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Abstract

We offer a completecharacterizatiorof the setof distribu-
tionsthatcouldbeinducedby localinterventionsonvariables
governedby a causalBayesiannetwork of unknawvn struc-
ture,in which someof the variablesremainunmeasuredwe
shaw thatsuchdistributionsareconstrainedy a simply for-
mulatedsetof inequalitiesfrom whichboundscanbederived
oncausakffectsthatarenotdirectlymeasuredéh randomized
experiments.

Intr oduction

The use of graphical models for encodingdistributional
and causalinformationis now fairly standardPearl1988;
Spirtes,Glymour, & Scheined993;Heckerman& Shachter
1995; Lauritzen2000; Pearl2000; Dawid 2002). The most
common such representatiorinvolves a causal Bayesian
network (BN), namely a directedacgyclic graph(DAG) G
which, in additionto the usualconditionalindependenca-
terpretationjs alsogivena causalnterpretation.This addi-
tionalfeaturepermitsoneto infer theeffectsof interventions
or actions calledcausakffects,suchasthoseencounterech
policy analysistreatmenmanagemengr planning.Specif-
ically, if anexternalintervention x esary setT of variables
to someconstantg, the DAG permitsusto infer theresult-
ing post-interentiondistribution, denotedby P;(v),' from
the pre-intenentiondistribution P (v). A completecharac-
terizationof the setof interventionaldistributionsinduced
by acausaBN of aknown structurenasbeengivenin (Pearl
2000,pp.23-4)whenall variablesareobsered.

If we donotpossesthestructureof theunderlyingcausal
BN, canwe still reasoraboutcausaleffects?Oneapproach
is to identify a setof propertiesor axiomsthatcharacterize
causakelationsin generalandusethosepropertiesassym-
bolic inferential rules. Assumingdeterministicfunctional
relationshipsbetweenvariables,completeaxiomatizations
of causatelationsusingcounterfictualsaregivenin (Galles
& Pearl1998; Halpern2000). The resultingaxioms,how-
ever, cannotbe directly appliedto probabilisticdomainsin
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their deterministicsetting,prior to deriving their probabilis-
tic implications.Additionally, statisticiansandphilosophers
have expressedsuspicionof deterministicmodelsas a ba-
sis for causalanalysis(Dawid 2002), partly becausesuch
modelsstandcontraryto statisticaltradition and partly be-
causethey do not apply to quantummechanicalsystems.
Thecausamodelgtreatedn this paperarepurelystochastic.

We seeka characterizatiorfor the setof interventional
distributions, P; (v), that could be inducedby somecausal
BN of unknavn structure.The motivationis two-fold. As-
sumethatwe have obtaineda collectionof experimentadis-
tributionsby manipulatingvarioussetsof variablesandob-
servingothers.We mayaskseveralquestions(1) Is thiscol-
lection compatiblewith the predictionsof someunderlying
causalBN? Thatis, canthis collectionindeedbe generated
by somecausaBN? (2) If we assuméhatthecollectionwas
generatedy someunderlyingcausaBN (evenif we do not
know its structure),what canwe predictaboutnew inter
ventionsthatwere not tried experimentally?(that is, about
interventionaldistributionsthatarenot in the given collec-
tion.)

Theseguestionganbe answeredy anaxiomatizatiorof
interventionaldistributionsgeneratedby causaBNs. When
all variablesareobsenred,acompletecharacterizatioof the
setof interventionaldistributionsinducible by somecausal
BN is given in (Tian & Pearl2002). In this paper we
will seeka characterizatiorof interventional distributions
inducibleby Semi-Marlovian BNs, a classof Bayesiamet-
works in which someof the variablesare unobsered. We
identify four propertieghatarebothnecessargndsuf cient
for theexistenceof a semi-Marlovian BN capableof gener
atingary givensetof interventionaldistributions.

