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Abstract. In this pap er w e c haracterize an imp ortan t class of hidden

v ariables in Ba y esian net w orks, essential hidden variables , and conduct

a study on iden tifying a sub class thereof. The iden ti�cation of hidden

v ariables is of great imp ortance b ecause it holds the p oten tial of help-

ing in scien ti�c disco v ery and adv ancing h uman kno wledge. This study

exhaustiv ely iden ti�es all p ossible indep endence-ba sed essen tial sets of

hidden v ariables in Ba y esian net w orks of up to 8 attributes. Our study

v eri�es the existence of families of distributio ns that cannot b e p erfectly

represen ted b y an y Ba y esian net w ork that do es not con tain at least one

(essen tial) hidden v ariable, and demonstrates that all suc h net w orks, up

to the size examined, con tain the same structural pattern around the

hidden v ariables.

1 In tro duction

Since the in tro duction of Ba y esian net w orks b y P earl (1), the automated disco v-

ery and use of hidden variables (also called latent variables ) to represen t unmea-

sured or unmeasurable factors has b een an op en problem. A Ba y esian net w ork

sp eci�es a probabilit y distribution o v er attributes using a graph in whic h eac h

attribute of the distribution is represen ted b y a v ertex and t yp es of path in the

graph indicate in
uence (or the absence of in
uence) b et w een attributes.

Informally , hidden v ariables are h yp othesized attributes represen ted as no des

in the graph ab out whic h no exp erimen tal information is kno wn. It has b een

sho wn that Ba y esian net w orks with hidden v ariables represen t a larger class of

probabilistic distributions than ones represen ted b y Ba y esian net w orks without

hidden v ariables (2).

The metho d describ ed in this pap er leads to a more concrete understanding of

ho w Ba y esian net w orks with hidden v ariables can represen t a wider v ariet y of

distributions than the theoretical Strati�ed Exp onen tial F amili es/Curv ed Exp o-

nen tial F amili es (SEF/CEF) distinction (2; 3) and a more complete result than

the common cause c haracterization of causal net w orks (4; 5) for the net w ork

sizes w e examine. A metho d of disco v ering only sets of hidden v ariables that

enable this increased expressiv eness w ould impact a v ariet y of �elds. T o under-

stand wh y this is the case, it is �rst imp ortan t to understand ho w an y hidden

v ariable a�ects a Ba y esian net w ork.



1.1 Motiv ating Example

Consider the case of mo deling four attributes of individuals who are high sc ho ol

studen ts: extra-curricular in v olv emen t (EC), class attendance (CA), in terest in

sc ho ol (IS), and a v erage teac her rating for the teac hers of the studen t (TR). F or

simplicit y , assume that eac h of these attributes can only b e high or lo w.

Let us sa y that a set of data collected indicates the follo wing ab out the distri-

bution of individuals in this domain: on a v erage, for a randomly selected studen t

irresp ectiv e of their class attendance (CA), their lev el of in v olv emen t with extra-

curricular activities (EC) do es not in
uence (has no statistical dep endence with)

their in terest in sc ho ol (IS). Ho w ev er, for a randomly c hosen studen t with a high

CA, he or she is more lik ely to b e in terested in sc ho ol (high IS) if in v olv ed

in man y extra-curricular activities (high EC). F or a randomly c hosen studen t

with lo w CA, he or she tends to not b e in terested in sc ho ol if in v olv ed in few

extra-curricular activities. Similarly , the data sho w no unconditional dep endence

b et w een TR and CA but the same t yp e of accum ulating dep endence when IS is

in evidence.

This situation ma y o ccur if lev el of in v olv emen t in extra-curricular activities

normally has no correlation with the studen t's in terest in sc ho ol and teac her

rating alone do es not in
uence class attendance. The data ma y indicate that,

among those who attend class more, it tends to b e the case that the studen t

is in v olv ed in extra-curricular activities if and only if they already ha v e a high

in terest in b eing in sc ho ol. Ho w ev er, among studen ts who rarely attend class,

those who are b ored b y sc ho ol (lo w IS) also tend to not b e motiv ated to tak e

part in extra-curricular activities (lo w EC). Similarly , the p opulation of those

with high IS migh t exhibit a correlation b et w een ho w go o d their teac her is (TR)

and whether they go to class (CA).
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Fig. 1. Tw o Ba y esian net w orks represen ting the discussed data (a) without and (b)

with hidden v ariable AA, sho wn shaded.

A p ossible Ba y esian net w ork that represen ts this situation is depicted in Fig-

ure 1(a). While this net w ork correctly represen ts �nding EC and TR (uncon-

ditionally) unrelated to IS and CA (resp ectiv ely), it do es not represen t the re-

lationship b et w een EC and IS giv en CA. This relationship can b e represen ted

b y adding a h yp othetical hidden v ariable w e ha v e lab eled PI (\paren tal in v olv e-

men t") as sho wn in Figure 1(b). Ev en though PI cannot b e measured, the ex-

istence of an attribute b et w een class attendance (CA) and in terest in sc ho ol

(IS) allo ws represen tation of the relationship b et w een EC and IS giv en a high



CA. In tuitiv ely , a high (lo w) EC and high (lo w) CA indicates a high (lo w) PI

whic h, in turn, indicates that the studen t will enjo y (dislik e) sc ho ol. Similarly

for the relationship b et w een TR and CA giv en IS. Ho w ev er, if w e lo ok at a se-

lection of individuals for whic h w e do not kno w the v alue of CA, the EC rating

will not in
uence IS in that group (see De�nition 2 for ho w w e determine these

indep endence relations from a Ba y esian net w ork structure).

