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Abstract

We offer a completecharacterizationof the set of distribu-
tionsthatcouldbeinducedby local interventionsonvariables
governedby a causalBayesiannetwork of unknown struc-
ture,in which someof thevariablesremainunmeasured.We
show thatsuchdistributionsareconstrainedby a simply for-
mulatedsetof inequalities,fromwhichboundscanbederived
oncausaleffectsthatarenotdirectlymeasuredin randomized
experiments.

Intr oduction
The use of graphical models for encodingdistributional
andcausalinformation is now fairly standard(Pearl1988;
Spirtes,Glymour, & Scheines1993;Heckerman& Shachter
1995;Lauritzen2000;Pearl2000;Dawid 2002). Themost
common such representationinvolves a causal Bayesian
network(BN), namely, a directedacyclic graph(DAG) G
which, in additionto theusualconditionalindependencein-
terpretation,is alsogivena causalinterpretation.This addi-
tionalfeaturepermitsoneto infer theeffectsof interventions
or actions,calledcausaleffects,suchasthoseencounteredin
policy analysis,treatmentmanagement,or planning.Specif-
ically, if anexternalintervention�x esany setT of variables
to someconstantst, theDAG permitsusto infer theresult-
ing post-interventiondistribution, denotedby Pt (v),1 from
the pre-interventiondistribution P(v). A completecharac-
terizationof the setof interventionaldistributions induced
by acausalBN of aknown structurehasbeengivenin (Pearl
2000,pp.23-4)whenall variablesareobserved.

If wedonotpossessthestructureof theunderlyingcausal
BN, canwe still reasonaboutcausaleffects?Oneapproach
is to identify a setof propertiesor axiomsthatcharacterize
causalrelationsin general,andusethosepropertiesassym-
bolic inferential rules. Assumingdeterministicfunctional
relationshipsbetweenvariables,completeaxiomatizations
of causalrelationsusingcounterfactualsaregivenin (Galles
& Pearl1998;Halpern2000). The resultingaxioms,how-
ever, cannotbe directly appliedto probabilisticdomainsin
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1(Pearl1995;2000)usedthenotationP(vjset(t)) , P (vjdo(t)) ,
or P (vjt̂ ) for the post-interventiondistribution, while (Lauritzen
2000)usedP(vjj t ).

their deterministicsetting,prior to deriving their probabilis-
tic implications.Additionally, statisticiansandphilosophers
have expressedsuspicionof deterministicmodelsasa ba-
sis for causalanalysis(Dawid 2002), partly becausesuch
modelsstandcontraryto statisticaltradition andpartly be-
causethey do not apply to quantummechanicalsystems.
Thecausalmodelstreatedin thispaperarepurelystochastic.

We seeka characterizationfor the set of interventional
distributions,Pt (v), that could be inducedby somecausal
BN of unknown structure.Themotivation is two-fold. As-
sumethatwehaveobtainedacollectionof experimentaldis-
tributionsby manipulatingvarioussetsof variablesandob-
servingothers.Wemayaskseveralquestions:(1) Is thiscol-
lectioncompatiblewith thepredictionsof someunderlying
causalBN? That is, canthis collectionindeedbegenerated
by somecausalBN?(2) If weassumethatthecollectionwas
generatedby someunderlyingcausalBN (evenif wedonot
know its structure),what can we predict aboutnew inter-
ventionsthatwerenot tried experimentally?(that is, about
interventionaldistributionsthat arenot in the given collec-
tion.)

Thesequestionscanbeansweredby anaxiomatizationof
interventionaldistributionsgeneratedby causalBNs. When
all variablesareobserved,acompletecharacterizationof the
setof interventionaldistributionsinducibleby somecausal
BN is given in (Tian & Pearl 2002). In this paper, we
will seeka characterizationof interventionaldistributions
inducibleby Semi-MarkovianBNs,aclassof Bayesiannet-
works in which someof the variablesareunobserved. We
identify four propertiesthatarebothnecessaryandsuf�cient
for theexistenceof asemi-MarkovianBN capableof gener-
atingany givensetof interventionaldistributions.