CausalBayesianNetworks and Inter ventions

A causalBayesiannetwork, also knowvn as a Markovian
mode] consistsof two mathematicalbbjects: (i) a DAG

of vertices,and (ii) a probability distribution P(v), over

the setV of discretevariablesthat correspondo the ver-
ticesin G.> The interpretationof sucha graph has two

2\We only considerdiscreterandomvariablesin this paper



componentsprobabilisticandcausal The probabilisticin-
terpretationviews G as representingconditionalindepen-
dencerestrictionson P: Eachvariableis independenpf
all its non-descendantsivenits direct parentsin the graph.
Theserestrictionsimply that the joint probability function

Y
P(v) =

P(vijpa) 1)

wherepa; are(valuesof) the parentf variableV, in G.

The causalinterpretatiorviews thearrowvs in G asrepre-
sentingcausalin uences betweenthe correspondingrari-
ables. In this interpretation,the factorizationof (1) still
holds, but the factorsare further assumedo representiu-
tonomousdata-generatiomprocessesthat is, eachcondi-
tional probability P (vijpa) represents stochastiqprocess
by which the valuesof V; are assigneti in responseto
the valuespa; (previously chosenfor V;'s parents),and
the stochasticvariation of this assignmenis assumedn-
dependenbf the variationsin all otherassignmentén the
model. Moreover, eachassignmenprocessemainsinvari-
antto possiblechangeén theassignmenprocessethatgov-
ernothervariablesin the system.This modularityassump-
tion enablesusto predictthe effectsof interventions when-
ever interventionsaredescribedasspeci ¢ modi cations of
somefactorsin the productof (1). The simplestsuchinter-
vention, calledatomig involves xing asetT of variables
to someconstantd = t, whichyieldsthe post-intenention
distribution

tijviexg P (Vilpa) Vv consistenwith t:
v inconsistentvith t.

)

Eq. (2) represents truncatedfactorizationof (1), with fac-
tors correspondingo the manipulatedvariablesremoved.
This truncationfollows immediatelyfrom (1) since,assum-
ing modularity the post-interentionprobabilitiesP (v;jpa;)
correspondingo variablesn T areeitherl or 0, while those
correspondingo unmanipulatedariablesremainunaltered.
If T standsfor a setof treatmentvariablesandY for an
outcomevariablein V nT, thenEq. (2) permitsusto calcu-
late the probability P; (y) thateventY = y would occurif
treatmentonditionT = t wereenforceduniformly overthe
population.This quantity oftencalledthe “causaleffect” of
T onY, is whatwe normally assesén a controlledexperi-
mentwith T randomizedjn which the distribution of Y is
estimatedor eachlevelt of T.

When somevariablesin a Markovian model are unob-
sened, the probability distribution over the obsened vari-
ablesmay no longer be decomposedisin Eq. (1). Let

Pe(v) =

3A morere ned interpretationcalled functional is alsocom-
mon (Pearl 2000), which, in addition to interventions, supports
counterfctual readings. The functional interpretationassumes
strictly deterministicfunctionalrelationshipdetweenvariablesin
themodel,someof which maybeunobsered.

“In contraswith functionalmodels heretheprobabilityof each
Vi, notits precisevalue,is determinedy the othervariablesin the
model.

setsof obsered and unobsered variablesrespectiely. If
no U variableis a descendanof ary V variable,thenthe
correspondingnodelis calleda semi-Marlovian model In
a semi-Marlovian model,the obsered probability distribu-
tion, P (v), becomes mixture of products:
X
P(v) = P(vijpa;u')P(u) 3)

u i

wherePA; andU' standfor the setsof the obsered and
unobseredparentf Vi, andthesummatiorrangesoverall
theU variables.Thepost-interentiondistribution, lik ewise,
will begivenasa mixtureof truncatedoroducts

P (V)

8 X Y .

< P(vijpai;u')P(u) v consistentvith t:
= u fijVv;6Zg

0 Vv inconsistentvith t.

(4)

Characterizing Inter ventional Distrib utions
LetP denotethesetof all interventionaldistributions

P =fP(V)T V;t2Dm(T);v2Dm(V)g (5

whereD m(T) representshedomainof T. Thesetof inter-
ventionaldistributionsinducedby a given causalBN must
satisfysomeproperties For examplethefollowing property

Ppa; (Vi) = P(vijpg); for all i (6)

must hold in all Markovian models,but may not hold in
semi-Marlovian models.A completecharacterizationf the
setof interventionaldistributionsinducedby agivenMarko-
vian modelis givenin (Pearl2000,pp.23-4).