W e sho w in this pap er that PI is actually an indep endenc e-b ase d essential

hidden variable . This means that no net w ork o v er the 4 measured attributes

f E C ; C A; I S; T R g can represen t all the indep endence relationships describ ed b y

our h yp othetical data without the presence of a hidden v ariable. Sp eci�cally ,

metho ds w e examine giv e a w a y to v erify that the structure implied b y our data

cannot b e represen ted b y a Ba y esian net w ork of size 4. Probabilistic inference

using the net w ork in Figure 1(b) will b e, on a v erage, more true to the distri-

bution than the net w ork in Figure 1(a). W e call this hidden v ariable essential

to represen ting the distribution with a Ba y esian net w ork b ecause its presence

enables the represen tation of a prop ert y (in this case, a set of indep endences) in

the underlying distribution strictly more accurately , and no net w ork without it

can accomplish this.

1.2 Ov erview

Hidden v ariables are used in Ba y esian net w orks for seman tic reasons (e.g., Si-

mon (6)) or for the compactness of the resulting Ba y esian net w ork (e.g., (7)).

1

Arti�cial in telligence (AI) researc h has cen tered on the use of hidden v ariables to

simplify Ba y esian net w orks while not necessarily altering the distribution that

the net w ork represen ts. In this pap er, w e will fo cus on �nding structurally mean-

ingful hidden v ariables, an aim closer to the goal of seman tic expressiv eness.

W e b egin with notation and de�nitions (Section 2) and then presen t an ex-

ploratory algorithm that searc hes for indep endence-based essen tial hidden v ari-

ables (Section 3.1). Since the searc h space is exp onen tial in the size of the net-

w ork, w e also presen t a n um b er of optimizations to this algorithm (Section 3.2).

W e conclude with exp erimen tal results from this algorithm (Section 4).

Through a systematic examination of all net w orks up to size 8, w e disco v er

that an indep endence-based essen tial hidden set m ust ha v e an em b edded \W

net w ork" edge set (De�nition 8) around eac h hidden v ariable. Although w e are

not able to pro duce an y indep endence c haracterization of the relationships that

m ust hold for an indep endence-based essen tial hidden v ariable to b e presen t, our

results for small net w orks ma y b e useful in future w ork for establishing necessary

and su�cien t general conditions for essen tial hidden sets.

1

Man y b eliev e these aims are the same (8). The argumen t is that hidden v ariables that

optimize the compactness of a net w ork m ust tak e adv an tage of some c haracteristic

of the underlying probabilit y distribution . Therefore, there m ust b e some seman tic

prop ert y in the underlying distribution that allo ws the hidden v ariable to ha v e a

compacting e�ect.



2 Notation and De�nitions

W e assume that the reader is famili ar with basic graph terminology (directed

and div ergen t simple paths, graph sk eletons, cliques, paren ts ( P ar ( X )) and de-

scendan ts ( D esc ( X ))) as w ell as the meaning of probabilistic indep endence ter-

minology (conditional indep endence and dep endence). W e will refer to attributes

of the h yp othetical data set as \attributes" rather than \v ariables" to emphasize

the fact that w e are discussing visible, measured attributes of a p ossible data

set. On the other hand, to emphasize that unmeasured attributes are not presen t

in the data set, all unmeasured en tities will b e referred to as \hidden v ariables"

(see Section 2.2 for further clari�cation).

W e will use capital letters to indicate single attributes, lo w er case letters to

indicate v alues of attributes, and b old capital letters to indicate sets of attributes.

X ? ? Y j Z will denote that a set X is indep enden t Y giv en a v alue of Z , while

dep endence amongst the same sets will b e denoted as X 6? ? Y j Z .

Sometimes it is necessary to clarify the con text in whic h an indep endence exists.

F or attributes X , Y , and Z , ( X ? ? Y j Z )

P

denotes that the indep endence re-

lation X ? ? Y j Z is re
ected in probabilit y distribution P while ( X ? ? Y j Z )

G

denotes that it is re
ected in graphical mo del G .

2.1 Ba y esian Net w ork F ormalism

De�niti on 1 (The Mark o v Assumption ). The Mark o v Assumption for a

gr aph G = ( V ; E ) states that

8 X 2 V ; f X ? ? [ V � D esc ( X )] j P ar ( X ) g :

The Mark o v Assumption is critical for man y pro ofs in v olving Ba y esian net w orks

that the Mark o v Assumption holds.

The follo wing formal de�nitions related to Ba y esian net w orks are adopted from

P earl (8):

De�niti on 2 (Indep endence Map (I-Map)). A gr aph G is an indep endence

map of distribution P over attributes V if ther e is a one-to-one c orr esp ondenc e

b etwe en the elements of V and the vertic es V of G such that for al l disjoint

subsets X , Y , Z of elements we have ( X ? ? Y j Z )

G

) ( X ? ? Y j Z )

P

.

In tuitiv ely , a graph is a I-Map if all indep endences represen ted in the graph

are represen ted in the distribution.