CausalBayesianNetworks and Inter ventions

A causalBayesiannetwork, also known as a Markovian
model, consistsof two mathematicalobjects: (i) a DAG
G, called a causalgraph, over a set V = f V1; : : : ; Vn g
of vertices,and (ii) a probability distribution P(v), over
the set V of discretevariablesthat correspondto the ver-
tices in G.2 The interpretationof such a graph has two

2Weonly considerdiscreterandomvariablesin thispaper.



components,probabilisticandcausal.3 Theprobabilisticin-
terpretationviews G as representingconditional indepen-
dencerestrictionson P: Eachvariable is independentof
all its non-descendantsgivenits directparentsin thegraph.
Theserestrictionsimply that the joint probability function
P(v) = P(v1; : : : ; vn ) factorizesaccordingto theproduct

P(v) =
Y

i

P(vi jpai ) (1)

wherepai are(valuesof) theparentsof variableVi in G.
Thecausalinterpretationviews thearrows in G asrepre-

sentingcausalin�uences betweenthe correspondingvari-
ables. In this interpretation,the factorizationof (1) still
holds,but the factorsare further assumedto representau-
tonomousdata-generationprocesses,that is, eachcondi-
tional probabilityP(vi jpai ) representsa stochasticprocess
by which the values of Vi are assigned4 in responseto
the valuespai (previously chosenfor Vi 's parents),and
the stochasticvariation of this assignmentis assumedin-
dependentof the variationsin all otherassignmentsin the
model. Moreover, eachassignmentprocessremainsinvari-
antto possiblechangesin theassignmentprocessesthatgov-
ernothervariablesin thesystem.This modularityassump-
tion enablesusto predicttheeffectsof interventions,when-
ever interventionsaredescribedasspeci�c modi�cationsof
somefactorsin theproductof (1). Thesimplestsuchinter-
vention,calledatomic, involves�xing a setT of variables
to someconstantsT = t, whichyieldsthepost-intervention
distribution

Pt (v) =
� Q

f i jVi 62T g P(vi jpai ) v consistentwith t:
0 v inconsistentwith t.

(2)

Eq. (2) representsa truncatedfactorizationof (1), with fac-
tors correspondingto the manipulatedvariablesremoved.
This truncationfollows immediatelyfrom (1) since,assum-
ing modularity, thepost-interventionprobabilitiesP(vi jpai )
correspondingto variablesin T areeither1 or 0, while those
correspondingto unmanipulatedvariablesremainunaltered.
If T standsfor a set of treatmentvariablesand Y for an
outcomevariablein V n T, thenEq.(2) permitsusto calcu-
late theprobabilityPt (y) thateventY = y would occurif
treatmentconditionT = t wereenforceduniformly over the
population.Thisquantity, oftencalledthe“causaleffect” of
T on Y , is whatwe normallyassessin a controlledexperi-
mentwith T randomized,in which the distribution of Y is
estimatedfor eachlevel t of T.

When somevariablesin a Markovian model are unob-
served, the probability distribution over the observed vari-
ablesmay no longer be decomposedas in Eq. (1). Let

3A morere�ned interpretation,calledfunctional, is alsocom-
mon (Pearl 2000), which, in addition to interventions,supports
counterfactual readings. The functional interpretationassumes
strictly deterministic,functionalrelationshipsbetweenvariablesin
themodel,someof whichmaybeunobserved.

4In contrastwith functionalmodels,heretheprobabilityof each
Vi , not its precisevalue,is determinedby theothervariablesin the
model.

