Wi, W$. Apath between verticeg andV; in an ADMG is said to be
d-connecting given a sef verticesZ if

1. every non-collider on the path is notZn and
2. every collider on the path is an ancestor of a vertex.in

If there is no path d-connecting andV, givenZ, thenV; andV, are said to bel-separated
givenZ. SetsX andY are said to be-separatedjivenZ, if for every pairV;, V;, with V; 2 X

andV; 2 Y,V andV; are d-separated giveh. Let! (X;Z;Y ) denote thaKX is conditionally
independent ok givenZ. The set of all the conditional independence relations encoded by a
causal diagran® are speci ed by the following global Markov property.

De nition 1 (The Global Markov Property (GMP)) A probability distributionP is said to
satisfy the global Markov property f@ if for arbitrary disjoint setsX;Y; Z,

(GMP) X is d-separated fronY givenZ inG =) 1(X;Z;Y ): 2

The global Markov property typically involves a vast number of condifiomdependence rela-
tions and it is possible that we can test for a subset of those indepeéesiemat will imply all
others. A local Markov property speci es a much smaller set of conditiomtiependence re-
lations which will imply by the laws of probability all other conditional indepenckerelations
that hold under the global Markov property. For example, a well-knowal IMarkov property
for DAGs is that each variable is conditionally independent of its nonadeants given its
parents. The causal diagram for a linear SEM with correlated errors ADMG and a local
Markov property for ADMGs is given in Richardson (2003).

The d-separation criterion was originally de ned for DAGs (Pearl, 298& can be naturally extended for
ADMGs and is called m-separation in Richardson (2003).
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Figure 2: A causal diagram

Note that in linear SEMs, the conditional independence relations will quoresto zero
partial correlations:

viviz =00 I (fVigZ; fVjg): 3)

As an example, for the linear SEM with the causal diagram in Figure 2, if wethes local
Markov property in Richardson (2003), then we need to test for thisking of the following
set of partial correlations (for ease of notation, we writg to denote v,v;:z):

f 217 3217 432) 412) 54:3) 523) 51:3) 64:53; 62:53) 61:53; 64:3; 62:3; 61:3; 72:6543;

71:6543, 72:643; T1:643: 754: 73:4: 724; 7140 (4)

The local Markov property in Richardson (2003) is valid for any pholitg distributions. In
fact, the equivalence of the global and local Markov properties isgatoging the following so-

calledsemi-graphoid axioméPearl, 1988) that probabilistic conditional independencies must
satisfy:

Symmetry
X Z;Y )0 1(Y:Z;X)

Decomposition

1OGZY [TW)D IO Y)&I(KZ, W)

Weak Union
1CGZY [ W)= 1052 [ WiY)

Contraction
IOGZY)&ICKZT YWD ICKZY [ W)

whereX, Y, Z, andW are disjoint sets of variables.
On the other hand, in linear SEMs the variables are assumed to have néstriatitions,
and normal distributions also satisfy the followiogmpositioraxiom:



Figure 3: An ADMG and its compressed graph

Composition
1OGZY)&ICGZZW)YD 10K ZY [ W)

Therefore, we expect that a local Markov property for linear SEMsi&I invoke fewer condi-
tional independence relations than that for arbitrary distributions. In #pemp we will derive
reduced local Markov properties for linear SEMs by making use of thgposition axiom. As
an example, for the linear SEM in Figure 2, a local Markov property whiehwill present in
this paper (see Section 3.3) says that we only need to test for the vani$hiregfollowing set
of partial correlations:

f 21, 32 43; 41, 545 52, 513 64; 62, 613; 75, 73 71; 72:40: (%)

The number of tests needed and the size of the conditioning) aes both substantially reduced
compared with (4), thus leading to a more economical way of testing the givdalmo

2.3 A Local Markov Property for ADMGs

In this section, we describe the local Markov property for ADMGs as$ed with arbitrary
probability distributions presented in Richardson (2003). In this papisrMarkov property
will be used as an important tool to prove the equivalence of our locakd¥gproperties and
the global Markov property.

First, we de ne some graphical notations. For a verkexin an ADMG G, paz(X)
fYjY I X in Ggis the set ofparentsof X. sps(X) f YjY $ X in Ggis the set of
spouse®f X. arg(X) f YjY ! ! X inGorY = Xgis the set ofancestorsf X .
And das(X) f YjY X inGorY = Xgis the set ofdescendantsf X. These
de nitions will be applied to sets of vertices, so that, for examples @8 [ x maPag(X),

spe(A) [ x asps (X)), etc.