Now assumehat we are given a collection of interven-
tional distributions, but the underlyingcausalBN, if such
exists, is unknovn. We askwhetherthe collectionis com-
patiblewith the predictionsof someunderlyingcausalBN.
As anexample,assumeahatV consistsof two binary vari-
ablesX andY with the domainof X beingfxg;x1g9 and
the domainof Y beingfyg;yi1g. ThenP consistsof the
following distributions

P = fP (X ¥);Pxo (X ¥); Px, (X ¥); Py, (X ¥); Py, (X Y);
Pxoo (X3 ¥)5 Pxoiys (X ¥): Pxyiyo (X Y); Pxyiy, (X Y) G

whereeachP; (x; y) is anarbitrary probability distribution
over X;Y with anindex t. For this setof distributionsto
be inducedby someunderlyingcausalBN suchthat each
P:(x;y) correspondgo the distribution of X ;Y underthe
interventiondo(T = t) tothecausaBN, they haveto satisfy
somenormsof coherenceFor example,it mustbetruethat
Px,(Xo) = 1. For anotherexample,if the causalgraphis
X 1 Y thenPy,(x0) = P(Xo), andif thecausalgraphis
X Y thenPy, (Yo) = P(Yo), thereforejt mustbetrue
that eitherPy, (Xo) = P(Xo) or Px,(Yo) = P(yo), which
re ects the constraintghatwe areconsideringagyclic mod-
els.



Assumethat eachP¢(v) in P is a (indexed) probability
distribution over V. We would like to know what proper
tiesthesetof distributionsin P mustsatisfysuchthatP is
compatiblewith someunderlyingcausaBN in thesensahat
eachPy(v) correspondso the post-interentiondistribution
of V underthe interventiondo(T = t) to the causalBN.
(Tian& Pearl2002)hasshovn thatthefollowing threeprop-
erties: effectivenessMarkov, and recursveness,are both
necessanandsufcient for aP setto be inducedfrom a
Markovian causaimodel.

Property 1 (Effectiveness)For anysetof variablesT,
P(t) = L (7

Property 2 (Mark ov) For anytwodisjointsetsof variables
S and S,,

Pvn(sl[ S2) (Sl; S2) = Pvnsl (Sl) I:)vnsz (52): (8)

De nition 1 For two singlevariablesX andY, de ne“ X
affectsY”, denotecby X ; Y,as9W V;w;Xx;y, suh
that Px.w (Y) 8 Py (y). Thatis, X affectsY if, undersome
settingw, interveningon X changesthedistributionof Y .

Property 3 (Recursiveness)For any set of variables

Xo; Xp)MiiiA (X 15 XK)) - (Xk; Xo): (9)

Thesethreepropertiesmposeconstraintontheinternen-
tionalspacdP suchthatthisvastspacecanbeencodedsuc-
cinctly, in the form of a single Markovian model. In this
paper we seeka characterizatiorof P setinducedfrom
semi-Marlovian causalmodels. The effectivenessandre-
cursivenessropertiesstill hold in semi-Marlovian models
but the Markov propertydoesnot. First somediscussions
aboutthe effectivenessaandrecursvenesgroperties.

Effectivenesstateghat,if weforceasetof variablesT to
have thevaluet, thenthe probabilityof T takingthatvalue
t is one. We give somecorollariesof effectivenesghatare
very usefulduring future discussions.For ary setof vari-
ablesS disjointwith T, animmediatecorollaryof effective-
nessreads:

Pts t=1 (10)
whichfollows from
Prs(t)  Pes(t;s) = 1 (12)
Equialently if Ty T, then

1 if t1 is consistentvith t:

Pit) = o t1 isinconsistentvith t. (12)
We furtherhavethat,for Ty T andS disjointof T,
Pi(s:ty) = P:(s) if t; isconsistentvith t: (13)

0 if t1 is inconsistentvith t.