V = f V1; : : : ; Vn g andU = f U1; : : : ; Un 0g standfor the
setsof observed andunobserved variablesrespectively. If
no U variableis a descendantof any V variable,then the
correspondingmodelis calleda semi-Markovian model. In
a semi-Markovian model,theobservedprobabilitydistribu-
tion, P(v), becomesamixtureof products:

P(v) =
X

u

Y

i

P(vi jpai ; ui )P(u) (3)

wherePA i andU i standfor the setsof the observed and
unobservedparentsof Vi , andthesummationrangesoverall
theU variables.Thepost-interventiondistribution,likewise,
will begivenasamixtureof truncatedproducts

Pt (v)

=

8
<

:

X

u

Y

f i j V i 62T g

P(vi jpai ; ui )P (u) v consistentwith t:

0 v inconsistentwith t.
(4)

Characterizing Inter ventional Distrib utions
Let P�P�P� denotethesetof all interventionaldistributions

P�P�P� = f Pt (v)jT � V; t 2 Dm(T); v 2 Dm(V )g (5)

whereDm(T) representsthedomainof T. Thesetof inter-
ventionaldistributionsinducedby a given causalBN must
satisfysomeproperties.For examplethefollowing property

Ppa i (vi ) = P(vi jpai ); for all i; (6)

must hold in all Markovian models,but may not hold in
semi-Markovianmodels.A completecharacterizationof the
setof interventionaldistributionsinducedby agivenMarko-
vianmodelis givenin (Pearl2000,pp.23-4).

Now assumethat we aregiven a collectionof interven-
tional distributions, but the underlyingcausalBN, if such
exists, is unknown. We askwhetherthe collectionis com-
patiblewith thepredictionsof someunderlyingcausalBN.
As an example,assumethat V consistsof two binaryvari-
ablesX andY with the domainof X being f x0; x1g and
the domainof Y being f y0; y1g. ThenP�P�P� consistsof the
following distributions

P�P�P� = f P(x; y); Px 0 (x; y); Px 1 (x; y); Py0 (x; y); Py1 (x; y);
Px 0 ;y 0 (x; y); Px 0 ;y 1 (x; y); Px 1 ;y 0 (x; y); Px 1 ;y 1 (x; y)g;

whereeachPt (x; y) is anarbitrary probabilitydistribution
over X ; Y with an index t. For this setof distributions to
be inducedby someunderlyingcausalBN suchthat each
Pt (x; y) correspondsto the distribution of X ; Y underthe
interventiondo(T = t) to thecausalBN, they haveto satisfy
somenormsof coherence.For example,it mustbetruethat
Px 0 (x0) = 1. For anotherexample,if the causalgraphis
X � ! Y thenPy0 (x0) = P(x0), andif thecausalgraphis
X  � Y thenPx 0 (y0) = P(y0), therefore,it mustbetrue
that eitherPy0 (x0) = P(x0) or Px 0 (y0) = P(y0), which
re�ects theconstraintsthatweareconsideringacyclic mod-
els.



Assumethat eachPt (v) in P�P�P� is a (indexed) probability
distribution over V . We would like to know what proper-
tiesthesetof distributionsin P�P�P� mustsatisfysuchthatP�P�P� is
compatiblewith someunderlyingcausalBN in thesensethat
eachPt (v) correspondsto thepost-interventiondistribution
of V underthe interventiondo(T = t) to the causalBN.
(Tian& Pearl2002)hasshown thatthefollowing threeprop-
erties: effectiveness,Markov, and recursiveness,are both
necessaryandsuf�cient for a P�P�P� set to be inducedfrom a
Markoviancausalmodel.

Property 1 (Effectiveness)For anysetof variablesT,

Pt (t) = 1: (7)

Property 2 (Mark ov) For anytwodisjointsetsof variables
S1 andS2,

Pvn(s1 [ s2 ) (s1; s2) = Pvns1 (s1)Pvns2 (s2): (8)

De�nition 1 For two singlevariablesX andY , de�ne “ X
affectsY ”, denotedby X ; Y , as9W � V; w; x; y, such
that Px;w (y) 6= Pw (y). That is, X affectsY if, undersome
settingw, interveningonX changesthedistributionof Y .

