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Abstract

We establish a variety of c ombinatorial b ounds on

the tr ade o�s inher ent in r e c onstructing strings using

few r ounds of a given numb er of substring queries p er

r ound. These r esults le ad us to pr op ose a new ap-

pr o ach to se quencing by hybridization (SBH), which

uses inter action to dr amatic al ly r e duc e the numb er of

oligonucle otides use d for de novo se quencing of lar ge

DNA fr agments, while pr eserving the p ar al lelism which

is the primary advantage of SBH.

1 In tro duction

Sequencing b y h ybridization (SBH) [4, 11 ] is a new

and promising approac h to DNA sequencing whic h of-

fers the p oten tial of reduced cost and higher through-

put o v er traditional gel-based approac hes. In this pa-

p er, w e prop ose a new approac h to sequencing b y h y-

bridization whic h p ermits the sequencing of arbitrar-

ily large fragmen ts without the inheren tly exp onen tial

c hip area of SBH, while retaining the massiv e par-

allelism whic h is the primary adv an tage of the tec h-

nique. W e establish the p oten tial of our tec hnique

through b oth analytical results and sim ulation on real

DNA sequences. Our approac h is based on our solu-

tion of an in teresting com binatorial problem, that of

reconstructing strings from substrings in rounds.

The traditional sequencing b y h ybridization pro ce-

dure attac hes a set of single-stranded fragmen ts to a

substrate, forming a se quencing chip . A solution of ra-

diolab eled single-stranded target DNA fragmen ts are

exp osed to the c hip. These fragmen ts h ybridize with

complemen tary fragmen ts on the c hip, and the h y-

bridized fragmen ts can b e iden ti�ed using a n uclear

detector. Eac h h ybridization (or the lac k thereof ) de-

termines whether the string represen ted b y the frag-

men t is or is not a substring of the target. The target

DNA can no w b e sequenced based on the constrain ts

of whic h strings are and are not substrings of the tar-

get. P evzner and Lipsh utz [11 ] giv e an excellen t surv ey

of the curren t state of the art in sequencing b y h y-

bridization, b oth tec hnologically and algorithmically .

The most widely used sequencing c hip design, the

classical sequencing c hip C ( m ), con tains all 4

m

single-

stranded oligon ucleotides of length m . F or example, in

�

Corresp onding author. This w ork w as partially supp orted

b y ONR a w ard 400x116yi p01 .

F ragmen t Classical SBH In teractiv e SBH

Length Length Size Rounds Size

80 7 16,384 7 560

180 8 65,536 8 1,440

260 9 262,144 8 2,080

560 10 1,048,576 8 4,480

1300 11 4,194,304 9 11,700

2450 12 16,777,216 9 22,050

T able 1: Characteristic length of unam biguously de-

ciphered DNA fragmen t as a function of the size for

classical and in teractiv e SBH.

C (8) all 4

8

= 65 ; 536 o ctamers are used. P evzner's al-

gorithm [12 ] for reconstruction using classical sequenc-

ing c hips in terprets the results of a sequencing exp eri-

men t as a subgraph of the de Bruijn graph, suc h that

an y Eulerian path corresp onds to a p ossible sequence.

Th us the reconstruction is not unique unless the sub-

graph consists en tirely of a directed induced path.

The strength of this requiremen t means that enor-

mous sequencing c hips are needed to reconstruct rela-

tiv ely short strands of DNA. F or example, the classical

c hip C (8) su�ces to reconstruct 200 n ucleotide long

sequences in only 94 of 100 cases [10], ev en in error-

free exp erimen ts. Unfortunately , as sho wn in T able 1,

the length of unam biguously reconstructibl e sequence

gro ws slo w er than the size (ie. area) of the c hip. Th us

exp onen tial gro wth inheren tly limits the length of the

longest reconstructible sequence b y traditional SBH.

Our approac h uses inter action to reduce the re-

quired amoun t of w ork. Supp ose that w e are giv en an

unkno wn string S , o v er a kno wn alphab et �, and are

p ermitted to ask questions of the form \is s a substring

of S ?", where s is a sp eci�c query string o v er �. W e

are not told where s o ccurs in S , nor ho w man y times

it o ccurs, just whether or not s a substring of S . W e

need to b e able to ask man y useful questions sim ulta-

neously in order to minimize set-up costs and elapsed

time. Therefore, our goal is to determine the exact

con ten ts of S using as few rounds of as few queries as

p ossible. The results of T able 1 demonstrate that w e

succeed, using less than ten rounds to reduce the total

n um b er of queries b y a sev eral orders of magnitudes

on reasonable sized fragmen ts.



Other v arian ts of SBH (suc h as nested-strand SBH

[13 , 14] and p ositional SBH [2 , 6]) ha v e b een prop osed

to increase the resolving p o w er of classical SBH. Ho w-

ev er, none of them o�er the p oten tial of in teractiv e

SBH to sequence v ery long fragmen ts.