Recursvenesss a stochasticversionof the (determinis-
tic) recursvenessaxiomgivenin (Halpern2000). It comes
from restrictingthe causaimodelsunderstudyto thosehav-
ing agyclic causalgraphs.For example,for k = 1 we have
X Y) :(Y; X),sayingthatfor ary two variables
X andY, eitherX doesnotaffectY orY doesnot affect

X. (Halpern2000) pointedout that, recursvenesscan be
viewed asa collectionof axioms,onefor eachk, andthat
the caseof k = 1 aloneis not enoughto characterizea re-
cursive model.

Recursienesgde nes an orderover the setof variables.
De ne arelation® " as: X Y if X ; Y. Thetransi-
tive closureof , ,is apartialorderoverthe setof vari-
ablesV from therecursvenesgroperty Thenthefollowing
propertyholdsin semi-Marlovian models.(Notethatsince
a Markovian model is a specialtype of semi-Marlovian
model, all propertiesthat hold in semi-Marlovian models
alsoholdin Markovian models.)

Property 4 (Dir ectionality) Thee exists a total order,
“<” consistenwith , sudthat

Pyiw(s) = Pu(s) if 8X 2 S;X < V; (14)
for anysetof variablesW disjointof S.

Intuitively, directionalityimpliesthataninterventiononary
variable V; cannotaffect earlier variables. If S contains
a single variable X, this property is implied by the re-
cursivenessproperty becausef Py, . (x) 8 Py(X), then
Vi ; X, andthereforeV; X, which contradictshefact
thatX < V; is consistenwith . In Markovian models,
thedirectionalitypropertycanbederivedfrom therecursve-
nessandMarkov properties.

Property 5 (Inclusion-Exclusion Inequalities) For  any
subseS; V,

( 1)j32jpvn(sl[52)(v)
S, VnS;

0; 8v2Dm(V);

(15)
whele|jS,| representdhe numberof variablesin S,.

The inclusion-exclusion inequalitiesspecify 21V number
of inequalities(including the trivial oneP(v)  0), each
hold for all possibleinstantiationsof V. For example, if
V = fX;Y;Zg, thenthe inclusion-clusion inequalities
specifythe following: for all x 2 Dm(X),y 2 Dm(Y),
z2 Dm(2),

1 Pyz(X) Px(y) Py (2) + P(xy) + Py(xz)

+ Px(yz) P(xyz) O (16)
Pyz(x) Pz(xy) Py(xz)+ P(xyz) 0 17)
Pw (y) Pz(xy) Px(yz)+ P(xyz) O (18)
Pw(2) Py(xz) Px(yz)+P(xyz) O (19)
P.(xy) P(xyz) O (20)
Py(xz) P(xyz) O (22)
Px(yz) P(xyz) O (22)

If we assumehata causalorderV; < Vo::: < V, is
given suchthat Eq. (14) is satis ed, then someof the in-
equalitiesin Eq. (15) canbe derived from others.More ex-
actly, we only needthefollowing setof inequalities.

Property 6 (Inclusion-Exclusion Inequalities with Order)
Let\)/(O: V nfV,g. For anysubseS; V¢

( 1)52Pyoges,[ sp)(S1:S2;Vn)  0;8v 2 Dm(V);
S, VOonsg

(23)



Eq. (23) speci es2Vi 1 numberof inequalities.The other
half of the inequalitiesin Eq. (15) can be derived from
Eq. (23) andthefollowing equation

Py, s(v°ns) = Ps(v°ns) (24)

whichfollows from Eqg. (14). Summingtheleft handsideof
Eq. (23) overall theinstantiationof V,, exceptv?, we have
X

(1Y [Pyons,[ s,)(S1;S2)
S, V 0n81

Puon(s [ s,) (S1:S2; Vp)]

= ( 1)jSZJ [onn(sl[ s2)v0 (s1;82)

S, V °n81
« Pyon(s:| s,)(S1; S2; vO)] (from E q: (24))
= ( 1Y5UPyns s,) (S5 S2): (25)
Sz \% nSl

Thereforewe obtainthat,for ary subseS;  V©,
X

( DS9Pynsis)(V) O (26)
Sz \% nSl

which arethe otherhalf of the inequalitiesin Eq. (15) be-
sidesthosein Eq. (23).