Property 3 (Recursiveness)For any set of variables
f X 0; : : : ; X k g � V ,

(X 0 ; X 1) ^ : : : ^ (X k � 1 ; X k ) ) : (X k ; X 0): (9)

Thesethreepropertiesimposeconstraintsontheinterven-
tionalspaceP�P�P� suchthatthisvastspacecanbeencodedsuc-
cinctly, in the form of a single Markovian model. In this
paper, we seeka characterizationof P�P�P� set inducedfrom
semi-Markovian causalmodels. The effectivenessand re-
cursivenesspropertiesstill hold in semi-Markovian models
but the Markov propertydoesnot. First somediscussions
abouttheeffectivenessandrecursivenessproperties.

Effectivenessstatesthat,if weforceasetof variablesT to
have thevaluet, thentheprobabilityof T takingthatvalue
t is one. We give somecorollariesof effectivenessthatare
very usefulduring future discussions.For any setof vari-
ablesS disjointwith T, animmediatecorollaryof effective-
nessreads:

Pt;s (t) = 1; (10)

which follows from

Pt;s (t) � Pt;s (t; s) = 1: (11)

Equivalently, if T1 � T , then

Pt (t1) =
�

1 if t1 is consistentwith t:
0 if t1 is inconsistentwith t. (12)

We furtherhave that,for T1 � T andS disjointof T,

Pt (s; t1) =
�

Pt (s) if t1 is consistentwith t:
0 if t1 is inconsistentwith t. (13)

Recursivenessis a stochasticversionof the (determinis-
tic) recursivenessaxiomgiven in (Halpern2000). It comes
from restrictingthecausalmodelsunderstudyto thosehav-
ing acyclic causalgraphs.For example,for k = 1 we have
X ; Y ) : (Y ; X ), sayingthat for any two variables
X andY , eitherX doesnot affect Y or Y doesnot affect

X . (Halpern2000)pointedout that, recursivenesscanbe
viewed asa collectionof axioms,onefor eachk, andthat
thecaseof k = 1 aloneis not enoughto characterizea re-
cursivemodel.

Recursivenessde�nes an orderover the setof variables.
De�ne a relation“ � ” as: X � Y if X ; Y . The transi-
tive closureof � , � � , is a partialorderover thesetof vari-
ablesV from therecursivenessproperty. Thenthefollowing
propertyholdsin semi-Markovian models.(Notethatsince
a Markovian model is a special type of semi-Markovian
model, all propertiesthat hold in semi-Markovian models
alsohold in Markovianmodels.)
Property 4 (Dir ectionality) There exists a total order,
“ < ”, consistentwith � � , such that

Pv i ;w (s) = Pw (s) if 8X 2 S; X < Vi ; (14)

for anysetof variablesW disjointof S.
Intuitively, directionalityimpliesthataninterventiononany
variable Vi cannotaffect earlier variables. If S contains
a single variable X , this property is implied by the re-
cursivenessproperty, becauseif Pv i ;w (x) 6= Pw (x), then
Vi ; X , andthereforeVi � X , which contradictsthe fact
that X < Vi is consistentwith � � . In Markovian models,
thedirectionalitypropertycanbederivedfrom therecursive-
nessandMarkov properties.

Property 5 (Inclusion-Exclusion Inequalities) For any
subsetS1 � V ,

X

S2 � V nS1

(� 1)jS2 j Pvn(s1 [ s2 ) (v) � 0; 8v 2 Dm(V );

(15)
where jS2j representsthenumberof variablesin S2.

The inclusion-exclusion inequalitiesspecify 2jV j number
of inequalities(including the trivial one P(v) � 0), each
hold for all possibleinstantiationsof V . For example, if
V = f X ; Y; Z g, then the inclusion-exclusion inequalities
specify the following: for all x 2 Dm(X ), y 2 Dm(Y),
z 2 Dm(Z ),

1 � Pyz (x) � Pxz (y) � Pxy (z) + Pz (xy) + Py (xz)
+ Px (yz) � P(xyz) � 0 (16)

Pyz (x) � Pz (xy) � Py (xz) + P(xyz) � 0 (17)
Pxz (y) � Pz (xy) � Px (yz) + P(xyz) � 0 (18)
Pxy (z) � Py (xz) � Px (yz) + P(xyz) � 0 (19)
Pz (xy) � P(xyz) � 0 (20)
Py (xz) � P(xyz) � 0 (21)
Px (yz) � P(xyz) � 0 (22)