Skiena and Sundaram [15 ] studied the complexit y

of se quential ly reconstructing unkno wn strings from

substring queries. Sp eci�cally , they sho w that ( � �

1) n + �( �

p

n ) queries are su�cien t to reconstruct an

unkno wn string, where � is the alphab et size and n

the length of the string, matc hing the information-

theoretic lo w er b ound for binary strings. F urther,

they sho w that � �n= 4 queries are necessary , whic h

is within a factor of 4 of the upp er b ound for larger

alphab ets. Ho w ev er, ac hieving a high degree of paral-

lelism is critical for this approac h to lead to a practical

metho d of DNA sequencing.

In this pap er:

� W e sho w a wide range of tradeo�s b et w een the

n um b er of rounds of substring queries and the

n um b er of queries p er round su�cien t to deter-

mine an unkno wn string of length n on an alpha-

b et of size � . Our results are summarized in the

table b elo w:

Num b er of Rounds Questions p er Round

�n 1

n �

lg

2

n n

lg n n

2

= lg n

lg lg n �

�

(1+ o (1))(lg n= lg lg n )

2 �

O (

p

n lg n )

1 3 �

b n= 2 c +1

Eac h of these tradeo�s require di�eren t ideas to

ac hiev e.

� W e pro v e an exp onen tial lo w er b ound on the ca-

pacit y of an y prefabricated sequencing c hip ca-

pable of reconstructing n -strings, and giv e a new

c hip design whose capacit y approac hes this lo w er

b ound.

� W e giv e a strategy whic h uses (with probabilit y

1 � 1 =n

�

) O ( �� lg n ) rounds of n queries p er round,

and presen t sim ulation results whic h demonstrate

the practicalit y of this approac h. Indeed, our sim-

ulations suggest a m uc h stronger result, that far

few er n um b er of rounds of n queries p er round

su�ce to reconstruct sequences of length n . This

suggests a v ery e�cien t tec hnique to sequence

large DNA fragmen ts, and also an application to

designing custom, prefabricated c hips to iden tify

m utations for diagnostic purp oses.

In the sense of b eing biological tec hniques prop osed

b y computer scien tists , our w ork is philosophically

akin to the recen t w ork of Adleman [1] and Lipton

[8 ] on bio computing. W e stress that for our prop osed

tec hniques, the issue is not one of feasibilit y , but of

cost, since either the photolithograph y metho ds of [4]

or the primer w alking tec hnique of [7 ] can b e used to

realize in teractiv e SBH, alb eit in an exp ensiv e man-

ner. W e are con�den t that biologists can dev elop ex-

p erimen tal proto cols to reduce these costs, once they

understand the com binatorial adv an tages of our ap-

proac h.

In Section 2, w e analyze the one round case, cor-

resp onding to con v en tional sequencing c hips, and es-

tablish tigh t upp er and lo w er b ounds for capacit y . In

Section 3, w e establish b ounds on c hip capacit y su�-

cien t to ac hiev e a sub-logarithmic n um b er of rounds.

In Section 4, w e presen t our most in teresting tradeo�s,

sho wing that p olylog rounds of sub quadratic capacit y

c hips alw a ys su�ce for reconstruction. Finally , in Sec-

tion 5 w e pro v e b etter b ounds in the a v erage case. In

an app endix, w e giv e the results of sim ulations to es-

tablish the practicalit y of our tec hniques.

2 Reconstruction in One Round

In this section, w e consider the problem of recon-

structing strings using a �xed set of queries, as in con-

v en tional SBH. A se quencing chip C is de�ned b y a

giv en set of query strings c

1

; . . . ; c

m

o v er a giv en alpha-

b et �. The c ap acity or size m of the c hip is the n um b er

of strings whic h de�ne it. The sp e ctrum S p ( C ; S ) of

c hip C with resp ect to string S partitions the strings

of C in to t w o sets, those whic h are substrings of S and

those whic h are not. A string S can b e r e c onstructe d

with a giv en c hip C i� there do es not exist a string

S

0

2 �

�

suc h that S p ( C ; S ) = S p ( C ; S

0

). In other

w ords, the sp ectrum of S uniquely describ es S .

In this section, w e consider the question of mini-

mizing the size of an y c hip capable of reconstructing

all strings of length n . Clearly , a c hip con taining all

�

n

strings of length n su�ces for reconstruction, since

the sp ectrum of an y string S will con tain only one

p ositiv e substring, ie. S itself. Ho w ev er, signi�can tly

smaller c hips are in fact p ossible.

Consider a classical sequencing c hip C ( l ), where l =

b n= 2 c + 1, consisting of all �

l

l -strings. A string S has

p erio d k if S

i

= S

i + k

for all 1 � i � n � k . Observ e

that strings of p erio d k � l cannot b e reconstructed

using C ( l ). F or example, the strings ab c dab c , b c dab c d ,

c dab c da , and dab c dab all con tain exactly the same set

of 4-substrings; ab c d , b c da , c dab , and dab c . Th us C ( l )

do es not su�ce for reconstructing n -strings, but w e

shall sho w that a sligh tly larger c hip do es while no

smaller c hip can.