De�niti on 3 (Minimal I-Map). A gr aph G is a minim al I-map of distribution

P if no e dges c an b e delete d fr om G without altering the pr op erty that G is an

I-map of P .

De�niti on 4 (Ba y esian Net w ork). Given a pr ob ability distribution P on a

set of attributes V , a dir e cte d acyclic gr aph (D A G) D is c al le d a Ba y esian net-

w ork of P if and only if D is a minimal I-map of P .



T o deriv e the indep endences represen ted in Ba y esian net w orks follo wing the

Mark o v Assumption (as all Ba y esian Net w orks in this pap er do), w e use the

follo wing d-sep ar ation rules :

De�niti on 5 (D-separation Rules (8)). Given a dir e cte d, acyclic gr aph G

= ( V , E ), for al l disjoint sets X , Y , Z � V , ( X ? ? Y j Z )

G

if along every p ath

b etwe en a no de in X and a no de in Y ther e is a no de W satisfying one of the

fol lowing two c onditions: (1) W has c onver ging arr ows (c al le d a v-structure at

W b etwe en X and Y ) and none of W or Desc(W) ar e in Z , or (2) W do es not

have c onver ging arr ows and W is in Z .

One can v erify , using the rules of d-separation, whether an y giv en conditional

indep endence relation that logically follo w from a Ba y esian net w ork structure in

time p olynomial in the n um b er of v ariables in the domain.

W e will b e primarily in terested in distributions that are faithful , as de�ned b y

Spirtes et al. (2000, p. 13):

If all and only the conditional indep endence relations true in [the proba-

bilit y distribution] P are en tailed b y the Mark o v [assumption] applied to

[graph] G , w e will sa y that P and G are faithful to one another . W e will,

moreo v er, sa y that a distribution P is faithful pro vided there is some

directed acyclic graph to whic h it is faithful. In the terminology of P earl

(8), if P and G are faithful to one another then G is a p erfe ct map of P

and P is a D A G-Isomorph of G .

As noted b y man y sources (e.g., (8)), man y distributions are not faithful. As

suc h, one goal of a pro cedure that generates a Ba y esian net w ork could b e to

get as close as p ossible to a p erfect Ba y esian net w ork for the input distribution.

Often this is balanced against computational e�ciency concerns.

2.2 Hidden V ariables

De�niti on 6 (Hidden V ariables). A n attribute is said to b e a hidden v ariable

if nothing is known ab out the actual distribution of the attribute.

In tuitiv ely , hidden v ariables are an extreme form of missing data|hidden v ari-

ables ha v e all of their data missing. As suc h, hidden v ariables can nev er app ear

in an y statemen t ab out indep endence in the distribution.

Note that the de�nition of a hidden v ariable is more general than just missing

data. It includes situations where w e also ha v e no kno wledge of the parametric

family of distributions that the hidden v ariable's distribution is a mem b er of, as

w ell as when w e also lac k kno wledge ab out the v alues of the parameters of the

family . The concept of a hidden v ariable therefore includes attributes for whic h

w e do not ev en kno w the n um b er of states that the v ariable can tak e.

Figure 2 depicts an example where H is a hidden v ariable. Indep endences

generated from the graph with d-separation w ould include 1 ? ? 4 j 2 and 1 ? ? 3.
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Fig. 2. H is lab eled as an example hidden v ariable (attributes 1,2,3,4 are not hidden).

It also indicates H ? ? 4 j 2 and 2 ? ? 3 j H but w e ignore them b ecause they

reference H directly or ha v e H in evidence.

There are man y p ersp ectiv es on the use of sets of hidden v ariables in Ba y esian

net w orks. W e will fo cus on hidden sets that enable represen tation of prop erties

in the net w ork not p ossible without a hidden set:

De�niti on 7 (Indep endence-Based Essen tial Hidden Set and V ariable).

Consider any distribution P with n attributes U r epr esente d by a faithful Bay-

esian network B

0

( U

0

, E ) wher e U

0

= U

S

H for some set of hidden vari-

ables H with c ar dinality k . If, for the set of indep endenc es I

B

0

implie d by B

0

,

8 B 2 f n attribute le gal Bayesian networks r epr esenting P with up to k � 1 hidden

variables g and indep endenc es I

B

implie d by network B , I

B

6= I

B

0

, then H is an

indep endence-based essen tial hidden set . If k = 1 , we c al l the hidden variable

an indep endence-based essen tial hidden v ariable .

Informally , an essen tial hidden set is a set of attributes that, when added to the

visible attributes of a Ba y esian net w ork, induces a set of prop erties that cannot

exist in an y net w ork with the same n um b er of visible attributes and smaller

hidden set. The indep endence-based essen tial hidden v ariable enables us to more

closely approac h a p erfect Ba y esian net w ork through correctly represen ting a

larger n um b er of indep endences from the distribution correctly .

In Figure 2, H is an example of an indep endence-based essen tial hidden v ariable|

no Ba y esian net w ork with 4 attributes can represen t the indep endence and de-

p endence relationships b et w een attributes 1 through 4. Establishing this is one

of the results of our algorithm (Section 3.1). W e will call the structure of the

net w ork in Figure 2 the W-network and de�ne its edge c haracteristics as follo ws:

De�niti on 8 (W-Net w ork (Edge Characterization)). A W-net w ork c on-

tains 4 me asur e d attributes lab ele d as 1,2,3,4 and a hidden variable H . It satis�es

the fol lowing e dge c onstr aints:

(1) H ! 2 (4) 4 ! 3

(2) H ! 3 (5) No e dge fr om H to 1 or fr om 1 to H

(3) 1 ! 2 (6) No e dge fr om H to 4 or fr om 4 to H

Note that a v-structure exists on either side of H ( H to 2 to 1 and H to 3 to 4).