If we assumethat a causalorderV1 < V2 : : : < Vn is
given suchthat Eq. (14) is satis�ed, then someof the in-
equalitiesin Eq. (15) canbederivedfrom others.More ex-
actly, weonly needthefollowing setof inequalities.
Property 6 (Inclusion-Exclusion Inequalities with Order)
LetV 0 = V n f Vn g. For anysubsetS1 � V 0,

X

S2 � V 0nS1

(� 1)j S2 j Pv 0n( s1 [ s2 ) (s1 ; s2 ; vn ) � 0; 8v 2 D m(V );

(23)



Eq. (23) speci�es2jV j� 1 numberof inequalities.Theother
half of the inequalitiesin Eq. (15) can be derived from
Eq.(23)andthefollowing equation

Pvn s(v0n s) = Ps(v0n s) (24)

which follows from Eq.(14). Summingtheleft handsideof
Eq.(23)over all theinstantiationof Vn exceptv0

n , wehave
X

S2 � V 0nS1

(� 1)jS2 j [Pv0n(s1 [ s2 ) (s1; s2)

� Pv0n(s1 [ s2 ) (s1; s2; v0
n )]

=
X

S2 � V 0nS1

(� 1)jS2 j [Pv0n(s1 [ s2 ) ;v 0
n
(s1; s2)

� Pv0n(s1 [ s2 ) (s1; s2; v0
n )] (from Eq: (24))

=
X

S2 � V nS1

(� 1)jS2 j Pvn(s1 [ s2 ) (s1; s2): (25)

Therefore,weobtainthat,for any subsetS1 � V 0,
X

S2 � V nS1

(� 1)jS2 j Pvn(s1 [ s2 ) (v) � 0; (26)

which arethe otherhalf of the inequalitiesin Eq. (15) be-
sidesthosein Eq.(23).

As an example,assumingthat V = f X ; Y; Z g, andwe
aregiven a causalorderX < Y < Z , thenDirectionality
andinclusion-exclusioninequalitiesspecifythefollowing

Py (x) = P(x) (27)
Pz (x; y) = P(x; y) (28)
Pzx (y) = Px (y) (29)
Pzy (x) = Py (x) (30)
Pxy (z) � Py (xz) � Px (yz) + P(xyz) � 0 (31)
Py (xz) � P(xyz) � 0 (32)
Px (yz) � P(xyz) � 0 (33)

Theorem1 (Soundness)Effectiveness,recursiveness,di-
rectionality, andinclusion-exclusioninequalitieshold in all
semi-Markovianmodels.

SeetheAppendixA for theproofof soundness.

Theorem2 (Completeness)If a P�P�P� set satis�es effective-
ness,recursiveness,directionality, and inclusion-exclusion
inequalities,thenthere existsa semi-Markovian modelthat
cangeneratethisP�P�P� set.

Seethe AppendixB for the proof sketchof completeness.
Thefull proof is givenin (Tian,Kang,& Pearl2006).

Conclusion
Wehaveshown thattheexperimentalimplicationsof anun-
derlyingsemi-Markoviancausalmodelwith unknown struc-
turearefully characterizedby four properties.Thekey ele-
mentin ourcharacterizationis thesetof inclusion-exclusion
inequalitiesEq. (15). Onepracticalapplicationof this char-
acterizationis thatany empiricalviolationof theinequalities
in Eq. (15) would permit us to concludethat the underly-
ing modelis not semi-Markovian; this meansthat feedback

loopsmayoperatein datageneratingprocess,or thatthein-
terventionsin the experimentsarenot conductedproperly.
(e.g., the intervention may not be properly randomizedor
they may have side effects). Another applicationpermits
us to boundtheeffectsof untriedinterventionsfrom exper-
iments involving auxiliary interventionsthat are easieror
cheaperto implement. For example,if we have performed
experimentsin which X andY arerandomizedseparately,
yielding the distributionsPy (xz) andPx (yz) respectively,
thenEq. (19) boundsthe experimentaldistribution Pxy (z)
thatwouldobtainunderanew experimentaldesignwhereX
andY arerandomizedsimultaneously. Theresultingbound,
givenby Pxy (z) � Py (xz) + Px (yz) � P(xyz), makesno
assumptionon thestructureof theunderlyingmodel,or the
temporalorderof thevariable,or theabsenceof confound-
ing variablesin thedomain.