Our argumen ts will b e based on t w o n -strings S and

T , b oth comp osed of the same set of l -strings. Let S [ i ]

denote the i th c haracter of S . Let S

i

( T

i

) denote the

l -string b eginning in the i th p osition of S ( T ), ie. the

i th through ( i + l � 1)th c haracters. Th us S

i

and S

i +1

share l � 1 c haracters in common. Giv en S , string T

is completely describ ed b y a p erm utation P

T

of the

( n � l + 1) l -substrings of S .

Lemma 1 L et S and T b e distinct n -strings such that

S p ( C ( m ) ; S ) = S p ( C ( m ) ; T ) , wher e C ( m ) is the clas-

sic al se quencing chip and m > n= 2 . If T

x

= S

j +1

and T

x + p

= S

i

, then S [ z ] = S [ z + ( j � i + 1 + p )] for

1 � z � m � p . In other wor ds, the �rst m + j � i + 1

char acters of S form a p erio d ( j � i + 1 + p ) string.



S
1

S
i

S
j+1

T
1

S
j+1

S
i

p

j-i+1

(S) (T)

Figure 1: F orcing a lo w-p erio d substring.

Pro of: Figure 1 illustrates the situation. By de�ni-

tion, S

i

[ z + j � i +1] = S

j +1

[ z ] for 1 � z � m � ( j � i + 1).

Similarly , T

x + p

[ z ] = T

x

[ z + p ] for 1 � z � m � p .

Therefore, S

i

[ z ] = S

j +1

[ z + p ] for 1 � z � m � p , and

the result follo ws since S

x

[ y ] = S [ x + y � 1].

W e sa y a p erm utation P on f 1 ; . . . ; n g is

pr e�x-sep ar able if there exists k < n suc h that

max ( P

1

; . . . ; P

k

) = k .

Lemma 2 L et S and T b e distinct n -strings such

that S p ( C ( m ) ; S ) = S p ( C ( m ) ; T ) and P

T

is pr e�x-

sep ar able. Then ther e exist pr op er distinct n

0

-strings

S

0

and T

0

such that S

0

is a substring of S and T

0

is a

substring of T , wher e S p ( C ( m ) ; S

0

) = S p ( C ( m ) ; T

0

) .

Pro of: Since P

T

is pre�x-separable, the sets of the

�rst k m -strings of S and T are iden tical, as are the

sets of the last ( n � k � m ) m -strings. If either S [1 ; m +

k � 1] 6= T [1 ; m + k � 1] or S [ k + 1 ; n ] 6= T [ k + 1 ; n ], w e

ha v e our S

0

and T

0

. If not, S = T and S and T w ere

not distinct n -strings.

Lemma 3 L et S and T b e distinct n -strings such that

S p ( C ( m ) ; S ) = S p ( C ( m ) ; T ) , wher e C ( m ) is the clas-

sic al se quencing chip, P

T

is not pr e�x-sep ar able, and

m > n= 2 . Then for any i < n � m , ther e exists a j > i ,

p , and x such that ( j � i + 1 + p ) � m , T

x

= S

j +1

and T

x + p

= S

i

. Thus, S [ i; m + j + 1] is a p erio d

( j � i + 1 + p ) � m string.

Pro of: Since P

T

is not pre�x-separable, for an y i < n ,

there exists at least one j > i suc h that the starting

p osition of S

j +1

is to the left of S

i

in T . Let j b e the

smallest suc h in teger. Th us S

i +1

; . . . ; S

j

in T m ust all

b e to the righ t of the starting p osition of S

i

in T . Th us

there can b e at most m � 1 � ( j � i ) starting p ositions

to the left of S

i

in T , and p � m � j + i � 1.

Therefore, b y Lemma 1, S [ i; m � j + 1] is a p erio d

( j � i + 1 + p ) string. Since j � i + 1 + p � j � i + 1 +

( m � j + i � 1) = m , this string has p erio d at most m .

By the GCD Lemma of Lyndon and Sc h utzen b erger

[9 ]:

Lemma 4 L et S = abc b e a string forme d by c onc ate-

nating strings a , b , and c . L et string ab have p erio d

i , and string bc have p erio d j , wher e j b j > max ( i; j ) .

Then

� If i = j , then S has p erio d i = j .

� If i = d � j , for inte ger d , S has p erio d i .

� If i ? j , S has p erio d 1.

Lemma 5 The classic al chip C ( m ) su�c es to r e c on-

struct any n -string of p erio d k > m if m > n= 2 .

Pro of: W e sho w that if S p ( C ( m ) ; S ) = S p ( C ( m ) ; T ),

and S 6= T , then b oth S and T m ust ha v e p erio d at

most m . Consider the smallest sized coun ter-example.