This implies that, if w e replace the hidden v ariable with a single edge b et w een

2 and 3, the edge w ould ha v e to p oin t in to b oth v ertices.



3 An Algorithm for Iden tifying Essen tial Hidden

V ariables

3.1 Ov erview of the Algorithm

Our algorithm explores the space of graphs for essen tial hidden sets based on the

idea that a Ba y esian net w ork B with n � k attributes and k hidden v ariables is

sometimes more p o w erful than an y Ba y esian net w ork with only n � k attributes

and up to k � 1 hidden v ariables. This happ ens when the essen tial hidden set will

ha v e an impact on the n � k visible attributes of B that cannot b e duplicated with

few er than k hidden v ariables. The sp eci�c set of prop erties w e are examining

for ev aluating the increase in represen tational p o w er is the set of indep endence

relations represen table b y a Ba y esian net w ork.

Giv en as input a Ba y esian net w ork B with n v ertices, the algorithm pro ceeds as

follo ws: D-separation rules are applied to B to generate the set of indep endences

I

B

. W e then c ho ose a set of attributes H of size k to assume hidden b y remo ving

all indep endences in I

B

referring directly to an y H 2 H . While no indep endence

is allo w ed to include H , the d-separation rules ma y allo w H to in
uence the

indep endences in B that refer to the remaining v ariables.

F or the example net w ork in Figure 2, supp ose that w e hide H ( k = 1). The list

of indep endences not directly referring to H = f H g is I

B

= f (1 ? ? 3 ), (1 ? ? 4),

(1 ? ? 3 j 4 ), (2 ? ? 4 ), (1 ? ? 4 j 2), (1 ? ? 4 j 3), (2 ? ? 4 j 1) g

2

.

In the general case, w e then generate all Ba y esian net w orks with n � k v ertices

and up to k � 1 hidden v ariables (referred to informally as \smaller net w orks")

and compare the sets of indep endences represen ted b y eac h smaller net w ork to

I

B

. If the set of indep endences generated b y some smaller net w ork and I

B

matc h

exactly , w e conclude that H is not an essen tial hidden v ariable and try hiding

a di�eren t attribute as a p ossible hidden v ariable in B . If the t w o sets do not

matc h exactly , w e con tin ue to the next smaller net w ork. If �nish examining all

smaller net w orks without �nding a net w ork that generates exactly I

B

, then w e

can conclude (b y exhaustion) that H is an indep endence-based essen tial hidden

v ariable.

(a)

3

4 4

32

1

(b)

2

1

Fig. 3. Example net w orks with 4 v ertices.

Con tin uing our example, consider the smaller net w orks o v er 4 attributes de-

picted in Figure 3. Amongst other di�erences b et w een the indep endence sets of

2

If H is allo w ed to b e directly referenced as if it w ere visible, man y more indep endences

w ould result from application of the d-separation rules.



eac h of these t w o net w orks and the W-net w ork (Figure 2), the net w ork in Fig-

ure 3(a) do es not ha v e indep endence (2 ? ? 4) while the net w ork of Figure 3(b) has

the extra indep endence (2 ? ? 3 j 4). Th us these t w o net w orks are non-matc hes

for the distribution the W-net w ork represen ts. The algorithm then con tin ues to

examine the remaining net w orks o v er 4 attributes, trying to matc h the indep en-

dences generated b y eac h net w ork with 4 attributes to I

B

. In this example, I

B

is not generated b y an y net w ork with 4 v ertices (and k = 0 hidden v ariables) so

H is iden ti�ed as an indep endence-based essen tial hidden v ariable.

The Basic Algorithm (Figure 4) presen ts the pseudo co de that examines all

net w orks with n v ertices for essen tial hidden sets of size k , for a giv en k and n .

Basic Algorithm|Independence-ba sed Essential Hidden

Set Identifica tion

Input: n (tot al number of a ttributes possible), k (size of the hidden set

to test)

F or (ea ch Ba yesian netw ork B o ver n ver tices V ) f

L = ;

I = The set of independences in B

F or (ea ch a ttribute set H of size k , in the netw ork B ) f

I

H

= I � any independences mentioning any H 2 H

F or( j = 1 to k � 1 ) f

F or (netw ork B

0

o ver n � k a ttributes and j hidden v ariables) f

I

0

= The independences in B

0

If ( I

H

== I

0

)

H not an essential hidden set, break and tr y next H

g

g

Add H to L

g

Output: ( B ; L )

g

Fig. 4. Basic Algorithm

3.2 Optimization s

The main problem with the Basic Algorithm is that it runs in exp onen tial

time|the n um b er of p ossible directed, acyclic graphs o v er n v ariables f ( n ) is

c haracterized b y the recursion f ( n ) =

P

n

i =1

( � 1)

i +1

�

n

i

�

2

i ( n � i )

f ( n � i ) (9) so

f ( n ) 2 O (2

n

2

� 2

) (the log of this function is graphed in Figure 5). W e there-

fore implemen ted a n um b er of optimizations so that larger net w orks can b e

pro cessed more e�cien tly . The ma jor optimizations of graph isomorphism us-

age, the DetermineF aithful algorithm, and other formal sp eci�cations are



discussed brie
y in this section.