Thefact thatour proof constructsa completegraphdoes
not mean,of course,that one cannotattemptto extract a
more informative graphfrom P�P�P� . For example,the setof
directededgescan be reducednoting that, in every semi-
Markovian model,theparentsof eachVi area minimal set
Si satisfyingPsi (vi ) = Pvnv i (vi ). In words,oncewe hold
�x ed the parentsof Vi , no additionalinterventionmay in-
�uence theprobabilityof Vi . Likewise,thesetof bidirected
arcscanbereducedby removing all arcsbetweena nodeVi
andamaximalsetTi of non-descendantsof Vi satisfying

Pvnv i (vi ) = P(vnv i )nt i (vi jt i ): (34)

Indeed, intervening on variablesto which Vi is not con-
nectedby an arc or observingthosevariablesgivesus the
sameinformationon Vi (oncewe hold �x ed all othervari-
ables).Thequestionremainshowever whethertheremoval
of theseedgesfrom the completegraphinducesadditional
inequalitiesandequalitiesthatneedbecheckedagainstP�P�P� .
We leave thisquestionfor futurework.
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Appendix A: Proof of Soundness
Theorem (Soundness)Effectiveness,recursiveness,direc-
tionality, and inclusion-exclusion inequalitieshold in all
semi-Markovianmodels.

Proof: All four propertiesfollow from Eq.(4).

EffectivenessFromEq.(4), wehave

Pt (T = t0) = 0 for t0 6= t; (35)

andsince
X

t 02 D m (T )

Pt (t0) = 1; (36)

weobtaintheeffectivenesspropertyof Eq.(7).

RecursivenessAssumethatatotalorderoverV thatis con-
sistentwith thecausalgraphis V1 < � � � < Vn , suchthat



Vi is a nondescendantof Vj if Vi < Vj . Considera vari-
ableVj andany setof variablesS � V which doesnot
containVj . Let B j = f Vi jVi < Vj ; Vi 2 V n Sg be the
setof variablesnot in S andorderedbeforeVj , and let
A j = f Vi jVj < Vi ; Vi 2 V n Sg be the setof variables
not in S andorderedafterVj . Then

Ps(bj ; vj ; aj ) =
X

u

Y

f i jVi 2 B j g

P(vi jpai ; ui )P(vj jpaj ; uj )

�
Y

f i jVi 2 A j g

P(vi jpai ; ui )P(u) (37)

and

Pv j ;s (bj ; aj ) =
X

u

Y

f i jVi 2 B j g

P(vi jpai ; ui )

�
Y

f i jVi 2 A j g

P(vi jpai ; ui )P(u) (38)

Summingbothsidesof Eq.(37)overall theinstantiations
of variablesin A j andVj , suchthat thevariableordered
lastis summed�rst, weobtain

Ps(bj ) =
X

u

Y

f i jVi 2 B j g

P(vi jpai ; ui )P(u): (39)

Similarly, summingbothsidesof Eq. (38) over all thein-
stantiationsof variablesin A j , weobtainthat

Pv j ;s (bj ) = Ps(bj ): (40)

SinceB j is thesetof variablesorderedbeforeVj , wehave
that, for any two variablesVi < Vj andany setof vari-
ablesS,

Pv j ;s (vi ) = Ps(vi ); (41)

which statesthat if Vi is orderedbeforeVj thenVj does
not affect Vi , basedon our de�nition of “X affectsY ”.
Therefore,wehave thatif Vj affectsVi thenVj is ordered
beforeVi , or

Vj ; Vi ) Vj < Vi : (42)

Recursiveproperty(9) thenfollowsfrom (42)becausethe
relation“< ” is a total order.