De nition 2 (C-component) A c-component 0% is a maximal set of vertices i@ such that
any two vertices in the set are connected by a path on which every edfjéhis form$ ; a
vertex that is not connected to any bi-directed edge forms a c-comploynéself.
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For example, the ADMG in Figure 3 (a) is composed of 6 c-comporietg, f V»g, f Vg,
f V40, fVs; Ve; Vzg andf Vg; Vog. Thedistrict of X in G is the c-component db that includes
X . Thus,

discg(X) f YjY$ $ XinGorY =Xg:

For example, in Figure 3 (a), we have¢l{%s) = f Vs; Vg; V7g and dig; (V) = f Vg; Vog. A set
A is said to beancestralif it is closed under the ancestor relation, i.e. iEdA) = A. LetGa
denote the induced subgraph@®@fon the vertex sed, formed by removing front all vertices
that are not irA, and all edges that do not have both endpoint.in

De nition 3 (Markov Blanket) 2 If A is an ancestral set in an ADMG, andX is a vertex
in A that has no children i\ then theMarkov blanket of vertex X with respect to the induced
subgraph on Adenotednb(X; A) is de ned to be

mb(X;A)  pag, (disga (X)) [ (disg (X)nfXg):

For example, for an ancestral get= ang (f Vs; Vsg) = f Vi; Vo; V3; Va; Vs; Vg in Figure 3 (a),
we have
mb(Vs; A) = f V3; V4, Vs0:

An ordering( ) on the vertices o6 is said to be consistentwitB if X Y ) Y Zan(X).
Given a consistent ordering, letpres. (%) f YjY X orY =Xg.

De nition 4 (The Ordered Local Markov Property (LMP, )) A probability distributionP
satis es the ordered local Markov property f@& with respect to a consistent ordering if, for
anyX and ancestral seA suchthaiX 2 A pres. (X ),

(LMP, ) I (FX'g;mb(X;A); An(mb(X;A)[f XQg)): (6)

Theorem 1 (Richardson, 2003f G is an ADMG and is a consistent ordering, then a prob-
ability distributionP satis es the ordered local Markov property f@& with respect to if and
only if P satis es the global Markov property fdB.

We will write (GMP)(  (LMP, ) to denote the equivalence of the two Markov properties.
Therefore the (smaller) set of conditional independencies speci eceiotthered local Markov
property will imply all other conditional independencies which hold undemtobal Markov
property. It is possible to further reduce the number of conditional ieddence relations in
the ordered local Markov property. An ancestral&etvith X 2 A preg. (X ) is said to be
maximal with respect to the Markov blankab(X; A ) if, whenever there is a s& such that

A B pres. X ) and mi{X; A) =mb(X; B ), thenA = B. For example, suppose that we
are givenanordering: Vi Vo V3 V4 Vs Ve V7 Vg Vg forthe graph

G in Figure 3 (a). While an ancestral sekt= ans(f Vs; Vg; V70) = fVi; Vo; V3; Va; Ve; V7Q

2The de nition of Markov blanket here follows that in Richardson (2088j is compatible with that in Pearl
(1988).



Figure 4: Directed mixed cycles

is maximal with respect to the Markov blanket b; A) = fV4; Veg, an ancestral set”=

ars (f Ve; V70) = fVa; Vs Vs; Vzgis not. It was shown that we only need to consider ancestral
setsA which are maximal with respect to r%; A) in the ordered local Markov property
(Richardson, 2003).

Even though we only consider maximal ancestral sets, the ordered l@&bMproperty
may still invoke exponential number of conditional independence relatiorsexample, for a
vertexX , ifdisg(X) pres. (4 ) and dig (X ) has a clique of vertices joined by bi-directed
edges, then there are at le@{2" 1) different Markov blankets.

It should be noted that no assumptions about probability distributions were togmove
the equivalence of the two Markov properties and only the semi-grapkadha were used.
Since we can use the composition axiom in addition to the semi-graphoid axiortisefar
causal models, the ordered local Markov property can be furtheceet] which will be shown
in the next sections.

3 Markov Properties for ADMGs without Directed Mixed Cycles

In this section, we introduce three local Markov properties for a clas®©diGs and show that
they are equivalent to the global Markov property. First, we give soenatébns.

De nition 5 (Directed Mixed Cycle) A path is said to be a directed mixed path fréto Y if
it contains at least one directed edge and every edge on the path is dittherformz $ W,
orZ! W with W betweerZ andY. A directed mixed path frotK to Y together with an
edgeY ! X orY $ X is called a directed mixed cycle.

For example, thepatk ! Z $ W! Y $ X inthe graph in Figure 4 forms a directed
mixed cycle. In this section, we will consider only ADMGs without directed miggcles.

De nition 6 (Compressed Graph)LetG be an ADMG. The compressed graphois de ned
to be the graphG” = (VHEY, VE= f\¢ j C is a c-component 06g, EY = f\, !
Vc; jthereisanedg& ! Y inGsuchthatX 2 Ci;Y 2 Cjg.

From these de nitions, the following proposition follows.

Proposition 1 LetG be an ADMG. The compressed graph®fs a DAG if and only ifG has
no directed mixed cycles.



3.1 The Reduced Local Markov Property

In this section, we introduce a local Markov property for ADMGs withouédied mixed cycles
which only invokes a linear number of conditional independence relatiodshow that it is
equivalent to the global local Markov property.

De nition 7 (The Reduced Local Markov Property (RLMP)) LetG be an ADMG without
directed mixed cycles. A probability distributiéhis said to satisfy the reduced local Markov
property forG if

(RLMP) 8X 2V; I(fXgpas(X);V nf(X;G)) )
wheref(X;G) pas(X)[ des(fXg[ sps(X)).