3

After all the optimizations are explained, a re-

vised v ersion of the Basic Algorithm including optimization detail is presen ted.

Graph Isomorphism Equiv alence Classes A fundamen tal alteration to the

Basic Algorithm is to test only Ba y esian net w orks that are not graph isomorphic

to an y other Ba y esian net w ork that has already b een examined. The Basic Algo-

rithm tests sev eral net w orks in the same graph isomorphism class. F or example,

if attribute 0 w as iden ti�ed to b e an essen tial hidden v ariable in a 5 v ertex graph

(as in the W-net w ork of Figure 2), attribute 1 w ould also b e an essen tial hidden

v ariable in the net w ork where the iden tities of 0 and 1 are switc hed, attribute

2 when 0 and 2 are switc hed, etc. T o illustrate the di�erence in the n um b er

of graphs that need to b e tested, Figure 5 presen ts the logarithm of the total

n um b er of directed acyclic graphs for eac h v ertex coun t (from (9)) and also the

logarithm of the n um b er of isomorphism classes (from (11)).
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Fig. 5. Size of an y directed, acyclic graph (D A G) against the log of the n um b er of

p ossible D A Gs (solid line) and n um b er of non-isomorphi c p ossible D A Gs (dotted line).

By only testing one graph from eac h isomorphism class, the searc h space of

net w orks is greatly reduced. Unfortunately , this reduction in the searc h space

is only helpful enough to enable searc h of graphs with up to 8 v ertices. This is

b ecause, while the optimization results in an increasing reduction in the n um-

b er of net w orks tested as n um b er of attributes increases, isomorphism still only

results in a small reduction in n um b er of graphs|as w e can see from Figure 5,

the n um b er of non-isomorphic graphs with n v ertices is appro ximately the total

3

One optimization, testing for connected comp onen ts in the graph, w as found to

result in no e�ciency gain (10) so it has b een omitted from this discussion. An

early optimization, memorization of the indep endence s of the smaller net w orks, is

not necessary if DetermineF aithful is used.



n um b er of graphs with n � 1 v ertices (for small n ). Also, the problem of e�-

cien tly en umerating all graph isomorphism classes is exp ensiv e|it is susp ected

to not b e in P (12).

Our mo di�ed algorithm generates graph isomorphism classes b y reading graphs

with 8 or few er v ertices from �les generated b y McKa y's NA UTY to olkit (13).

NA UTY (No A UT omorphisms, Y es?) is a program for computing automorphism

groups of graphs and digraphs. One of its to ols, geng (for \generate graphs") gen-

erates non-isomorphic graph class represen tativ es v ery quic kly b y taking adv an-

tage of graph categorizations used b y mathematicians and the feasible metho ds

of generating non-isomorphic graphs within that class. NA UTY is ac kno wledged

as the fastest o v erall graph automorphism and isomorphism detection to olkit

with tigh t run time b ounds of O ( n

2

) and 
 (2

n

) for the b est and w orst case

(resp ectiv ely) of pro cessing a graph with n v ertices (12).

With the testing of only non-graph-isomorphic Ba y esian net w orks, it b ecame

necessary to b e able to determine if t w o sets of indep endences are isomorphic.

Tw o sets of indep endences are isomorphic if the lab eling used in the larger

net w ork and the smaller net w ork di�er but the indep endences are the same

when the lab els of one set are sorted di�eren tly . Tw o sets of indep endences are

tested for equiv alence in the follo wing w a y:

1. V erify that eac h set of indep endences has the same cardinalit y .

2. See if the indep endences are exactly the same without altering an y lab els.

3. Mak e sure the same n um b er of attributes are in evidence for eac h corresp ond-

ing indep endence. F or example, if one indep endence set has 3 indep endences

and eac h indep endence has 2 attributes in evidence, the other indep endence

set m ust ha v e 3 indep endences with 2 attributes in evidence also.

4. Recursiv ely try ev ery p ossible relab eling of v ertices in one indep endence set.

Although the last step tak es O ( n !) time to v erify there is no suc h relab eling,

the probabilit y that t w o non-matc hing sets will mak e it to this step is lo w. In

practice, this step rarely needs to b e executed and usually results in �nding a

misma tc h in far less than O ( n !) time.

An Algorithm to T est F aithfulne ss: DetermineF ait hf ul Although little

w ork has b een done to iden tify essen tial hidden v ariables p er se in causal net-

w ork researc h, some of the w ork in disco v ering causalit y can b e used in our

indep endence-based essen tial hidden set v eri�cation algorithms.

The original inductiv e causation (IC) algorithm (14 ) assumes that the input at-

tributes are causally su�cien t. This means that there are no hidden v ariables me-

diating in
uence b et w een an y of the measured attributes. The algorithm w orks

b y lo oking at ev ery pair of attributes A and B and determining if there is a

subset of the other attributes that separates A and B (called a sep ar ating set

of A and B ). If not, b y causal su�ciency w e kno w that either A causes B or

B causes A so w e can add an undirected edge. V-structures are determined b y

lo oking at non-adjacen t v ertices A and B and an additional attribute C suc h

that there is an edge from A to C and from B to C | if C do es not render A



and B indep enden t, the edges m ust b e orien ted so that there is a v-structure

b et w een A and B at C .