Dir ectionality Let < be a total order consistentwith the
causalgraph. In the above proof for recursiveness,we
have shown thatEq. (40) and(42) hold. (42) meansthat
thetotal order< is consistentwith � � . And Eq. (14) fol-
lows immediatelyfrom Eq.(40).

Inclusion-Exclusion Inequalities We use the following
equation

kY

i =1

(1 � ai )

= 1 �
X

i

ai +
X

i;j

ai aj � � � � + (� 1)k a1 � � � ak : (43)

Take aj = P(vj jpaj ; uj ), wehave that
X

u

Y

f i j V i 2 S1 g

P(vi jpai ; ui )

�
Y

f j j V j 2 V nS1 g

(1 � P (vj jpaj ; uj ))P (u)

=
X

S2 � V nS1

(� 1)j S2 j Pv n( s1 [ s2 ) (s1 ; s2) � 0 (44)

sincefor all Vi 2 V

0 � P(vi jpai ; ui ) � 1: (45)

2

Appendix B: Proof Sketchof Completeness
Fromdirectionalityproperty, thereexistsa totalorderonV ,
V1 < V2 < � � � < Vn , suchthat

Pv i ;w (s) = Pw (s) if 8X 2 S; X < Vi ; (46)

We will constructa causalmodelconsistentwith this order.
Let thedomainof eachvariableVj be

Dm(Vj ) = f v1
j ; : : : ; vdj

j g

wheredj is thenumberof valuesVj cantake. We will con-
structa functionalmodelin theform of

vj = f j (v1; : : : ; vj � 1; r j ); j = 1; : : : ; n: (47)

For discretevariables,the numberof possiblefunctionsis
�nite. We will usethe “response”variablerepresentation
(Balke& Pearl1994b;1994a)(called“mapping”variablein
(Heckerman& Shachter1995)).Let thedomainof r j be

Dm(r j ) = f 1; 2; : : : ; jDm(r j )jg

wherejDm(r j )j = dd1 ��� dj � 1
j .

Wewill constructamodelof theform

P(v) =
X

r 1 ;:::;r n

Y

j

P(vj jv1; : : : ; vj � 1; r j )P(r 1; : : : ; r n )

(48)

For a functional model, each of the probabilities
P(vj jv1; : : : ; vj � 1; r j ) would be either 0 or 1, and
only non-zero values contribute to the summation in
Eq. (48). For a �x ed value of v1; : : : ; vj , let
D j (vj jv1; : : : ; vj � 1) � Dm(r j ) be the setof valuesof r j
suchthatP(vj jv1; : : : ; vj � 1; r j ) = 1. Then

P(v) =
X

r 1 2 D 1

� � �
X

r n 2 D n

P(r 1; : : : ; r n ); (49)

andfor any T � V

Pvnt (v) =
X

r i 2 D m ( r i )
f i j V i 62T g

X

r i 2 D i
f i j V i 2 T g

P(r 1; : : : ; r n ): (50)

If we can constructa distribution P(r 1; : : : ; r n ) suchthat
Eq. (50) holdsfor any T � V andv 2 Dm(V ), thenwe
have asemi-MarkovianmodelthatcaninducetheP � set.



Given a distribution P(r 1; : : : ; r n ), we will de�ne
an event A i j j i 1 ;::: ;i j � 1

j as the event that r j is in

D j (vi j
j jvi 1

1 ; : : : ; vi j � 1
j � 1 ), and we will think of the event

A i j j i 1 ;:::;i j � 1
j asasetin thespaceDm(r 1) � � � � � Dm(r n ).