Assume P

T

is pre�x-separable. By Lemma 3, for all

1 � i � n � m , the substring S

i

= S [ i; m + j + 1] has

p erio d � m for some j � i . Th us S

i

o v erlaps S

i +1

in

at least m p ositions. By the GCD Lemma of [9 ], the

in tersection of these strings m ust ha v e p erio d at most

m , whic h can b e extended to comprise all of S . The

case of T follo ws b y symmetry .

No w supp ose P

T

is not pre�x-separable. By Lemma

2 this could not b e the smallest coun ter-example, a

con traction and the result follo ws.

Lemmas 5 leads directly to an e�cien t sequencing

c hip design:

Theorem 6 One r ound of 3 �

b n= 2 c +1

queries su�c es

to r e c onstruct any n -string on an alphab et � , � = j � j .

Pro of: Our sequencing c hip consists of all distinct

( b n= 2 c + 1)-strings, plus all n -strings of p erio d at

most ( b n= 2 c + 1). By Lemma 5, the former are suf-

�cien t to reconstruct an y long p erio d strings, and

none of the latter strings will pro v e substrings of

the unkno wn long-p erio d string. If the unkno wn

string has a short p erio d, exactly one of the latter

strings will pro v e a substring. This c hip con tains

�

b n= 2 c +1

+

P

b n= 2 c +1

i =1

�

i

� 3 �

b n= 2 c +1

strings.

P erio d b n= 2 c + 1 strings pro v e the k ey to the lo w er

b ound as w ell:

Theorem 7 A ny se quencing chip c ap able of r e c on-

structing al l strings of length n must have size at le ast

2 �

b n= 2 c +1

=n � 1 .

Pro of: Let l = b n= 2 c + 1. Consider a set of questions

adequate to reconstruct eac h of the �

l

the p erio d- l

n -strings. W e can partition these strings in to equiv a-

lence classes, where eac h of these n -strings are equiv a-

len t under circular shifts. Th us the size of these equiv-

alence classes ranges from one to l , dep ending up on

the minim um p erio d of the string. Observ e that:



� An y question capable of distinguishing b et w een

mem b ers of the same equiv alence class m ust ha v e

length greater than l , since all the strings in the

same class ha v e the same l -sp ectrum.

� A ny question of length greater than l will b e sub-

strings of mem b ers of at most one equiv alence

class, since all l -substrings of this question m ust

b e equiv alen t under circular shift (if not, the ques-

tion will b e a substring of none of the p erio d l

strings).

Th us none of the lg j C j � 1 queries necessary to

distinguish b et w een the C mem b ers of an equiv alen t

class can p ossibly b e substrings of an y string outside

the equiv alence class. Since eac h equiv alence class con-

tains at most l mem b ers, there are at least �

l

=l suc h

classes, and the result follo ws from making at least

one query p er class.

3 Reconstruction using F ew Rounds

T o sho w ho w in teraction can b e used to reduce the

total n um b er of queries, w e �rst review the results of

Skiena and Sundaram [15 ] on reconstructing strings

with one substring query p er round. A subtlet y of the

problem is whether the length of the unkno wn string

is presen ted in adv ance, or m ust b e determined using

the results of queries. F or ease of exp osition, w e will

assume that the length n is kno wn, since it results

in simpler strategies whose complexities are iden tical

except for lo w er order terms.

Lemma 8 A n unknown string S of known length n on

alphab et � , j � j = � c an b e r e c onstructe d in � ( n + 1)

substring queries.

Pro of: Begin b y making substring queries of single-

c haracter substrings, so after at most � queries w e

kno w a c haracter of S . Let s b e a kno wn substring of S

and � = f �

1

; �

2

; . . . ; �

�

g . In general, w e can increase

the length of this kno wn substring b y one c haracter

b y querying on the strings s�

i

, for 1 � i � � . A t

least one of these query strings m ust b e a substring of

S , unless s is a su�x of S . When s can no longer b e

extended, s is a su�x of S and w e can con tin ue the

pro cess b y prep ending eac h c haracter to the kno wn

substring, un til it is of length n and S is determined.

In [15 ], w e sho w ho w to reduce the m ultiplicativ e

constan t b y one, ie. that ( � � 1) n + 2 lg n + O ( � )

substring queries su�ce if n is kno wn, while if n is

unkno wn, ( � � 1) n + �( �

p

n ) queries su�ce. With

our lo w er b ounds of (lg � ) n and �n= 4, this strategy

is tigh t for binary strings and within a factor of 4 of

optimal o v er an y alphab et.

The strategy of Lemma 8 can b e parallelized in a

trivial w a y , b y observing that eac h of the � extension

queries can b e done in parallel, yielding:

Corollary 1 n + 1 r ounds of � substring queries p er

r ound su�c e to r e c onstruct an unknown string of

length n on an alphab et of size � .

In the rest of this section, w e use a divide-and-

conquer approac h to deliv er a m uc h higher degree of

parallelism.

Lemma 9 A ny string S on an alphab et of size �

c an b e r e c onstructe d using at most r r ounds of

�

n

1 =r

lg

( r � 1) =r

n

substring queries p er r ound.