After these t w o initial steps are completed, there are a v ariet y of metho ds to

attempt to orien t the remaining edges so as not to create a cycle or a new v-

structure (4). The output of the algorithm is a p artial ly dir e cte d acyclic gr aph

(PD A G)

4

as, in some cases, it is not p ossible to use the restrictions of a v oiding

cycles and new v-structures to constrain the direction of the edges enough to

orien t all the edges. The PC A lgorithm (5) is a sp eci�c approac h to the IC al-

gorithm, sp ecifying the order in whic h w e consider separating sets and starting

with a complete graph (rather than one without edges). W e can input the in-

dep endences generated from the larger graph to the PC Algorithm to disco v er

the PD A G that represen ts the distribution in graphical form. Eac h time the

PC Algorithm queries for indep endence while disco v ering separating sets, the

indep endence holds if and only if the input indep endences do.

Ho w ev er, sometimes the PD A G created b y the PC Algorithm cannot b e ori-

en ted in to a Ba y esian net w ork without incorrectly adding or remo ving indep en-

dences from the input set. Meek (16 ) pro vides a metho d to iterativ ely generate

a mem b er of the family of Ba y esian net w orks represen ting the indep endences if

this is p ossible. If it is not p ossible, the algorithm will generate a net w ork with

a cycle or that implies incorrect indep endences ((17)). F or example, dep ending

on whic h v-structure is disco v ered �rst, the indep endences represen ted b y the

hidden v ariable Ba y esian net w ork in Figure 2 will result in an edge b et w een

v ertices 2 and 3 orien ted in an arbitrary direction. Ho w ev er, this graph will not

represen t the same indep endences as the net w ork in Figure 2.

F or k = 1, this algorithm pro vides a sound and complete w a y to c hec k whether

a set of indep endences represen ting a distribution is faithful to a net w ork giv en

causal su�ciency and the indep endences of the distribution. F or future reference,

let us call this algorithm DetermineF aithful .

When there is more than one hidden v ariable in the larger net w ork ( k > 1) and

DetermineF aithful cannot disco v er a B

0

, w e m ust resort to c hec king all graph

isomorphism classes of smaller net w orks o v er n � k attributes and k � 1 or few er

hidden v ariables. This is b ecause DetermineF aithful is not complete when

there are hidden v ariables presen t | w e cannot use it to lo ok at smaller net w orks

that include hidden v ariables as there is no guaran tee that DetermineF aithful

will just fail to generate the hidden v ariables in the correct place(s). According to

the theorems in Neap olitan (17 ) and our o wn testing, this pro cedure will result

in the same set of conclusions as just c hec king all graph isomorphism classes

o v er n � k attributes and k � 1 � � � 0 hidden v ariables but is faster o v erall as the

k = 0 case (using DetermineF aithful ) is v ery fast.

F ormal Simpli �cati on s An y Ba y esian net w ork with hidden v ariables can b e

pr oje cte d in to a net w ork where all hidden v ariables ha v e no paren ts and exactly

t w o c hildren (18 ). This new Ba y esian net w ork is called a pr oje ction and is de�ned

as follo ws:

4

Also called the essential gr aph in Gillispi e (15 ).



De�niti on 9 (Pro jection (18)). The pro jection of a Bayesian network B

over observe d attributes V

o

is any Bayesian network B

0

wher e

1. B

0

r epr esents the observe d attributes V

o

.

2. Every hidden vertex in B

0

has no p ar ents.

3. Every hidden vertex in B

0

has exactly two childr en.

4. B and B

0

r epr esent the same set of indep endenc es.

De�ne a hidden p ath as one in whic h ev ery in ternal no de of the directed path

is hidden. Using this idea, the Pro jection Algorithm giv en in Figure 6 tak es as

input an y Ba y esian net w ork with hidden v ariables B and returns a pro jection

B

0

of that net w ork.

Pr ojection Algorithm (18 )

Input: Ba yesian netw ork B

Initialize netw ork B

0

to include the obser ved a ttributes and no edges.

F or (ea ch p air of a ttributes X and Y ) f

If ( there exists a directed hidden p a th fr om X to Y in B )

Add edge fr om X to Y in B

0

If ( there exists a diver gent hidden p a th fr om X to Y in B ) f

Add hidden v ariable v

X;Y

to B

0

Add edges fr om v

X;Y

to both X and Y in B

0

g

g

Fig. 6. Pro jection Algorithm

Since the pro jection algorithm w orks for an y net w ork with hidden v ariables,

w e can apply it to the curren t algorithm to sa v e time. W e can ignore prop osed

hidden v ariables if they ha v e an y paren ts | according to pro jection (18), there

will b e another, equiv alen t net w ork encoun tered in our searc h without these

paren ts. Sp eci�cally , the net w ork in whic h the edge to the paren t of the hidden

v ariable in the skipp ed case is deleted and replaced with a direct edge from that

paren t to eac h c hild of the hidden v ariable.

All of the relev an t optimizations ab o v e w ere incorp orated in the Optimized Al-

gorithm (Figure 7). Note that w e could not incorp orate the limit of t w o c hildren

p er hidden v ariable | our algorithm limits the n um b er of hidden v ariables and

the algorithm in Figure 6 relies on the creation of extra hidden v ariables.