The reduced local Markov property states thatariable is independent of the variables that
are neither its descendants nor its spouses' descendants given itggparen

Theorem 2 If an ADMG G has no directed mixed cycles, then
(GMP) () (RLMPY): (8)

Proof: To show(GMP) = (RLMP), we need to prove that any variab¥e is d-separated
fromV nf(X;G) given pg (X ) in G with no directed mixed cycle. Suppose some veXex
is not d-separated frod nf(X; G) given pg (X ). This would be true only if some vertex in
Sps (X)) is an ancestor oX . Then, there would be a directed mixed cycle involviag

To prove (RLMP) = (GMP), we will show that for some consistent ordering
(RLMP) 9 (LMP; ). Then, by Theorem 1, we hayRLMP) =5 (GMP).

We construct a consistent ordering with the desired property as follows.

1. Construct the compressed graphof G.

2. Let Upbe any consistent ordering @~ Construct a consistent orderingfrom by
replacing eaclc (corresponding to each c-compon&hof G) in  Fwith the vertices
in C (the ordering of the vertices in C is arbitrary).

We now prove that (RLMP¥ (LMP, ). Assume that a probability distributidd satis es
(RLMP). Consider the set of conditional independence relations ivbikgLMP, ) for each
variableX given in (6). First, observe that for any vertgéxin disg , (X ), we have

An(pas, (Y) [T Yg[ sps,(Y)) Vni(Y;G); 9)

sinceA  V andA\ f(Y;G) = pa;, (Y)[f YO [ sps,(Y). Thus, by (7), for allY in
disg , (X), we have

L(EY g pag, (Y);An(pas,, (Y) [ YOI sps,(Y))): (10)



Let Sy = pag , (disg (X)) npag , (Y) andSz = A n(mb(X; A) [f X g). It follows that

S1 An(pg, (Y)I[f Yg[ sps,(Y))and (11)
Sz An(pas, (Y)[f Y[ sps,(Y)): (12)

Also, we have
Sl\ 82 =, (13)

sinceS;  mb(X;A). Therefore,

L(fYgpas, (Y);Si[ S2) by decomposition (14)
L (fYg pas,(Y)[ S1;S2) by weak union (15)
| (disg A (X); pag , (disg o (X)); A n(mb(X;A) [f X g) by composition (16)
| (FX g pag , (diss A (X)) [ (dissa(X) nTXQ);

An(mb(X;A)[f X)) by weak union. a7)

Thus, by the de nition of the Markov blanket of with respect tcA, we have

I (fX'g;mb(X;A); An(mb(X;A)[f XQg)): (18)

As an example, consider the ADMG in Figure 3 (a) which has no directed mixed cycles.
The graph in Figure 3 (b) is the compressed gréptof G described in the proof. From the
ordering Vi Vo  Vz V4 Vsgr Vgo, We obtain the ordering: Vi Vo Vs
Vs Vs Ve V7 Vg Vg The ordered local Markov property (LMP) involves the
following conditional independence relations:

I (fV2g;;;fV10); | (f Vag; T V10; f V20);

| (f Vag; f V2g; f V1; VaQ); I (f Vs50; f V30; f V1; Vao; Va0);

| (f V60, T V3, Vi, Visg; T V1; Vo0); | (f Ved: T Vag; Vi1, Vo, V30);

I (f V70; T V3; Va; Vs; V60, T V1; V20); | (f V70; T Va; Veg; T Vi1, Vz; Va0);

I (f V70; f Vag; f V1; Va; Va; Vs0); | (f Vag; f Ve0; f Va; Va; V3; Va; Vs; V70);

I (fVog; fV2; V6; V7, Va0, F Vi Va; Va; V@), | (FVog; fV2; V70; F Vi Vs; Va; Vs Ve): (19)

(RLMP) invokes the following conditional independence relations:

| (fV10;; ;T Va; Va; Ve, V7, Vg; Vog); I (fV20;; ;T Vi Va; Vs0);

| (f Vag; T V10; T Vo; Va; Ve; V7; Vg; Vo0); | (f Vag; T V20; T V1; Va; Vs0);

| (f V50, T Va0, T Vi, Vo; Va; V7; Vo), | (f Veg; T Va0, T V1, V2, V30);

| (f V70; T Vag; T V1; Va; V3; Vs0); | (f Veg; f V60; f V1; Vo; Va; Va; Vs; V70);

| (f Vog; f V2; V70, T V1; V3; Va; Vs, Ve0) (20)

10



which, by Theorem 2, imply all the conditional independence relations in (19

For the special case of graphs containing only bi-directed etigesiermann (1996) pro-
vides a local Markov property for probability distributions obeying the cosifjpn axiom as
follows:

8X 2V, 1(fXg;;Vn({Xg[ spz(X))): (21)

Since a graph containing only bi-directed edges is a special case of ADMtBGout directed
mixed cycles, the reduced local Markov property (RLMP) is applicabid, iaturns out that
(RLMP) reduces to (21) for graphs containing only bi-directed edgéerefore (RLMP) in-
cludes the local Markov property given in Kauermann (1996) as dalpese.

