Chapter 12

Introduction to CTMCs

We will assume that 7 = IR* = [0, c0), the non-negative reals.
Property 12.1 CTMC property:
Pr{X(t) =z|X(t,) = zpn,..., X(to) = o} = Pr{X(t) = z|X(tn) = zpn}
where t > t, > --- > tg are all times in T, and x,x,,...,xo are all states in S.
Again, we will only consider homogeneous CTMCs, where
Pr{X(t+h) =j|X(t) =i} =Pr{X(h) =j|X(0) =i}

i.e., the probabilities depend on the time difference, not the actual time. For shorthand, we will

denote this as a matrix
Ppli, j] = Pr{X(h) = j|X(0) = i}

For now, we will assume that transitions between states are not arbitrarily fast!:

lim P, =1
o "

ILe., as the time difference goes to zero, the probability of changing states goes to zero.

In the discrete case, we discussed how the process evolves with every “clock tick”, i.e., as time
advances by discrete steps. Since time is now continuous, to discuss how the process evolves at an
infinitesimally—small time instant, we must take the derivative of Pj. Since we are considering the
homogeneous case, this derivative must be independent of the time instant, so we will look at time
zero. In particular, let Q be the derivative of P, at time 0:

. Pp—Py

Q = T
_ o Pl
T a0k

The units of each element Q[i,j] are “probability per time unit”; or, think of it as a “flow of
probability from state i to state j7; or, think of it as “how does the probability of going from state
i to state j increase over time”.

Let’s examine the entries of matrix Q.

'We will discuss how to relax this restriction later.
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e The “off-diagonal” elements:

Pl il
Q[i’j]:}ffb%]o

Since Pyli, j] is a probability, and Pyli, j] is zero, Py[i, j] can only increase (or remain the
same), so we must have Q[i, j| > 0.
e The “diagonal” elements:

Pyli,i] — 1
Qi) = Jim =1

Again, since Py[i,i] is a probability, and P[é, 4] is one, Py[i, ] can only decrease (or remain
the same), so we must have Q[i,i] < 0.

For any time ¢, though, we must have that the rows of P; sum to one. Therefore the rows of P; —1I
sum to zero. Thus, the rows of Q sum to zero. Therefore, we must have that

Property 12.2

Qli,i] =~ Qli.J]
JF#i

foralli e S.

This property makes sense: if the probability of going to some other state from state ¢ increases
with time, then the probability of remaining in state ¢ must decrease with time, at the same rate.

Definition 12.3 The matriz

P, -1
=1
Q iy h
is called the infinitesimal generator matriz.

Sometimes we use the transition rate matriz R:

- { Q117

CTMCs are usually drawn as weighted, directed graphs with incidence matrix R.

Example 12.1

0 47 09 -5.6 47 09
R=| 0 0 35 Q= 0 -35 35
19 0 0 1.9 0 -19
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Example 12.2

i 1/100

12 This CTMC might represent a failure / repair model: state D
represents a working state, state E represents a failed state,
and state I represents a failed state that cannot be repaired.
Note that F'is an absorbing state.

1/1000

12.1 Intuitive meaning of the rates

Consider a particular state i, with several non-zero rates of transition to other states:

To understand the meaning of these rates, let’s determine
1. How long does the CTMC remain in state i, before changing states? This is a random variable.

2. Once leaving state i, which state will we enter? This is also random, so what we really want
is the probability of entering each state.

How long do we stay in state @

Suppose we observe the state of the CTMC every h time units, for small h. This gives us a DTMC,
where the time step for the DTMC is “observation number” of the CTMC. Since h is small, we can
estimate the probability of going from state 7 to state j in one observation as g;; - h, for ¢ # j. The
probability of remaining in state ¢ after one observation is

L= (gij b+ +aqish) = 1+qh

Thus, we obtain the following as the “observation DTMC”.




Let random variable M equal the time spent in state i, before the first state change. Let t = n - h,
i.e., the CTMC time ¢ corresponds to observation n of the DTMC. What is the CDF of M?

Pr{M <t} = Pr{CTMC left state ¢ before time t}
Pr{DTMC left state i before observation n}
1 — Pr{DTMC still in state ¢ at observation n}
1—(1+gs-h)"

n o _ S n n—k k
1—(1+gs-t/n)" = 1_Z<k>1 “(qii - t/n)

k=0

Q

Q

The last step is the binomial expansion. To obtain this probability exactly, take the limit as n — oo:

Pr{M <t} = n1Ln301—Z<Z>1"‘k-(qii-t/n)k
k=0
I n! (gii - )"
= 1—11mz -
n—oo L= klln — k) n
) “n-(n—1)----- (n—k+1) (gi-t)*
= 1—11mz =
n—o0 £~ k! n
Asn—oo,n-(n—1)-----(n—k+1) —nF

“ (gii - 1)F
- 1_nh—>ngoz(q kl)

= 1_i(Qii't)k

!
S

- 1-— eqz'i't

The last step is due to the Taylor expansion of e*. Thus, M ~ Ezpo(—g;;) = Ezpo(qij + - - + giz).

Which state do we go to

Using the “observation DTMC”, we can make all states except state ¢ absorbing, to determine what
state is reached after leaving state ¢. The only transient state is 7, and we have

P[Z,Z2] = [1+qi-h]
I-PZ, 2] = [ —qi h]
1
N = {_Qu"h}
P[Z7-A] = [qz'j'ha "'a‘]iz'h]
N-P[2, A4 = {q—f q}
—qi; —qi

Recall that N - P[Z, A] gives the probability of being absorbed into each absorbing state. Now,
take the limit as h — 0. Since the vector does not depend on h, this is trivial. Thus, in the CTMC,
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once we leave state i, we go to state j with probability

qij _ qij
—qii Qi+ + Gz

Summary of CTMC behavior

Recall: if we have
X ~ Ezxpo(qij), X ~ Expo(qik), - .-, X. ~ Expo(q;z)

then X = min(X;, Xj,...X,) has distribution Ezpo(q;; + qir + -+ + ¢i-). And, X = X; with
probability
dij
Qij + ik + -+ Giz

Therefore, we have the following.

e As soon as the CTMC enters state i, look at all the outgoing arcs to states j, k,...,z and
sample a random time X; ~ Expo(qi;), Xi ~ FExpo(qir), ..., X; ~ Ezpo(q;.) for each arc.

e Whichever time is smallest “wins”, and after that amount of time, the CTMC will change to
that state. E.g., if X,,, is the smallest, then after X,,, time the CTMC switches from state i
to state m.

e The CTMC will remain in state 7 for time

min(X;, X, ..., X,) ~ Ezpo(—g;;)

e The CTMC will switch to state j when X; = min(X;, Xy, ..., X.), which occurs with prob-
ability
dij
Qij + Qik + -+ Gz
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