4 Exp erim en tal Results

The goal of the exp erimen ts w as to disco v er what conditions will alw a ys hold

around essen tial hidden sets b y analyzing the net w orks B and corresp onding list

L of essen tial hidden sets. If a set of edge or indep endence constrain ts holds in the

neigh b orho o d of ev ery hidden v ariable in ev ery essen tial hidden set, future w ork

ma y b e able to pro v e that these constrain ts imply essen tial hidden sets. Other



Optimized Algorithm|Independence-bas ed Essential

Hidden Set Identifica tion

Input: n (tot al number of a ttributes possible), k (size of the hidden set

to test)

Seen = ;

F or (ea ch netw ork B with n ver tices not isomorphic to a graph in Seen)

f

Add B to Seen

I = the set of independences in B

L = ;

F or (ea ch set H of p arentless a ttributes of size k , in B ) f

I

H

= I � any independences mentioning any H 2 H

Call DetermineF aithful with input I

H

and list of a ttributes

If ( DetermineF aithful w as successful )

H is not an essential hidden set, break and tr y another H

g

F or( j = 1 to k � 1 ) f

Seen' = ;

F or (ea ch netw ork B

0

o ver n � k a ttributes and j hidden v ariables

not isomorphic to a graph in Seen') f

I

0

= The independences in B

0

If ( I

H

== I

0

)

H not an essential hidden set, break and tr y next H

Add B

0

to Seen'

g

g

Add H to L

g

Output ( B ; L )

g

Fig. 7. Optimized Algorithm

algorithms ma y then b e able to exploit these exp erimen tally v eri�ed constrain ts

to �nd essen tial hidden sets through lo cal tests.

The algorithms w ere implem en ted in Ja v a 1.4.2 on a t w o-pro cessor 2.8 Ghz

Xeon computer with 2 Gb of RAM.

4.1 Edge T est Exp erimen ts

The edge tests w ere done to determine whether there exists a common set of edge

constrain ts that the edges of the graph around the essen tial hidden set conform

to. It w as found that the subset of the edge constrain ts giv en in the de�nition

of the W-net w ork (De�nition 8) held around all essen tial hidden v ariables|this

means that the W-net w ork is alw a ys found em b edded in a net w ork with an

essen tial hidden v ariable and sp eci�cally that the hidden v ariable w as alw a ys at

the ap ex of the middle p eak in the \W" of the W-net w ork.



4.2 Indep endence T est Exp erimen ts

Similarl y to the edge tests, v arious sets of indep endence constrain ts w ere tested

against eac h net w ork that con tains an essen tial hidden set. An example of a

set of indep endence constrain ts that w e attempted to v erify w as (1 ? ? 3 j 4),

(1 6? ? 3 j 2 ), (1 6? ? f 2 ; 4 g ), and (2 ? ? 4 j 1). This example set of indep endences

held in b oth net w orks o v er 5 v ertices that had a single essen tial hidden v ariable

(see Figure 9). Ho w ev er, neither that set nor an y subset of those indep endences

held in all net w orks with 6 or more v ertices with an essen tial hidden v ariable. No

set of indep endence constrain ts that w e tried held in net w orks o v er 6 or more

v ertices. This indicates that it ma y not b e p ossible to c haracterize essen tial

hidden v ariables through indep endences among the visible attributes only .

4.3 Summary and Examples

T able 1. Quan titativ e Information ab out the Algorithm Runs

Size Alg # HVs Num Nets F ound HVs T otal Min utes

4 B 1 543 0 0.0005

4 O 1 32 0 0.0013

4 O 2 32 0 0.0006

4 O 3 32 0 0.0003

5 B 1 29280 100 0.0576

5 O 1 303 2 0.0035

5 O 2 303 0 0.0012

5 O 3 303 0 0.0005

5 O 4 303 0 0.0004

6 B 1 > 54161 > 2185 > 2160

6 O 1 5985 107 0.2141

6 O 2 5985 2 0.0626

6 O 3 5985 0 0.0098

6 O 4 5985 0 0.0036

6 O 5 5985 0 0.0026

7 B 1 > 800 > 67 > 2160

7 O 1 243,669 8191 32.1151

7 O 2 243,669 184 49.3549

7 O 3 243,669 0 1.5390

7 O 4 243,669 0 0.2595

7 O 5 243,669 0 0.1409

7 O 6 243,669 0 0.1537

8 B 1 N/A N/A > 2160

8 O 1 > 2 ; 927 ; 649 > 296 ; 415 > 2160

8 O 2 > 11 ; 510 > 74 > 2160

8 O 3 > 558 ; 400 > 21 > 2160

8 O 4 20 ; 286 ; 026 1 16.4701

8 O 5 20 ; 286 ; 026 0 23.3306

8 O 6 20 ; 286 ; 026 0 19.6434

8 O 7 20 ; 286 ; 026 0 15.6430



T able 1 displa ys the n um b er of all Ba y esian net w orks with indep endence-based

essen tial hidden v ariables as w ell as a v erage run times for Basic (B) and Op-

timized (O) Algorithms (see Figures 4 and 7). T ests for more than one hidden

v ariable w ere only run with the Optimized Algorithm. The size of the hidden

set tested k is indicated in the \# HVs" column.