3.2 The Ordered Reduced Local Markov Property

The set of zero partial correlations corresponding to a conditionalpariience relation
1(X;Z;Y)is

f ViVj:Z :OJV| 2 X;Vj 2 Yg: (22)

Although (RLMP) gives only a linear number of conditional independeelzions, the number
of zero partial correlations may be larger than that invoked by (LNIF) some cases. For
example, 12 conditional independence relations in (19) involve 37 zetialg®rrelations while
9 conditional independence relations in (20) involve 41 zero partia¢kaiions. In this section,
we will show an ordered local Markov property such that at most onezartial correlation is
invoked for each pair of variables.

De nition 8 (C-ordering) LetG be an ADMG. A consistent orderingon the vertices of is
said to be a c-ordering if all the vertices in each c-componer@ @ continuously ordered in

For example, the orderingg Vo V3 V4 Vs Vg V7 Vg Vgisac-orderingon
the vertices ofs in Figure 3 (a). The following holds.

Proposition 2 There exists a c-ordering on the vertices®if G does not have directed mixed
cycles.

We can easily construct a c-ordering from the compressed gra@h ®fe introduce the fol-
lowing Markov property.

De nition 9 (The Ordered Reduced Local Markov Property (RLMP, ()) Let G be an
ADMG without directed mixed cycles and. be a c-ordering on the vertices &. A prob-
ability distributionP is said to satisfy the ordered reduced local Markov propertyGowith
respectto . if

(RLMP, ¢) 8X 2 V; I(fXg;pas(X); prég; i K) n(FXg[ pas(X) [ sps(X))): (23)

3Kauermann (1996) actually used undirected graphs with dashed etiigsare Markov equivalent to graphs
with only bi-directed edges (see Richardson, 2003, for discussions).
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The ordered reduced local Markov property statesahatriable is independent of its predeces-
sors, excluding its spouses, in a c-ordering given its parais now establish the equivalence
of (GMP) and (RLMP, ).

Theorem 3 If an ADMGG has no directed mixed cycles and is a c-ordering on the vertices
of G, then

(GMP)()  (RLMP, ¢): (24)

Proof: The proof of (GMP)=) (RLMP, ) follows from the proof of (GMP)=) (RLMP).
We prove (RLMP, () © (GMP) by showing (RLMP, ¢) © (LMP, (). Assume that a
probability distributionP satis es (RLMP, ¢). Let oY) = preg. ) n(FYg[ pas(Y) [
sps (Y). Consider the set of conditional independence relations invoked by (LM for each
variableX given in (6). By (23), for allY in disg, (X ), we have

I (Y;pag,, (Y); 9(Y)): (25)
LetS; = pag, (disg A (X)) npag , (Y) andSz = A n(mb(X;A) [f X g). We have that
St og(Y): (26)

If S,  g(Y) held, the rest of the proof would be identical to that of Theorem 2. Hewev
Sz ng(Y) may be non-empty. Led; = S, ng(Y ). We claim that

L(Y;pas (V) a(Y) [ S3): (27)
For anyZ in Sz, we have
Y Z;Z2sp, (Y): (28)
It follows that
1 (fZg;pas,,(£):9(2)) (29)
1(fZ9;pag,, (2):TY Q[ (Pas,(Y) Npas,(2))) by decomposition  (30)
1 (fZg pag . (Z) [ pas,(Y);fYQ) by weak union (31)
I (fY g pag, (Y): pag,, (Z2) npag , (Y)) (32)
L (fYg pas,(Y);fZ0) by contraction. (33)

Therefore, by composition, (27) follows and we have that

1 (Y;pag . (Y); S1) and (34)
1 (Y:pag,, (Y); S2): (35)

Thus, the relations from (13) to (18) hold, which proves (RLMB,D (LMP, ¢).

12



(RLMP, () invokes one zero partial correlation for each pair of nonadjaceighlas. For
example, for the ADM@G in Figure 3 (a) and a c-orderinge: Vi Vo V3 Vi Vs
Ve Vz Vg Vg, (RLMP, ) invokes the following conditional independence relations:

| (fV2g;;;fV10); | (fVag; fVig; f V20);
| (f Vag; Va0, f Vi; V30); | (f Vs0; f Vag; f Vi; Vo; Vag);
| (f V60; f Vag; f Vi; Vo; V30); | (f V70; T Vag; f Va; Va; Va; Vs0);

| (f Va0, f V60, f V1, Vo; V3, Va; V5, V70); T (FVog; F Vo, V70, V1, V3, Vs, Vs, Ved)  (36)

which involve 25 zero patrtial correlations while (19) involve 37 zero plcbarelations.

3.3 The Pairwise Markov Property

In this section, we give a pairwise Markov property which speci es theditional indepen-
dence relations between pairs of variables and show that it is equivalére global Markov
property. In previous sections, we focused on minimizing the number of Eamtial correla-
tions. We now take into account the size of the conditionin@seteach zero partial correlation

xv:z . When the size of pa(X) for a vertexX in (RLMP, () is large, it might be advanta-
geous to use a different conditioning set with smaller size (if the equivalehthe Markov
properties still holds). Pearl and Meshkat (1999) introduced a pariigrkov property for
DAGs (without bi-directed edges) which may involve fewer conditioningaldes and thus
lead to more economical tests. The result can be easily generalized to ARG directed
mixed cycles.

Letd(X;Y ) denote the shortest distance between two verd¥cesndY , that is, the number

of edges in the shortest path betweérandY . Two verticesX andY are nonadjacent iX
andY are not connected by a directed nor a bi-directed edge.