As an example,assuminghatV = fX;Y;Zg, andwe
aregivena causalorderX < Y < Z, thenDirectionality
andinclusion-eclusioninequalitiesspecifythefollowing

Py(x) = P(x) (27)
P.(x;y) = P(Xy) (28)
Pzx(y) = Px(y) (29)
P2y (X) = Py(x) (30)
Pw(2) Py(xz) Px(yz)+P(xyz) O (31)
Py(xz) P(xyz) O (32)
Px(yz) P(xyz) O (33)

Theorem 1 (Soundness)Effectiveness recursiveness,di-
rectionality andinclusion-eclusioninequalitieshold in all
semi-Marlovian models.

Seethe AppendixA for theproof of soundness.

Theorem 2 (Completeness)If a P setsatis es effective-
ness,recursivenessdirectionality and inclusion-eclusion
inequalities thenthere existsa semi-Marlovian modelthat
cangeneatethisP set.

Seethe Appendix B for the proof sketch of completeness.
Thefull proofis givenin (Tian,Kang,& Pearl2006).

Conclusion

We have shawvn thatthe experimentaimplicationsof anun-
derlyingsemi-Marlovian causamodelwith unknavn struc-
turearefully characterizedby four properties.The key ele-
mentin our characterizatiors the setof inclusion-eclusion
inequalitiesEq. (15). Onepracticalapplicationof this char
acterizationis thatary empiricalviolation of theinequalities
in Eq. (15) would permit us to concludethat the underly-
ing modelis not semi-Marlovian; this meanshatfeedback

loopsmay operatan datageneratingprocesspr thatthein-
terventionsin the experimentsare not conductedproperly
(e.g., the intervention may not be properly randomizedor
they may have side effects). Another applicationpermits
usto boundthe effectsof untriedinterventionsfrom exper
imentsinvolving auxiliary interventionsthat are easieror
cheapetto implement. For example,if we have performed
experimentsn which X andY arerandomizedseparately
yielding the distributions Py (xz) and Py (yz) respeciiely,
then Eqg. (19) boundsthe experimentaldistribution P,y (z)
thatwould obtainunderanew experimentaddesignwhereX
andY arerandomizedimultaneouslyTheresultingbound,
givenby Py, (z) Py(xz) + Px(yz) P(xyz), makesno
assumptioron the structureof the underlyingmodel,or the
temporalorderof the variable,or the absencef confound-
ing variablesin thedomain.

The factthat our proof constructsa completegraphdoes
not mean,of course,that one cannotattemptto extract a
more informative graphfrom P . For example,the setof
directededgescan be reducednoting that, in every semi-
Markovian model,the parentsof eachV; area minimal set
S; satisfyingPs; (Vi) = Pyny, (Vi). In words,oncewe hold
x ed the parentsof V;, no additionalintervention may in-
uence theprobabilityof V;. Likewise,the setof bidirected
arcscanbereducedy remorving all arcsbetweeranodeV,
andamaximalsetT; of non-descendantsf V; satisfying

Pvnvi (Vi) = P(vnvi)nti (Vijti ): (34)

Indeed, intervening on variablesto which V; is not con-
nectedby an arc or observingthosevariablesgives us the
sameinformationon V; (oncewe hold x ed all othervari-
ables). The questionremainshowever whetherthe removal
of theseedgesfrom the completegraphinducesadditional
inequalitiesandequalitiesthatneedbe checled againstP .
We leave this questionfor futurework.
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Appendix A: Proof of Soundness

Theorem (Soundness)Effectivenessyecursvenessdirec-
tionality, and inclusion-exclusion inequalitieshold in all
semi-Marlovian models.