The \Num Nets" column giv es the n um b er of Ba y esian net w orks that eac h

algorithm examined while \F ound HVs" refers to the n um b er of graphs that

con tain essen tial hidden sets. Th us, for net w orks with 6 v ertices, the Optimized

Algorithm found 107 of 5,985 isomorphism-equiv a len t classes of graphs con tain

at least one essen tial hidden set of size 1. Some algorithm runs could not b e

completed in 36 hours|this is indicated b y the \ > " notation that more net w orks

exist. There are more essen tial hidden sets found using the Basic Algorithm than

the Optimized Algorithm b ecause the Basic Algorithm iterates o v er net w orks,

while the Optimized Algorithm iterates o v er indep endence equiv alence classes,

so the same essen tial hidden v ariables are found m ultiple times using the Basic

Algorithm under di�eren t no de lab elings.

T otal time for eac h algorithm run is giv en in the last column of T able 1.

Note that the results for incomplete analysis are biased to w ards smaller, sim-

pler graphs on a v erage (as graphs with few er edges are tested �rst) so the time

recorded are sligh tly lo w er than exp ected. P erformance on graphs with 9 or more

v ertices is not rep orted as preparation to pro cess these graphs to ok longer than

the time allo w ed (36 hours). T est times for the Optimized Algorithm do es not

accoun t for the time sp en t to generate the isomorphism classes of graphs|this

w as a total of 0.08 seconds for 6 v ertices, 2.2 seconds for 7 v ertices, and 260

seconds for 8 v ertices (for smaller graphs, time w as negligible and, for graphs

larger than size 8, it to ok o v er a da y).

One result of in terest is the a v erage n um b er of Ba y esian net w orks with essen tial

hidden sets in eac h run of the optimized algorithm (that is, for eac h p ossible

essen tial hidden set size). This giv es us an estimate of the a v erage probabilit y

of encoun tering unique net w orks that con tain essen tial hidden sets | if this

a v erage is high, it is common for a net w ork structure with a giv en n um b er of

attributes and hidden set size to ha v e an essen tial hidden set.

A graph of the a v erage n um b er of Ba y esian net w ork with essen tial hidden

v ariables p er Ba y esian net w ork vs. k is giv en in Figure 8. As the n um b er of

attributes plus hidden v ariables ( n ) increases and the n um b er of hidden v ariables

in the set ( k ) decreases, the ratio of net w orks with essen tial hidden sets to total

net w orks increases. This leads to the supp osition that, for n > 8, the probabilit y

of a giv en net w ork structure con taining an essen tial hidden set of an y size k

will increase with n . This in turn hin ts that a fundamen tal understanding of the

impact of essen tial hidden sets b ecomes more crucial as w e increase the n um b er

of attributes.

Lastly , some examples of graphs o v er 5, 6, 7, and 8 v ertices that w ere iden ti�ed

to con tain essen tial hidden sets are giv en in Figure 9.



Fig. 8. Num b er of hidden v ariables tested for ( k ) vs. the a v erage n um b er of Ba y esian

net w ork with essen tial hidden v ariables p er Ba y esian net w ork examined of a giv en size

(optimized algorithm only). Solid line and dots indicate size 8, dashed line and squares

indicate size 7, dotted line and circles indicate size 6, and the single p oin t indicates

size 5 ratios.

5 Conclusions and F uture Researc h

Our exp erimen ts sho w that net w orks of the sizes examined all con tain the edges

presen t in a W-net w ork (De�nition 8) em b edded around the hidden v ariable.

Precisely all the edges that are and are not allo w ed and what this implies for the

indep endences b et w een measured attributes has y et to b e determined. Ho w ev er,

if examining all the net w orks of a certain v ertex coun t is required, signi�can t

optimizations will b e needed to answ er these questions within a reasonable time

frame.

W e had originally hop ed to create an in telligen t searc h algorithm of the space

of net w orks but the d-separation rules used to generate indep endences when

hidden v ariables are presen t do not allo w this metho d to b e more e�cien t than

a complete searc h of the space. By examining a subset of p ossible Ba y esian net-

w orks (that is, placing more restrictions on where hidden v ariables ma y app ear

or what o v erall distributions w e are concerned ab out), more general conclusions

ab out that subset can b e dra wn. If appro ximation is acceptable, w e could dra w

a sample of net w orks and dra w ten tativ e conclusions from that sample.

An algorithm could b e used to analyze the results of our algorithm and gener-

ate constrain ts similar to the indep endence or edge test constrain ts. This could

illumi nate whether an indep endence-based c haracterization of essen tial hidden

v ariables exists and whether there is a \univ ersal" edge-based c haracterization

of essen tial hidden sets. These constrain ts could, in turn, b e used to generate
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Fig. 9. Examples of Ba y esian net w orks with essen tial hidden sets o v er 5 through 8

attributes.



tests for detecting whether an essen tial hidden set is presen t in attribute sets

rather than deducing whic h v ariables are in a p osition to b e essen tial amongst

the attributes.

Finally , in our algorithms, w e examined only the iden ti�cation of a t yp e of

essen tial hidden set through indep endence constrain ts|it is p ossible that other

essen tial hidden sets can b e determined using other sp eci�cation metho ds. P earl

and Tian (19) ha v e made progress in this regard through the prop osal of func-

tional constrain ts existing around some essen tial hidden v ariables. It w ould also

b e in teresting to see what algorithms are optimal for disco v ering these other

t yp es of hidden sets.
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