De nition 10 (The Pairwise Markov Property (PMP, ¢)) Let G be an ADMG without di-
rected mixed cycles and; be a c-ordering on the vertices &. A probability distributionP is
said to satisfy the pairwise Markov property Brwith respect to . if for any two nonadjacent
verticesVi; Vj;V; <Viin ¢

(PMP, ) I (fVig; Zij ;TVj0) (37)
whereZjj is any set of vertices such tha} d-separated/; fromV; and8Z 2 Z; ;d(Vi;Z) <
d(Vi; V).

Note that, in ADMGs with no directed mixed cycles, there always exists sdghfar any two
nonadjacent vertices. For example, the parent s€t afways satis es the condition fat;; . If

the empty set d-separatésfrom V;, then the empty set is de ned to satisfy the condition for
Zjj . Therefore we can always choosgia with the smallest size, providing a more economical
way to test zero partial correlations.
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Figure 5: An ADMG with directed mixed cycles

Theorem 4 If an ADMGG has no directed mixed cycles, then
(GMP)()  (PMP, .): (38)

Proof: Noting that two verticeX andY are adjacent iK Y,X! YorX $ Y,the proof
of Theorem 1 by Pearl and Meshkat (1999) is directly applicable to ABMG it effectively
proves that (RLMP,c) )  (PMP, ). We will not reproduce the proof here.

As an example, for the ADM@ in Figure 3 (a) and a c-orderinge: Vi Vo V3
V4 3 Vs A\ Vg Vg, the following conditional independence relations (for
convenience, we combined the relations for each vertex that have thecsadioning set)
can be given by (PMP,¢):

| (fVag;; ; fV10); | (fVag;; ;T V20);

| (fVag; ;T V3 Va0); I (fVs0;;;fVa; Va0);

| (f V50, f V30, T V10); I (f Veg;; ;T V3; V10);

| (f V6, T Vag; T V20); I (fV70;; ;T Vs; Va; V10);

| (f V70; T Vag; T V20); | (f Veg; f V60; f V7; Vs; Va; Vo0);

| (fVgg; ; ; fVa; V10); | (f Vog; V2, V70; T Ve; V40);

| (f Vog; ; ;T Vs; V3; V10) (39)

which involve the same number of zero partial correlations as (36) bulvangmnaller condi-
tioning sets than those in (36).

4 Markov Properties for General ADMGs

4.1 Reducing the Ordered Local Markov Property

When an ADMGG has directed mixed cycles, (RLMP), (RLMR), and (PMP, ) are no
longer equivalent to (GMP) while (LMP) still is. In this section, we show that the number of

14



conditional independence relations given by (LMPfor an arbitrary ADMG that might have
directed mixed cycles can still be reduced. First, we introduce a lemma tlet gigondition
by which a conditional independence relation renders another conditiolependence relation
redundant.

Lemma 1 Given an ADMGG, a consistent ordering on the vertices ofc and a ver-
tex X, assume that a probability distributioR satis es the global Markov property for
Gpres (x)\{x 3 LEtA = preg. ({ ) andAbe a maximal ancestral set such tha2 A™ A,

(AR disg, (X)) ndisg (X ) =; andpas(disg,(X) ndisg (X)) mb(X;A Y. Then,

I (f X g;mb(X;A); An(mbOX;A) [f X)) (40)
implies

| (FX g mb(X; A Y AT (mbOGA Y [f X g)): (41)
We de nerdg; (€% ) to be the set of alAsatisfying this condition.

See the Appendix for the proof.

For example, consider the ADMG in Figure 2 and a consistent orderidg Vo, V3
Vs Vs Vg V7. Assume that the global Markov property 1@5@6, (Ve) IS satis ed . Let
A = fVi; Vy; Va; Va; Vs; Ve; Vzg andA = £ Va; Va; Vs; Va; Ve; Vzg. Then,

disg A (V7) = V5; V6; V79 (42)

disg ,o(V7) = fVe; V79 (43)

(AD\ disg 5 (V7)) ndisg ,o(V7) = fVe; V7g n fVe; V70 = (44)
pag (disg A (V7) ndisg o(V7)) = fVag f Va;Va; Veg = mb(V7; AD: (45)

Thus, by Lemma 1, (f V70; f V3; Va; Veg; f V1; V2g) can be derived by/(f Vzg, f Vs; Va; Vs; V0,
fV1; V20). Note that in the proof of Lemma 1, the composition axiom is not used. Thusylze
1 can be used to reduce the ordered local Markov property for ADeK3sciated with an
arbitrary probability distribution.

We now introduce a key concept in eliminating redundant conditional imdbkpee rela-
tions from (LMP, ).

De nition 11 (C-ordered Vertex) Given a consistent ordering on the vertices of an ADMG
G, avertexX is said to be c-ordered in if

1. all vertices indisg (X )\ preg. (X ) are consecutive in and

2. forany two vertice¥ andZ in disg(X)\ pres. (X ), there is no directed edge between
Y andZ.