Pro of: Consider the follo wing r round reconstruc-

tion strategy , whic h is parameterized b y the constan ts

k

1

; . . . ; k

r

:

� r ound 1 : Query all �

n=k

1

strings of length n=k

1

.

Let S

1

denote the resulting set of substrings of S

of length n=k

1

.

� r ound 2 � i � r : Let S

i � 1

denote the set of

all of the (at most n ) distinct (

Q

i � 1

j =2

k

j

� ( n=k

1

))-

substrings of S . Query all of the n

k

i

strings whic h

can b e formed as a sequence of k

i

elemen ts of

S

i � 1

.

This strategy is correct whenev er

Q

r

j =2

k

j

=k

1

� 1,

as S

i

is determined at the end of round i , and S

r

= S .

W e select k

1

and k

j

(2 � j � r ) to satisfy the follo wing

relations:

n=k

1

� lg n � k

j

k

1

= k

r � 1

j

Solving for k

1

and k

j

yields:

k

1

= ( n= lg n )

( r � 1) =r

k

j

= ( n= lg n )

1 =r

In the �rst round, �

n=k

1

= �

n

1 =r

lg

( r � 1) =r

n

queries

are made. In the second through r th rounds, n

k

j

=

�

n

1 =r

lg

( r � 1) =r

n

queries are made, giving the result.

Corollary 2 A ny string of length n on an alphab et of

size � c an b e determine d using 2 r ounds of �

�(

p

n lg n )

queries p er r ound.

Corollary 3 A ny string of length n on an alphab et

of size � c an b e determine d using lg lg n r ounds of

�

�

(1+ o (1))(lg n= lg lg n )

queries p er r ound.

Corollary 4 A ny string of length n on an alphab et

of size � c an b e determine d using lg n r ounds of n

�

queries p er r ound.

4 Reconstruction using P olylog

Rounds

The results in the previous sections demonstrate

that it is p ossible to reconstruct strings from sub-

strings in few rounds, but at a cost of an exp onen tial

n um b er of queries p er round. Practical implemen ta-

tion of in teractiv e SBH forbids suc h extra v agance {



the largest curren tly realized sequencing c hip con tains

only 65,384 oligon ucleotides. W e seek to reconstruct

long sequences with c hips of capacit y on this order of

magnitude.

In this section, w e consider strategies whic h use a

p olylogarithmic n um b er of rounds, but a lo w-order

p olynomial n um b er of queries p er round. Our algo-

rithms are based on the follo wing observ ations:

Lemma 10 A string S of length n c ontains � n � l + 1

di�er ent substrings of length l .

Pro of: An y particular l -substring has a unique �rst

starting p osition in S , since no t w o distinct l -strings

can b egin at the same p osition in S . The result follo ws

since there are only n � l + 1 p ossible starting p ositions

in S .

Lemma 11 Given the set of al l distinct l -substrings

of S , j S j = n , one r ound of ( n � l + 1)

2

queries su�c e

to �nd al l distinct 2 l -substrings of S .

Pro of: An y 2 l -substring of S can b e formed b y con-

catenating t w o l -substrings of S . By Lemma 10, there

are only a linear n um b er of l -substrings.

Lemma 11 immediately giv es an algorithm for re-

constructing strings in d lg n e rounds of n

2

queries,

b y starting with one c haracter queries and rep eatedly

doubling. This strategy ma y b e seen as w asteful, ho w-

ev er, since some of the n

2

concatenations ma y con-

tain l -strings whic h are not l -substrings of S . These

prosp ectiv e queries can b e eliminated without e�ect-

ing the accuracy of the algorithm.

Theorem 12 O (lg n ) r ounds of n

2

= lg n substring

queries p er r ound su�c e to r e c onstruct any string of

length n on an alphab et of size � � n .

Pro of: W e use the previously describ ed doubling

strategy , where w e ask queries concatenating t w o l -

substrings i� all l distinct l -substrings of the length

2 l queries are in fact substrings of S . Th us the al-

gorithm pro ceeds in lg n meta-rounds, where the i th

meta-round consists of m

i

queries surviving from at

most n � 2

i

� 1 candidates. If w e are restricted to

rounds of n

2

= lg n queries, the total n um b er of rounds

in this strategy is giv en b y

R =

lg n

X

i =1

d m

i

= ( n

2

= lg n ) e

W e analyze the complexit y of R b y partitioning all

queries ask ed in to t w o sets, those queries whic h pro v e

to b e substrings of S (ie. return `true' to the query)

and those queries whic h pro v e not to b e substrings of

S . By Lemma 10, at most n queries p er round can b e

substrings of S , for a total of at most n log n queries

in the �rst set.