Proof: All four propertiedollow from Eq. (4).

EffectivenessFromEg. (4), we have
P(T=t)=0 fort°6 (35)

andsince
X

P (t9) = L; (36)
t2Dm(T)
we obtainthe effectivenesgpropertyof Eq. (7).

RecursivenessAssumehatatotal orderoverV thatis con-
sistentwith the causalgraphis V; < < V,, suchthat



Vi is anondescendamf V; if V; < V;. Considera vari-
ableV, andary setof variablesS  V which doesnot
containVj. LetB; = fVijVi < V;;Vi 2 V nSg bethe
setof variablesnotin S and orderedbeforeV,, andlet
Aj = fVijV, < Vi;Vi 2 V nSg bethe setof variables
notin S andorderedafterV;. Then
X
Ps(ly;vjiay) = P(vijpai;u')P(vjjpa ;u')
u fijVvi2Bjg
Y _

P(vijpa; u')P(u) @37

fijVi ZAj g

and
X
Py s(b;a) =
u fijvi2B;g

Y .
P(vijpai;u')P(u)  (38)
fijVi2Aj g

P(vijpa;u')

Summingbothsidesof Eq. (37) overall theinstantiations
of variablesin A; andV;, suchthatthe variableordered
lastis summedrst, we obtain

X
Ps(h) =

u fijVvi2Bjg

P(vijpa;u)P(u):  (39)

Similarly, summingbothsidesof Eq. (38) over all thein-
stantiationsof variablesin A; , we obtainthat

Py s(3) = Ps(b): (40)

SinceB; isthesetof variablesorderedbeforeV; , we have
that, for ary two variablesV; < V, andary setof vari-
ablesS,

Py s(vi) = Ps(vi); (41)

which statesthatif V; is orderedbeforeV; thenV, does
not affect V;, basedon our de nition of “X affectsY”.
Thereforewe have thatif V; affectsV; thenV; is ordered
beforeV;, or

VooV V< W (42)

Recursve property(9) thenfollows from (42) becaus¢he
relation“<” is atotal order

Directionality Let < be a total order consistentwith the
causalgraph. In the abore proof for recursvenesswe
have shovn thatEq. (40) and(42) hold. (42) meanghat
thetotal order< is consistentvith . And Eq. (14)fol-
lowsimmediatelyfrom Eq. (40).

Inclusion-Exclusion Inequalities We use the following
equation

YK
1 &)

+( D¥ar  a (43)

Takea = P(vjjpaj ul), we have that
X

P(vijpa;u')
u fiQ/izslg
(1 P(vijpa;u'))P(u)
fjjVvj2VvnSig
X .
= ( 1P Pynsirsp(s1582) 0 (44)

S, VnSi

sincefor all V, 2 V
0 P(vijpa;u’) 1L (45)
2

Appendix B: Proof Sketch of Completeness

Fromdirectionalityproperty thereexistsatotal orderonV,
Vi<V, < < V,, suchthat

Pyi-w(s) = Py(s)if 8X 2 S;X < V; (46)

We will constructa causaimodelconsistentith this order
Let the domainof eachvariable\/j be

whered; is thenumberof valuesV, cantake. We will con-
structafunctionalmodelin theform of

=1 47
For discretevariables,the numberof possiblefunctionsis
nite. We will usethe “response”variablerepresentation

(Balke & Pearl1994b;1994a)(called“mapping”variablein
(Heclerman& Shachtef995)).Letthedomainofr; be

Dm(rj) = f1;2;:::;jDm(r;)jg

v = fi(vasiinyoarg);

wherejDm(r;)j = dGll d 1
We will c)gnstry(cla modelof theform

P(v) = _ P(vjjvi;iinvy 4r)P(reiiiir)
(48)