For example, consider the ADMG in Figure5(a). :Vi1 Vo V3 Vi V5 Vg
V7 Vg Vg is a consistent ordering on the vertices&fVy; Vs; :::; Vg are c-ordered in
but Vg is not sincevs andVy are not consecutive in.
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procedure ReduceMarkov
INPUT: An ADMG G and a consistent ordering on the vertices o6
OUTPUT: A set of conditional independence relatidhis

if V; is c-ordered in then
forV; Vido
li i [ 1 (fVig, Zij ; TV, g) whereZj; is any set of vertices such thaj d-separates
Vi fromV, and8Z 2 Zj ;d(Vi;Z) <d(Vi; V)
end for
else
for all maximal ancestral sefs suchthaV; 2 A pres. (i), A 2 rdg; (M) do
i L[ TEVigimb(Vi; A); A n(mb(Vi; A) [f Vig))
end for
end if
S S|
end for

Figure 6: A procedure to generate a reduced set of conditional indepee relations for an
ADMG G and a consistent ordering

The key observation, which will be proved, is that c-ordered vertioefribute to eliminat-
ing many redundant conditional independence relations invoked by tiegent local Markov
property (LMP, ). We provide two procedures. The rst procediReduceMarkovin Figure
6 removes redundant conditional independence relations from (LMk&sing c-ordered ver-
tices given a xed ordering . The second procedufeetOrdering in Figure 8 gives a good
ordering that might have many c-ordered vertices.

We rst describe the procedufReduceMarkov. Given an ADMGG and a consistent order-
ing , ReduceMarkov gives a set of conditional independence relations which will be shown
to be equivalent to the global Markov property 16t For each vertey,;, ReduceMarkov
generates a set of conditional independence relatioNs idfc-ordered, the relations that corre-
spond to the pairwise Markov property are generated. Otherwise,l#t®ns that correspond
to the ordered local Markov property are generated. Also, Lemma 1 éstosemove some
redundant relations (by &M )). The outputS = ReduceMarkow(G; ) can be described
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as follows:

[ [
S= I £Xg;Zxy;fYg

X:X is c—O[deredinIi]Y Y X [
I X g mb(X;A);An(mb(X;A)[f Xg)

X :X is not c-ordered inI:I)g\II maximal se(t)s(&):

AfTdE, (X)
(46)

whereZyxy is any set of vertices such thky d-separateX fromY and8Z 2 Zxy,
dX;Z)<d(X;Y).

If a vertexX is c-orderedO(n) conditional independence relations (or zero patrtial corre-
lations) are added t8. Otherwise,0(2") conditional independence relations may be added
to S and O(n2") zero partial correlations may be invoked. Furthermore, a c-ordered ve
tex typically involves a smaller conditioning sét(f X g; Zxy ;fY @) has the conditioning set
Zxy pag (X)) while I (fX g, mb(X;A); A n(mb(X;A)[f Xg)) has the conditioning set
mb(X;A) pag(X).

We now prove that the conditional independence relations producddyceMarkov can
derive all the conditional independence relations invoked by the globakdw property.

De nition 12 ( S-Markov Property (S-MP, )) Let G be an ADMG and be a consistent
ordering on the vertices db. LetS be the set of conditional independence relations given by
ReduceMarkoyG, ). A probability distributionP is said to satisfy the S-Markov property for
G with respect to , if

(S-MP, ) P satis es all the conditional independence relationsSin 47

Theorem 5 LetG be an ADMG and be a consistent ordering on the verticesafLetS be
the set of conditional independence relations giveiRbguceMarkoyG, ). Then,

(GMP)()  (S-MP, ): (48)

Proof: (GMP)=) (S-MP, ) since every conditional independence relatiorSAP, ) corre-
sponds to a valid d-separation. We sh@&wNIP, ) =) (GMP). Without any loss of generality,
let :V1 ::: V,. The proofis by induction on the sequence of ordered vertices. Seppo
that S-MP, )= (GMP)holdsfoVy;:::Vi—1. LetSi—1 = 11[ :::[ I;=1. Then, by the induc-
tion hypothesisS;—; contains all the conditional independence relations invoked by (LWP,
for Vi;:::Vi—q. If V is not c-orderedl; = | (fVig; mb(Vi; A); A n(mb(V;; A) [f Vig)) for
all maximal ancestral se#s such that; 2 A pres. (M), A 2 rdg; ). The conditional
independence relations invoked by (LMP,with respect tov; and anyA 2 rdg. (M) can be
derived from other conditional independence relations by Lemma 1., Bhgs S;—1 [ | con-
tains all the conditional independence relations invoked by (LMIRr Va;::: Vi, which im-
plies (GMP). IfV; is c-ordered, applying the arguments in the proof of (GNIP) (PMP, ),
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Figure 7: The c-componeh¥/s; Vz; V3; V49 has the root sdtVi; Vog

we have

I (fVig; pag (Vi) preg. &) n (FVig [ pag (Vi) [ s (Vi))): (49)

By the induction hypothesis and the de nition of a c-ordered vertex, we liar all V; 2
disg (Vi) \ preg, €M)

L (FVigipas (Vi) preg, M) n(FVig [ pas (M) [ sps(V))): (50)

By the arguments in the proof of (GMRB) (RLMP, (), we have for all maximal ancestral
setsA suchthaV; 2 A pres. (M)

I (fVig;mb(Vi; A); A n(mb(Vi; A) [ Vig)): (51)
ThereforeS; = S;—1[ |; derives all the conditional independence relations invoked by (GMP).