ThenEqs.(49)and(50)become

P(vi 1
1 ; : : : ; vi n

n ) = P(A i 1
1 \ A i 2 j i 1

2 \ � � � \ A i n j i 1 ;:::;i n � 1
n );

(51)

and

Pvnt (v) = P(
\

f k jVk 2 T g

A i k j i 1 ;:::;i k � 1

k ): (52)

For a �x ed i 1; : : : ; i n � 1, the set of events
A j n j i 1 ;:::;i n � 1

n ; j n = 1; : : : ; dn are mutually exclusive
and exhaustive. For a �x ed i 1; : : : ; i n � 1, letting Ak be
a shorthand notation for A i k j i 1 ;:::;i k � 1

k and letting Ak
representtheeventnotAk , thesetof events

\

k 2 I

A k

\

k 62I

A k

\
A j n

n ; 8I � f 1; : : : ; n � 1g; j n = 1; : : : ; dn

(53)

aremutuallyexclusiveandexhaustive,andthusform apar-
tition of thespaceDm(r 1) � � � � � Dm(r n ). Theprobabili-
tiesof theseeventscanbecomputedfrom Eq.(52)usingthe
inclusion-exclusionprinciple,andweobtain

P(
\

k2 I

Ak

\

k62I

Ak

\
A j n

n )

=
X

S2 � V 0nS1

(� 1)jS2 j Pv0n(s1 [ s2 ) (s1; s2; vn ); (54)

where V 0 = V n f Vn g, and S1 = f Vi ji 2 I g. From
the Inclusion-ExclusionInequalitieswith Order given in
Eq.(23),wehaveavalid assignmentof probabilitiesto each
of themutuallyexclusive andexhaustive eventsin (53).

It is nothardto seethattheequations(52) for Vn 2 V nT
leadto constraintsin theform of, for eachS � V 0,

Pvn s(v0n s) = Ps(v0n s): (55)

Theseconstraintsaresatis�ed by the P � setsinceEq.(46)
holds.

For each�x ed value i 1; : : : ; i n � 1, we have a probabil-
ity assignmentto the set of mutually exclusive and ex-
haustive events

T
k2 I Ak

T
k62I Ak

T
A j n

n givenby Eq.(54).
Are theseassignmentsconsistentfor different values of
i 1; : : : ; i n � 1? In otherwords,doesthereexist a distribution
P(r 1; : : : ; r n ) that satis�es the assignmentsin Eq.(54)for
i 1 = 1; : : : ; d1; : : : ; i n � 1 = 1; : : : ; dn � 1? If the answeris
yes,thenthereexistsa distribution P(r 1; : : : ; r n ) suchthat
Eq. (52) holdsfor any T � V andv 2 Dm(V), andthere-
fore thereexists a semi-Markovian model that can induce
theP � set.

For a�x edvaluei 1; : : : ; i n � 1, weconsideranother(�ner)
partitionof thespaceDm(r 1) � � � � � Dm(r n ), denotedby
K i 1 ;:::;i n � 1 ,

A j 1
1 \ A j 2 j i 1

2 \ � � � \ A j n j i 1 ;:::;i n � 1
n ;

j 1 = 1; : : : ; d1; : : : ; j n = 1; : : : ; dn : (56)

We useP(K i 1 ;:::;i n � 1 ) to denotea probability assignment
that assignsa probability value to eachset in K i 1 ;:::;i n � 1 .
Wecanshow thefollowing
Lemma 1 Given the probability assignmentsin Eq. (54),
there exist probability assignmentsP(K i 1 ;:::;i n � 1 ) for i 1 =
1; : : : ; d1; : : : ; i n � 1 = 1; : : : ; dn � 1, such that, for two
different partitions K i 1 ;::: ;i n � 1 and K i 0

1 ;::: ;i 0
n � 1

, if i 1 =
i 0
1; : : : ; i k = i 0

k , then P(K i 1 ;::: ;i n � 1 ) and P(K i 0
1 ;:::;i 0

n � 1
)

induce the same probabilities P(A j 1
1 \ A j 2 j i 1

2 \ � � � \
A j k +1 j i 1 ;:::;i k

k+1 ).
Thenwecanshow that

Lemma 2 There exists a distribution P(r 1; : : : ; r n ) such
that all the probability assignmentsP(K i 1 ;:::;i n � 1 ) in
Lemma1 are satis�ed for i 1 = 1; : : : ; d1; : : : ; i n � 1 =
1; : : : ; dn � 1.

ThecompletenessTheorem2 follows from Lemma2.
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