A no-query ask ed in round i corresp onds to the con-

catenation xy of t w o 2

i � 1

-substrings of S , where x

ends at p osition p ( x ) in S , y b egins at p osition p ( y )

in S , and p ( x ) 6= p ( y ). In no subsequen t round, will a

query b e ask ed concatenating a string ending in p ( x )

with a string b eginning in p ( y ), b ecause suc h a query

will con tain xy , whic h is kno wn not to b e a substring

of S . Th us at most n

2

queries will pro v e to b e no-

queries, and

lg n

X

i =1

m

i

= n

2

+ n log n

Sub ject to this con train t, R is maximized at 2 lg n ,

giving the result.

Theorem 12 gets us to a tradeo� approac hing prac-

ticalit y , but n

2

= log n queries p er round still app ears

to o large to sequence long pieces of DNA. F or n >

1000, w e exceed the capacit y of the largest sequencing

c hip constructed to date. Belo w, w e consider e�cien t

strategies using a linear n um b er of queries p er round.

Lemma 13 Consider a set U of m strings on alphab et

� , j � j = � , wher e e ach string b e gins with the same

substring s . Ther e exists a string s

0

which is c ontaine d

in at le ast m= (2 � +1) and at most 2 m�= (2 � +1) strings

of U .

Pro of: By de�nition, s is a pre�x of eac h string in U .

W e will construct s

0

one c haracter at a time, extend-

ing it b y the c haracter c 2 � suc h that cs

0

or s

0

c is a

substring of the largest n um b er of strings in U . Since

there are only 2 � p ossibiliti es , b y the pigeonhole prin-

ciple the most p opular c haracter/p osition pair will re-

duce the cardinalit y of U b y a factor of at most 1 = 2 � .

W e stop extending s

0

when the n um b er of remaining

strings lies b et w een m= (2 � + 1) and 2 m�= (2 � + 1), as

it m ust ev en tually do.

Lemma 14 Given the set of al l distinct l -substrings

of S , j S j = n , O (log

(1+ �=� )

n ) r ounds of n queries

su�c e to �nd al l distinct 2 l -substrings of S .

Pro of: W e construct the set of � n

2

concatenation

strings xy , and distribute them in to � n piles, where

pile p ( x ) consists of all concatenation strings sharing

same the l -substring x .

F or eac h pile, w e use Lemma 13 to iden tify a string

q

1

whic h whic h partitions the pile in to t w o smaller

but roughly equal-sized piles, p

1 y

( x ) con taining q

1

and

p

in

( x ) not con taining q

1

.

Applying Lemma 13 to eac h of these piles yields a

total of t w o more query strings ( q

2

for p

1 y

( x ) and q

3

for

p

1 n

( x )) whic h partitions p ( x ) in to four roughly equal-

size piles. There are eigh t p ossible outcomes to the

set of queries q

1

, q

2

, and q

3

. If q

1

returns false, all of

the candidates in pile p

1 y

( x ) can b e eliminated, as all

of these con tain q

1

where S do es not. This test is not

symmetrical, ho w ev er. If q

1

returns true, w e cannot

eliminate the candidates of p

1 n

( x ), b ecause all w e ha v e

pro v en is that S m ust con tain q

1

somewhere but this



do es not preclude it from con taining substrings in pile

p

1 n

( x ).

If either of queries q

2

or q

3

return false, all the can-

didates in at least one subpile can b e eliminated, re-

ducing the size of the original pile b y a constan t frac-

tion. All three queries return true only if there exist

at least t w o distinct substrings in S b eginning with x ,

with one in p

1 y

( x ) and another in p

1 n

( x ).

Th us w e ha v e sho wn that after three queries p er

pile, eac h pile is either reduced b y a constan t fraction

or split in to roughly equal subpiles. Eac h subpile is

de�ned b y a substring starting from a unique p osition

in S , so there can nev er b e more than n activ e subpiles.

Th us in O (lg n ) rounds of n queries p er round, eac h

pile can b e can b e reduced to at most one string p er

pile, eac h corresp onding to a distinct 2 l -substring of

S . F urther, eac h of the 2 l -substrings m ust represen ted

b y a pile if the giv en set of l -substrings w as indeed

complete.

P erforming the lg n meta-round doubling strategy

of Theorem 12 with the pruning implemen tation of

Lemma 14 giv es:

Theorem 15 O (lg n � log

(1+ � ) =� )

n ) r ounds of n sub-

string queries p er r ound su�c e to r e c onstruct a string

S of length n

5 Probabalistic Analysis

Throughout this pap er w e ha v e b een concerned

with w orst-case results. In this c hapter, w e consider

the exp ected n um b er of rounds to determine a ran-

dom n -string when w e are allo w ed to mak e n queries

p er round. W e presen t a simple probabilistic analy-

sis that O (lg n ) rounds su�ce for random strings with

high probabilit y .