As we have seen earlier, the number of zero partial correlations criticafigrdls on the
number of c-ordered vertices in a given ordering. This motivates usdaha ordering with the
most c-ordered vertices. An obvious way of nding this ordering is tolegthe space of all
the consistent orderings. However, this exhaustive search may béueasible as the number
of vertices grows. We propose a greedy algorithm to get an orderibhgdlsaa large number of
c-ordered vertices. The basic idea is to rst nd a large c-componemthith many vertices
can be c-ordered and place the vertices consecutively in the ordérergrepeating this until
we cannot nd a set of vertices that can be c-ordered. To descréelgjorithm, we de ne the
following notion, which identi es the largest subset of a c-componentdhatbe c-ordered.

De nition 13 (Root Set) The root set of a c-compone@t, denotedt(C) is de ned to be the
setfV; j there is nov; 2 C such that a directed patlfj ! :::! Vj exists inGg.

For example, the c-componeiy; Vo; Va; V4gin Figure 7 has the root séVy; Vog. V3 andV,
are not in the root set since there are pathd Vs andVy! W ! V4. The root set has the
following properties.

Proposition 3 Let be a consistent ordering on the vertices of an ADd&nd C be a c-
component ofs. If the vertices int(C) are consecutive in , then all the vertices int(C) are
c-ordered in .
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procedure GetOrdering
INPUT: An ADMG G
OUTPUT: A consistent ordering onV
Step 1:
G" G
while (there is a c-componef of GFsuch thajrt(C)j > 1) do

M

for each c-componei@ of G-do

if jrt(C)j > jMj then
M rt(C)
end if

end for

Add a vertexViy to Gyny,

Draw an edgd/y X (respectivelyy ! X,Vu $ X)ifthereis

Y X (respectivelyy ! X,Y $ X)inGSsuchthaty 2 M;X 2 vU

Let G be the resulting graph
end while
Step 2:
Let “be any consistent ordering &t Construct a consistent orderingirom by replacing
eachVs 2 VhV with the vertices irS (the ordering of the vertices i8 is arbitrary)

Figure 8. A greedy algorithm to generate a good consistent orderingeomeitices of an
ADMG G

Proposition 4 Let be a consistent ordering on the vertices of an ADK8&Gnd C be a c-
component ofs. If a vertexX in C is c-ordered in , thenX 2 rt(C).

Proposition 3 and 4 imply that the root set of a c-component is the largbsetsof the c-
component that can be c-ordered in a consistent orderin@. dbes not have directed mixed
cycles, r{C) = C for every c-componert.

The procedur&etOrdering in Figure 8 is our proposed greedy algorithm that generates a
good consistent ordering f@. In Step 1, it searches for the largest rootdeaind then merges
all the vertices irM to one verteX/y modifying edges accordingly. Then, it repeats the same
operation for the modi ed graph until there is no root set that contains riane one vertex.
After Step 1, we can easily obtain a consistent ordering for the origiaghgirom the modi ed
graph.

4.2 An Example

In this section, we show the application of the procediiteduceMarkov and GetOrdering
by considering the ADMG:S in Figure 5 (a). First, we appl§etOrdering to get a consistent
ordering on the verticeg of G. In Step 1, we rstlook for the largest root set. The c-component
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f Vs; V7; Vg has the largest root séVs; V7; Vsg. Then, the vertices ifVg; V7; Vgg is merged
into a vertexVe7s. Figure 5 (b) shows the modi ed grapgdafter the rst iteration of the while
loop. In the next iteration, we nd that every c-component has the rebfsize 1. Note that
for C = fVs; Vog, rt(C) = f Vs; Vogin G but ri(C) = f Vsgin G Thus, Step 1 ends. In Step 2,
from G5in Figure 5 (b), we can obtain an ordering’ Vi Vo Vs V4 Vs Verg Vo
This is converted to a consistent orderingVy Vo, V3 V4 Vs Vg V7 Vg Vg
for G.

With the ordering , we now applyReduceMarkovto obtain a set of conditional indepen-
dence relations that can derive those invoked by the global Markgepso It is easy to see

relations corresponding to the pairwise Markov property are added setB€initially empty).

I (fV2g;;;fV10); | (fVag;; ;T V20);

I (fV40;; ;T V3 V10); | (fVs0;; ;T Va; Va; Vo; Vi0);

I (fV60;; ;T Vs; Va; Vo0); | (f V6. f V30, f V10);

I (fV70;; Vs, Va; Vo0); | (f V70, f V30, f V10);

I (f Veg;; ;T Ve; Va; V10); | (f Vg, f Vag;  V20): (52)

Vg is not c-ordered in  sinceVs is not adjacent in . Thus, we use the ordered local Markov
property (LMP, ) for V. The maximal ancestral sets that we need to consider are

A1 = ans(f Ve; Vs; Vog) = fV1; Vo; V3; Va; Vs; Ve; V7; Vs; Vog and (53)
Ao = ang (f Va; Ve; Vog) = fV1; Vo; V3; Va; Ve; V7; VoO: (54)