For a functional model, each of the probabilities
P(vjjvi;::5vp 1;rj) would be either 0 or 1, and
only non-zero values contritute to the summation in
Eq. (48). For a xed value of vq;::ii;vy, let

Dj(vjjvi;iisvy 1) Dm(ry) bethe setof valuesof r;
suchthatP (vjjvy; iy 1;r )— 1. Then
P(v) = P(ro;iiiir); (49)

ri2D; 2D,

andforary T V

X X
Pynt(V) = P(ra;::i;rn): (50)
ri2bm(rj) ri2Dj
fijviearg fijvi2Tg
If we can constructa distribution P(rq;:::;rn) suchthat

Eqg. (50) holdsforary T  V andv 2 Dm(V), thenwe
have a semi-Marlovian modelthatcaninducetheP set.



Given a distribution P(ry;:::;rn), we wil dene

an event AJ/"*¥1 * as the event that rj is in
D; (v"Jv'll;:::; ]" 1), and we will think of the event
Ai"'l;””IJ ! asasetin thespaceDm(r1) Dm(ry).
Tiien Egs.(49) and(50) become
P(viiivie) = PAR N AR\ Al 1y,
(51)
and
Punt (v) = P( AR (52)
fkjVk2Tg
For a xed i;::5;ip 1, the set of events
Alpliaiste g 1;"';dn are mutually exclusive
and exhaustve For a xediy;::i;ip 1, letting Ax be

a shorthand notation for A'”'“””i k1 and letting Ax
represercthe ev\entnotAk, thesetof events

Alr-gl  f1;::::n

Ak Ak
k21 k62
(53)
aremutually exclusive andexhaustve, andthusform a par
tition of thespaceD m(r;) Dm(ry). Theprobabili-
tiesof theseeventscanbe computedrom Eq. (52) usingthe
inclusiorq-e(clus\ionprir\iciple,andwe obtain

P( A  Acx Al)
k21 k62
X

= ( 159Pyoys,[5,)(S1:S2:Vn);  (54)
S, V°n51

whereV? = V nfV,g, andS; = fViji 2 Ig. From
the Inclusion-Exclusioninequalitieswith Order given in
Eq.(23), we have avalid assignmentf probabilitiesto each
of themutually exclusive andexhaustve eventsin (53).

It is nothardto seethattheequationg52)forV,, 2 V nT
leadto constraintsn theform of, for eachS ~ V°,

Py, s(v°ns) = Ps(vOns): (55)
Theseconstraintsare satis ed by the P setsinceEq.(46)
holds.

For each x ed valueiy;:::;in, 1, we have a probabil-
ity assignmento the sgt of mutyally exclusive and ex-
haustve events ,, Ax s Ak Al givenby Eq.(54).
Are theseas&gnmentsconsstentfor different values of
i1;:::;1n 17 In otherwords,doesthereexist a distribution
P(rl; i1 rp) that satis esthe assignmentsn Eq.(54)for
ip = 1;:::;0I1;""|n 1= 100 ;dn 1? If theansweris
yes, thenthereeX|stsadistribution P(ry;:::;rn) suchthat
Eq.(52) holdsforary TV andv 2 Dm(V) andthere-
fore there exists a semi-Marlovian modelthat caninduce
theP set.

Fora x edvalueis;:::;in 1, weconsidemanother ner)
partitionof thespaceD m(rl) Dm(r,), denotedoy
Koy

ji= Lindaiinjn = i dye (56)

We useP(K i, ,) o denotea probability assignment

that assignsa probability value to eachsetin K, ...
We canshaw thefollowing

Lemma 1 Given the probability assignmentsi;n Eq. _(54),

1;:::;d1;""|n 1 = 1 2:dn 1, sud that, for two

.....

..........

jk+1ji1 ..... Ik
Ak+1 )

Thenwe canshaw that
Lemma2 Thee exists a distribution P(ry;:::;r,) sud
that all the probability assignmentsP (K, ...i, ,) in
Lemmal are satised for iy = 1;:::;dy;::iip 1 =
A

Thecompletenes$heoren2 follows from Lemma2.
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