The k ey issue in this kind of analysis is the prob-

abilit y that an arbitrary l -string is a substring of a

random n -string. Because of clustering e�ects for lo w-

p erio d strings, (for example, the string 0

k

is lik ely to

o ccur more than once in a binary string if it o ccurs

at all) the probabilit y that a giv en string s o ccurs

in a random n -string is a function of s , not just the

length of s . Guibas and Odlyzk o [5] and Wilf [16 ] use

generating function metho ds to coun t the n um b er of

n -strings con taining a substring s . Ho w ev er, simple

coun ting argumen ts sho w that the probabilit y go es to

zero for l -strings where l � (1 + � ) log

�

n and to one

for l � (1 � � ) log

�

n .

Theorem 16 L et S b e a r andom n -string on an al-

phab et of size � . With a pr ob ability of 1 � 1 =n

�

, S c an

b e determine d using O ( � � � log

�

n ) r ounds of n queries

p er r ound.

Pro of: W e will use a three-phase strategy to deter-

mine S . First, w e use one round of n queries to imple-

men t the classical sequencing c hip C ( b log

�

n c ), th us

determining all � n distinct (log

�

n )-substrings of S .

Second, w e will use � � � log

�

n rounds to `gro w' eac h of

these strings to length l = (1 + � ) log

�

n using the tec h-

nique of Lemma 8. Finally , w e p erform the doubling

strategy of Lemma 12 to complete the determination

of S , starting from the set of l -substrings.

The remaining issue is to analyze the n um b er of

questions ask ed in the �rst round of the third phase.

Since O ( n ) of the concatenations corresp ond to actual

2 l -substrings of S , all of these questions m ust b e ask ed,

plus an y of the O ( n

2

) `false' questions whic h happ en

to ha v e all l -substrings o ccur in S .

Supp ose w e just refrain from asking the `false' ques-

tions xy whose cen tral l -substring s is not in S . There

are three di�eren t cases where s is in X but xy is not

{ (1) the l = 2 c haracters after x form s with x , (2) the

l = 2 c haracters b efore y form s with y , or (3) s o ccurs

elsewhere in S , not 
ank ed b y x or y . Cases (1) and

(2) eac h o ccur with probabilit y �

l= 2

, while case (3)

o ccurs with probabilit y �

l

. Th us the exp ected n um-

b er of `false' questions to surviv e to the �rst doubling

is 2 n

2

=n

(1+ � )

, whic h is sublinear for � > 1. Th us an

exp ected O ( n ) questions need to b e ask ed in the �rst

doubling round, whic h can sim ulated using a constan t

n um b er of rounds of n questions. F urther, the ex-

p ected n um b er of false questions decreases in subse-

quen t doubling rounds, so O (lg n ) rounds of n ques-

tions su�ces for this last stage.

In fact, it is ob vious that few er rounds on a v erage

should su�ce, since the concatenation of t w o l -strings

should go unask ed if any of its l -substrings is not in

S , instead of just the middle one. The lac k of inde-

p endence mak es the analysis of this di�cult, ho w ev er,

our sim ulation results in the app endix sho ws that the

impro v emen t is considerable.

6 Conclusions

W e conclude with a list of op en problems:

� Giv e impro v e our upp er b ounds or pro v e in terest-

ing lo w er b ounds on capacit y for the cases of few

rounds. W e ha v e presen ted tigh t lo w er b ounds

for the cases of one round and one question p er

round, but nothing in teresting in b et w een.

� Generalize these results to sequencing m ultiple

target strings, ie. where w e are sim ultaneously

sequencing man y strings. This approac h is appli-

cable to Crkv enjak o v and Drmanac's target do wn

approac h to sequencing b y h ybridization [3, 11],

whic h mak es one query p er round but ac hiev es

parallelism through m ultiple targets.

� Generalize these results for the case of p ositiv e

and negativ e errors.

� Design more e�cien t sequencing c hips (in the

a v erage case), and reconstruction algorithms for

them.

� Do es our in teractiv e mo del ha v e a practical lab-

oratory implemen tation? The issue is not one

of feasibilit y , but of cost, since either the pho-

tolithograph y metho ds of [4] or the primer w alk-

ing tec hnique of [7 ] can b e used to realize it, alb eit

in an exp ensiv e manner.
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App endix: Sim ulation Results

W e implemen ted t w o di�eren t algorithms for in ter-

activ e SBH, and exp erimen ted with them on real and

sim ulated DNA. F or consistency , w e p erformed n sub-

string queries in eac h sim ulated round, where n is the

length of the string to b e sequenced. T o calibrate for

smaller size c hips, observ e that c � k rounds su�ce using

a c hip of size n=c if k rounds su�ce for a c hip of size

n . T o calibrate for larger size c hips, observ e that the

n um b er of rounds can only decrease with increasing

c hip size.

The algorithms w e implemen ted are:

� The Doubling A lgorithm { This is a direct im-

plemen tation of the w orst-case O (lg n ) round al-

gorithm of Theorem 12. Giv en the set of all

l -substrings of the unkno wn n -string S , w e ask

all 2 l -length queries formed b y concatenating t w o

substrings together, pro vided all the l -substrings

of the prosp ectiv e query are l -substrings of S . If

there are M

i

queries in the i th meta-round whic h

surviv e this test, they are ask ed in d M

i

=n e rounds

of n . In our exp erimen t, the �rst round starts

all questions of length one, and no w alking steps

(as recommended in the probabilistic algorithm

of Theorem 16) w ere p erformed.