The corresponding conditional independence relations are

| (f Vog; f V7; Vs0; f Vs; Ve; Va; Va; Va; ViQ); (55)
| (f Vog; T V7; T V6; Va; V3; Vo; V10): (56)

However, it turns out thah, 2 rdg. ({Mo) and (56) is not added 8. Let's check the condition
of Lemma 1. The global Markov property f@e_ (vs) is satis ed by (52). Also,

disg ., (Vo) = fV5; Vog (57)

disg 5, (Vo) = fVog (58)

(A2\ disg, (Vo)) ndisg,, (Vo) = fVog nfVog =; (59)
pag (disg 5, (Vo) ndisg,, (Vo)) = f V79 =mb(Vy; A2): (60)

Therefore, the condition of Lemma 1 is satis ed and it follows that (56) isineldnt. To see
how much we reduced the testing requirements, the conditional inde peneéatimons invoked
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by (LMP, ) are shown below.

I (fVag;;; fV10); | (fV2g; fVig; f V20);
| (f Vag; f Vog; f Va; V10); | (fVs0; ; ; T Va; Va; Va; Va0);
I (f Ve0; f Vag; f Vs; Va; Vo; V10); | (fV70; f Vag; f Vs; Va; Vo; Vi),

I (fFV70;f Ve; Va0; f Vs; Va; Vo; Vag); | (FVeg; T Vs; Vag; f Ve; Va; Va; V10);
| (fVgg; TV7; Vs; Va; Vag; T Vo; V10); | (FVeD; TV7; Ve, Vs; Va; Vag; T Vo; Vi0);
| (fVog; T V70; T Ve; Va; V3, Vo; V1), | (FVog; T V7; Vs0; T Ve Ve; Va; Va; Vo; V1) (61)

S invokes 26 zero partial correlations while (LMB,invokes 39. AlsosS involves much smaller
conditioning sets. We have at most one vertex in each conditioning set)iarffi2wo vertices
in (55) while 23 zero partial correlations in (61) involve more than 2 veriitése conditioning
set.

5 Conclusion

We present local Markov properties for ADMGs representing lineavViS®&ith correlated er-
rors. The results have applications in testing linear SEMs against the détatlmg for zero
partial correlations implied by the model. For a class of models whose corésyy path dia-
grams contain no directed mixed cycles, we show that at most one zerd pantelation test
is needed for each pair of variables. For general linear SEMs witeleted errors, we provide
a procedure that lists a subset of zero partial correlations that will imphttedir@ero partial
correlations implied by the model.

In general, our procedure may still invoke an exponential number offzaatial correlations
if the path diagrant satis es all of the following properties: (i has large c-components; (ii)
the vertices in each c-component are heavily connected by bi-directgs;ednd (iii))G has
many directed mixed cycles. If one of these properties is not satis ed ttieenumber of zero
partial correlations derived by our method is typically not exponential.

The potential advantages of testing linear SEMs based on vanishing partilations over
the classical test method based on maximum likelihood estimation of the covamaircehave
been discussed in Pearl (1998); Shipley (2000); McDonald (2Gipley (2003). The results
presented in this paper provide a theoretical foundation for the praapgditations of this test
method in linear SEMs with correlated errors. How to implement this test methoddtiqe
still needs further study. We also note that, in linear SBEMthout correlated errors, all the
constraints on the covariance matrix are in the form of vanishing partie¢lations; however,

linear SEMswith correlated errors may imply constraints on the covariance matrix that are not

in the form of zero partial correlations.

Although the intended application is in linear SEMs, the local Markov proseptiesented
in the paper are valid for ADMGs associated with any probability distributioasdatisfy the
composition axiom. For example, any probability distribution that is faithful to sD#We& or
undirected graph (and the marginals of those distribution) satis es the citigpoaxiom.
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Appendix : Proof of Lemma 1
LetT = disg, (X ) ndisg ,o(X), Y1 = disg 5 (X) n(AR disg, (X)) andY2 = T nY;. We have

mb(X; A) =mb(X;AY[ T [ pa(T)and (62)

An(mbX;A)[f Xg)= Ah(mbOGATG[f Xg[ Y2[ pag(T)) [ des(Yi)nY

(63)
Plugging (62) and (63) into (40), we get
| fXgmbOGAY[ T[ pag(T) ATh(mbOGAY[f Xg[ Y2[ pas(T))
[ des(Yi)nYp (64)

It follows from the decomposition axiom that

L(EXgmbOGAY T pag(T); AT (mbCGAY[f Xg[ Ya[ pas(T))):  (65)
Also we have

L (Y;;mbOGA Y[ Y2 [ pag(T);ATh (mbOGAY[f Xg[ Y2[ pag(T)));  (66)

sinceY; is d-separated fro’A n (mb(X; A5 [f X g[ Y2[ pag(T)) given miX;AN[ Yz [
pas (T) and by the assumption thBtsatis es the global Markov property f@pre  (x )\{x }-
Then, from (65), (66) and the contraction axiom, we have '

I (fXg;mbOGA Y[ Ya[ pag(T); AT (mbOGA Y [f Xg[ Y2 pag(T))): (67)
SinceY, = ; and pa(T) mb(X;A Y,
L (FX g:mb(X; A Y AT (mb(X: A F [ X g)) (68)
holds.
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