� The A daptive L ength A lgorithm { This algorithm

is an v ersion of the exp ected O (lg n ) round algo-

rithm of Theorem 16 whic h has b een enhanced in

t w o w a ys. First, as in the previous algorithm, a

query is pruned unless all the l -substrings of the

prosp ectiv e query are l -substrings of S . Second,

and more imp ortan tly , instead of alw a ys extend-

ing the query length b y one eac h round in the

critical region, w e �nd the longest l

0

suc h that at

most c � n length l

0

queries are consisten t with the

set of l -substrings of S . Eac h suc h meta-round is

sim ulated b y at most c rounds of n queries, except

for the sp ecial case where l

0

= l + 1, and � rounds

ma y b e required. Note that l

0

ma y gro w v ery

rapidly . F or example, although our �rst stage

asks only length one questions, the second stage

queries are t ypically lg

�

n in length.

Certain details are necessary for an e�cien t im-

plemen tation of the adaptiv e length algorithm for

long strings. W e �nd that c = 2 minimizes the

n um b er of rounds for b oth � = 2 and � = 4.

Also, w e use a one-sided binary searc h to searc h

for l

0

from l , and a linear-space su�x-tree data

structure to quic kly establish the necessit y of a

prosp ectiv e query .

W e ha v e ev aluated these algorithms on b oth sim-

ulated and real data. In Figures 2 and 3, w e sho w

the n um b er of rounds required for b oth algorithms

to determine random binary and quadrary strings of

length 2

i

, for 2 � i � 16. F or eac h size and algo-

rithm, ten random strings w ere `sequenced'. It is clear

that the n um b er of rounds required for the adaptiv e-

length algorithm is gro wing extr emely slo wly , p erhaps

O (lg lg n ). The n um b er of rounds is essen tially a small



Sequence Length Rnds Queries

Human alpha globin 12,847 12 125,546

Human b eta globin 18,060 11 167,722

Chic k en collagen 21,180 9 153,836

HIV 9,718 11 83,954

Bacteriophage lam b da 48,502 11 386,218

Mouse mito c hondrion 16,295 10 120,030

Rat MHC gene 25,759 11 235,652

Rabies virus 11,928 11 99,167

Human rhino virus t yp e 14 7,212 9 52,634

Human Rib osomal DNA 42,999 16 573,014

Simian Virus 40 5,243 11 48,003

Drosophila white lo cus 14,245 10 113,202

T able 2: P erformance of The Adaptiv e Algorithm on

GenBank Sequences.

constan t for imaginable v alues of n , whic h b o des w ell

for the p oten tial of in teractiv e SBH.

The n um b er of rounds used b y the doubling al-

gorithm demonstrates a startling degree of non-

monotonicit y , ie. longer strings can require substan-

tially few er rounds to sequence. This cycling dep ends

up on the v alue of � = b lg

�

n c � lg

�

n , as can b e il-

lustrated b y the di�erence in p erio ds for binary and

quadrary alphab ets. Since almost all �

lg

�

n

(lg

�

n )-

strings are lik ely to o ccur as substrings of S , a large

fraction of the O ( n

2

) p ossible concatenations will sur-

viv e (for � � 0) to b e ask ed as queries in the next

round. It is this b eha vior that the `w alking' steps of

Theorem 16 w as designed to a v oid.

In T able 2, w e rep ort on the n um b er of rounds re-

quired to determine actual DNA sequences, as dra wn

from GenBank. The n um b er of rounds required for ac-

tual DNA sequences seems to b e sligh tly larger than

for random data, presumably b ecause of longer rep eat

sequences in DNA. Ho w ev er, a dozen rounds su�ce to

sequence all but one of the DNA sequences in our test,

still v ery mo dest considering the small sizes of the se-

quencing c hips required. The total n um b er of queries

giv en in T able 2 is less than the n um b er of rounds

times the maxim um n um b er of questions allo w ed p er

round b ecause not all rounds are completely �lled.

In fact, the total n um b er of questions o v er the set of

rounds is su�cien tly small to justify using these algo-

rithms for the design of customize d sequencing c hips,

whic h seek to iden tify m utations in sp eci�c genes for

diagnostic purp oses. By making a c hip whic h is the

union of all of the queries made o v er all rounds for

a sp eci�c sequence, w e are guaran teed that an y m u-

tation will b e detected, since if all questions are an-

sw ered iden tically to the original sequence, the test

sequence m ust b e iden tical to the original. F urther,

w e w ould exp ect to b e able to iden tify the exact m u-

tation in man y cases, from the sequence of di�erences

in the answ ers.
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Figure 2: The p erformance of b oth algorithms on bi-

nary alphab ets.
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Figure 3: The p erformance of b oth algorithms on 4-

letter alphab ets.


